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Preface 


The decision to publish this solutions manual was not an easy one. The difficulty is this: Probably 
the single best way to fully understand a subject like mechanics is to solve lots of problems—really 
solve them—on your own (perhaps with the help of a few hints), But a solutions manual like this 
is an almost irresistible temptation for you, the student, to cheat yourself by peeking at my solution 
before really grappling with the problem. (Believe me, to read someone else’s solution first really is 
an order of magnitude less effective than solving the problem yourself.) This 
has been the main argument against publishing a solutions manual, 

nthe other hand, itis exceedingly frustrating if, after making a serious effort to solve a problem 
yourself, you reach a point where you can’t get any further and have nowhere to turn for help, Even 
if you do successfully complete your solution, it would be good to have a supposedly definitive one 
to compare with yours. It is to meet these two needs that I have decided to prepare this manual, with 
the compromise of including only the odd-numbered problems. 

So, in the resulting book you will find the following: For every oxid-numbered problem we have 
included the statement of the problem (lifted straight from the main text) and then its solution. The 
solutions are fairly complete, though I have omitted a few steps of algebra, When an odd-numbered 
problem depends heavily on a neighboring even-numbered problem, we have included the statement 
(but usually not the solution) of the latter. 

Occasionally it was necessary to number an equation used in a solution; in this case we used the 
letter “S” followed by an appropriate number. Thus (S2.4) refers to an equation first introduced in this 
solutions manual (specifically the fourth such equation in Chapter 2), while (2.89) refers as always 
to an equation found and numbered in the main text. Similarly, figures introduced in a solution are 
distinguished from those in the main text by a letter “S". Thus Figure $5.1 is a figure used in the 
solution to Problem 5.1. 

‘What remains now is to implore you, the reader, not to cheat yourself by peeking at my solutions. 
before making a serious try yourself. Perhaps when you start a problem, you should put this manual 
somewhere out of reach! And if you do come on a roadblock, only read my solution far enough to 
see how to move on, and then continue on your own. Then when you finally do solve the problem, 
enjoy comparing your solution with mine. 

‘Meanwhile, I hope the manual helps you to enjoy using my book. And if you find a mistake, or 
a better solution than mine, please let me know. 


John R Taylor 
University of Colorado 
john.aylor@colorado.edu 
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ESSENTIALS 


CHAPTER 1 


Newton’s Laws of Motion 
PROBLEMS AND SOLUTIONS 


The problems for each chapter are arranged according to section number. A problem listed for a given section 
requires an understanding of that section and earlier sections, but not of later sections. Within each section 
problems are listed in approximate onder of difficulty. A single star (+) indicates straightforward problems 
involving just one main concept. Two stars (ex) identify problems that are slightly more challenging and usually 
involve more than one concept. Three stars(+#s) indicate problems that are distinctly more challenging, either 
because they are intrinsically difficult or involve lengthy calculations. Needless to say, these distinctions are 
hard to draw and are only approximate. 

Problems that need the use of a computer are flagged thus: [Computer]. These are mostly classified as ++ 
‘on the grounds that it usually takes a long time to set up the necessary code — especially if you're just learning 
the language. 


SECTION 1.2 Space and Time 


L.1* Given the two vectors b =X + § ande =X + 2 find b + ¢, Sb + 2c, b+ e, and b x ¢. 


R+59+2% decal, bxe= 


Gy. epee) 


Let P be the point with position vector r = (x, y. 2). Let Q be the projection of P onto the xy plane 
at (x, y, 0), and let R be the projection of Q onto the x axis at (x,0, 0). Applied to the right triangle 
ORQ, Pythagoras’ theorem tells us that 


(oo) 
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and from the right triangle OQ P we find 


P=(00r+ 


as required. 


14+ One of the many uses of the scalar product is to find the angle between two given vectors. Find 
the angle between the vectors b = (1,2. 4) and ¢ = (4,2, 1) by evaluating their scalar product, 


1.5+ Find the angle between a body diagonal of a cube and any one of its face diagonals. [Hin 
Choose a cube with side 1 and with one comer at O and the opposite comer at the point (1,1, 1). 
Write down the vector that represents a body diagonal and another that represents a face diagonal, 
and then find the angle between them as in Problem 1.4.} 


Let P be the comer at (1, 1,1) and @ the corer below P at (1, 1,0). Then OP isa body diagonal 
and 0 is. face diagonal, so the angle between O P and 0 is the required angle 0. Thus 


oo [OP |\00| cos = V3V2cos0 
OP OO =) a1.) (1,10) =2 


Equating these two, we find cos = /273 and hence @ = arccos ¥/373 = 0.615 rad or 35.3°, 


1.7 Prove that the two definitions of the scalar product F - s as rs cos@ (1.6) and r,s; (1.7) are 
equal. One way to do this is to choose your x axis along the direction of r. [Strictly speaking you 
should first make sure that the definition (1.7) is independent of the choice of axes. If you like to 
worry about such niceties, see Problem 1.16.) 


If we choose our x axis in the direction of r, then r = (r,0,0), whereas s = (5,, 5), 5;). AS ustal 
5, = 5 c0s@, where is the angle between s and the x axis; with our choice of axes, this means that 
@ is the angle between s and r. Thus, according to definition (1.7) 


+ ${definition (1.7)] = J ris; = rsy + 0 + 0= rs cos@ = r+ s [definition (1.6)) 


1.9 In clementary trigonometry, you probably learned the law of cosines for a triangle of sides a, 
b, and c, that c? = a* + 6? — 2ab cos @, where @ is the angle between the sides a and b. Show that 
the law of cosines is an immediate consequence of the identity (a + b)? = P+ 2a-b 


Figure $1.9 


Consider the three vectors a, b, and ¢ = a+ b defined in the figure. The angle ¢ is the angle between a 
and b, and the angle @ of the triangle is @ = x — @. By the given identity, c? = (a + b)? =a? +b? + 
2a-b=a? +b? + 2abcosg =a" +b? — 2abcos8, since @ = x — @ and hence cos = — cos. 
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L.11+ The position of a moving particle is given as a function of time 1 to be 
F(t) = Sb cos(wt) + Fesin(or), 
where b, c, and @ are constants. Describe the particle's orbit. 


‘The particle's coordinates are x(t) = beos(wt), y(t) = esin(oxt), and 2(t) = 0. It remains in the 
plane = =0 at all times, and, since 


cos(et) + sin?(or) = 1 


it moves in an ellipse with semimajor and semiminor axes b and c in the xy plane, It is easy to see 
that it moves counterclockwise and returns to its starting point in a period t = 2 /o, 


1.13 + Let u be an arbitrary fixed unit vector and show that any vector b satisfies 
B= (ub)? + (ux b)*, 


Explain this result in words, with the help of a picture. 


b bsing 


beos@ 
Figure $1.13 


If4 is the angle between b and the unit vector u, then w+ b= beos@ is the component of b in the 
direction of u. Similarly, |w x b| = b sin@ is the component of b perpendicular to u. Thus the result 
b? =(u-b)? + (u x b)? is simply a statement of Pythagoras’ theorem, 


1.15 * Show that the definition (1.9) of the cross product is equivalent to the elementary definition 
that r x sis perpendicular to both r and s, with magnitude rs sin@ and direction given by the right- 
hand rule. (Hint: It is a fact (though quite hard to prove) that the definition (1.9) is independent of 
your choice of axes. Therefore you can choose axes so that r points along the x axis and s lies in the 
xy plane.] 


With the proposed choice of axes, r 
‘we can choose the y axis so that s lies 


(F,0,0) and s = (s,s, 0) where s, =s sin@. (To be definite 
the upper half of the xy plane, so that s, > 0.) Now 


FX $= (F,0,0) x (5,.5,.0) = 0,0, rs,) = (rs sinO)a. 


This says that r x s is perpendicular to both of r and s, has magnitude rs sin, and has direction 
given by the right-hand rule. 
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1.17 ** (a) Prove that the vector product r x $ as defined by (1.9) is distributive; that is, that 
1 x (W+¥) = (F x u) + (Fx ¥). (b) Prove the product rule 


a ds. dr 
Gt XOaEK THT xs. 


Be careful with the order of the factors. 


(a) Let us start with the x component of r x (u + v). From the definition (1.9), we see that 


rx (u+wh=ry 


= reality + Vy) = (rytts = ratty) + (tyUs dy) 
= (F XW +X Vee 


Since the y and z components follow inthe same way, weconcludethatr x (u + ¥) =r x U+r Xv. 
(b) Starting again from (1.9), we find for the x component 


d d 
Ge x= FU 8s— 


This is the x component of the desired identity. Since the y and z components follow in exactly the 
same way, our proof is complete. 


1.19 ** If, v, a denote the position, velocity, and acceleration of a particle, prove that 
fiawxnlsacwxn), 
a 


a 


fa-wxnl=2.wxnta- Le xnaaewxntaWxrtyxe 
dt dt dt 


‘The final terma - (v x #)iszero because # = Vandy x v = 0. Thesecondto lasttermisa + (ax r) = 
0, because a x ris perpendicular to a, so their scalar product is zero. This leaves us with the requested 
identity. 


1.21 ** A parallelepiped (a six-faced solid with opposite faces parallel) has one corner atthe origin 
and the three edges that emanate from O defined by vectors a,b, ¢. Show that the volume of the 
parallelepiped is [a « (b x €)] 


‘The base of the parallelepiped is a parallelogram with sides b and ¢. By Problem 1.18, the area of 
this base is |b x e|. The vector b x ¢ is normal to the base, so if @ is the angle between a and this 
normal, 


la - (b x ©)| =alb x ¢| [cos O| = (area of base) |acos |. 


Now, |a cos] is the height of the parallelepiped. Therefore |a + (b x ¢)| is just “(area of base) x 
height,” which is the volume, as claimed. 


1.23 ** The unknown vector v satisfies b+ v= 4 and b x v= e, where 4, b, and ¢ are fixed and 
known. Find v in terms of 2, b, and c. 
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bxc v 


®cebxv 


Figure $1.23 


The picture shows the plane of b and v. Because ¢ = b x v, ¢ is perpendicular to this plane, as 
indicated. Therefore b x ¢ lies in the plane and is perpendicular to b. This means that v can be 
expressed in terms of the two mutually perpendicular vectors b and b xe. ¥=ab+ Bb xe 
If we form the dot product of this equation with b we find that b+ v = ab +b. Therefore a = 
2/6". Similarly, if we form the cross product of the same equation with b, we find that 
Ab x (b x €).Since b x v = € and (as you can easily check) b x (b x €) = —b*e, this last 
implies that # = —1/b%, and we conclude that v = (Ab — b x €)/b?. 


SECTION 1.4 Newton’s First and Second Laws; Inertial Frames 


1.24* In case you haven't studied any differential equations before, I shall be introducing the 
necessary ideas as needed. Here is a simple exercise to get you started: Find the general soluti 
of the first-order equation d f/dr = f for an unknown function f(t). [There are several ways to do 
this. One is to rewrite the equation as d/f = dt and then integrate both sides.] How many arbitrary 
constants does the general solution contain? [Your answer should illustrate the important general 
theorem that the solution to any nth-order differential equation (in a very large class of “reasonable” 
equations) contains m arbitrary constants.] 


1.25 * Answer the same questionsas in Problem 1.24, but for the differential equation df /dt = —3f 


Integrating the equation df/f 31 + kor f = Ae~™, withone arbitrary 


constant, A =e. 


dt, we find that In f = 


1.27 +* Thehallmark of an inertial reference frame is that any object which is subject to zero net force 
will travel in a straight line at constant speed. To illustrate this, consider the following experiment: 
am standing on the ground (which we shall take to be an inertial frame) beside a perfectly fat 
horizontal turntable, rotating with constant angular velocity «. I lean over and shove a frictionless 
puck so that it slides across the turntable, straight through the center. The puck is subject to zero 
net force and, as seen from my inertial frame, travels in a straight line. Describe the puck’s path as 
observed by someone sitting at rest on the turntable. This requires careful thought, but you should 
be able to get a qualitative picture. For a quantitative picture, it helps to use polar coordinates; see 
Problem 1.46. 


Since the puck is frictionless, the net force on it is zero, and, as seen from the ground, it travels in 
a straight line through the center O, as shown in the left picture. It starts from the point A at r = 0, 
travels “due west” with constant speed v, and falls onto the ground at point C after atime T = 2R/v, 
(where R is the radius of the turntable). 

Now imagine an observer sitting on the turntable near A. As seen from the ground, he is traveling 
north with speed wR. Therefore, as seen by the observer, the puck’s initial velocity has a sideways 
(southerly) component «R, in addition to the westerly component v,; that i, the puck moves initially 
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‘west and south, as shown in the right picture. (The magnitude of the southerly component depends 
on the table’s rate of rotation ».) As the puck moves in to a smaller radius r, the sideways component 
‘or gets less, so the puck’s path curves to the right. Continuing to curve, its passes through O and 
eventually reaches the edge of the turntable at point B. The left picture shows the point B of the table 
at time 1 = 0. The position of B is determined by the following consideration: In the time T = 2R/v, 
for the puck to cross the table, point B of the table must move around to point C where we know the 
puck falls to the ground. Thus the angle B OC is equal to «wT. The faster the table rotates, the larger 
the angle BOC and the more sharply the puck’ path (as seen from the table) is curved. 


B B 
: a Ss 
seen from ground seen from tumtable 


Figure $1.27 


SECTION 1.5. The Third Law and Conservation of Momentum 


1.28 » Go over the steps from Equation (1.25) to (1.29) in the proof of conservation of momentum, 
but treat the case that V = 3 and write out all the summations explicitly to be sure you understand 
the various manipulations, 


1.29 * Do the same tasks as in Problem 1.28 but for the case of four particles (N = 4). 


‘When we write out Equations (1,25) and (1.26) for the four particles, we get four equations: 


By = (net force on particle 1) = Fy + Fyy + Fig + Ff" 


2 = (net force on particle 2) = Fp, + Fs + Fos + FS" 


by = (net force on particle 3) = Fyy + Fy) + Fy + FS 


By = (net force on particle 4) = Fy, + Fag + Fay + F". 


Adding these four equations, we find for P +Pot+ b+ 


B= Fy2 + Fis + Fug) + (Foy + Fes + Fou) + (Fai + Fa + Fag) + (Fai + Feo + Fas) 
+ Fp + FEY + FS + FS). (S11) 


This corresponds to Equation (1.27). The twelve terms on the first line of the right side can be 
rearranged to give 


12 + Fy) + Fis + Fay) + Fis + Fay) + Pas + Fan) + (Pag + Fe) + Pus + Fay) = 0 
since each of the six pairs is zero by Newton's third law. Thus Equation (S1.1) for P reduces to 
Porh + B+ + = Ft 


which is the required Equation (1.29). 
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1.31 « In Section 1.5 we proved that Newton’s third law implies the conservation of momentum. 
Prove the converse, that if the law of conservation of momentum applies to every possible group of 
particles, then the interparticle forces must obey the third law. [Hint: However many particles your 
system contains, you can focus your attention on just two of them, (Call them 1 and 2.) The law of 
conservation of momentum says that if there are no external forces on this pair of particles, then their 
{otal momentum must be constant, Use this to prove that Fj) = —F,.] 


We have to prove for any pair of particles (call them 1 and 2) that Fy) = —F,). To do this, suppose 
that all forces on I and 2, except F,2 and F>), have been switched off. For example, we could move 
all bodies with which 1 and 2 interact to a great distance. If the law of conservation of momentum 
holds, then p, +p is constant, which implies that j, + 2 = 0. Since all other forces have been 
switched off, the only force on particle | is Fy» and the only force on 2 is Fa). Therefore this last 
equation implies that F)> + F3, = 0, which is the required result, (There is a subtle point here: We 
have assumed that switching off the external forces did not change the internal forces F, and F,. 
One could imagine a world where the presence or absence of external forces affected the internal 
forces. However, this seems not to be the case in our world.) 


1,33 +** If you have some experience in electromagnetism and with vector calculus, prove that the 
magnetic forces, F jy and Fy, between two steady current loops obey Newton’s third law. (Hints: Let 
the two currents be J; and /> and let typical points on the two loops be ry andr. If dry and dry are 
short segments of the loops, then according to the Biot-Savart law, the force on dry due to dry is 


dry x (dry x8) 
fee aD) 


where s = rj — fp. The force F)» is found by integrating this around both loops. You will need to 
use the “BAC — CAB” rule to simplify the triple product.) 


According to the Biot-Savart law, the total force on loop 1 due to loop 2 is, 


My dr, x (dt) XS) Hy dry+s s 
mung feist taf fant ff banca. 


Here the two integrals run around the two loops, and in writing the second equality I have used the 
“BAC = CAB" rule, that A x (B x C) = B(A + C) — C(A + B). In the first integral on the right, 
dr, + 8/s° = —d(1/s), so when we integrate around loop 1, this gives zero, and we are left with 


Me nan 
Bont, dry +dey. 
feng fa yee 


F, 


Evidently, Fp = —Fy, 


SECTION 1.6 Newton's Second Law in Cartesian Coordinates 


1,35 + A golf ball is hit from ground level with speed v, ina direction that is due east and at an angle 
@ above the horizontal. Neglecting air resistance, use Newton’s second law (1.35) tofind the position 
asa function of time, using coordinates with x measured east, y north, and = vertically up. Find the 
time for the golf ball to return to the ground and how far it travels in that time, 


In the absence of air resistance, the net force on the ball is F = mg, and with the given choice of 
axes, g = (0,0, —g). Thus Newton’s second law, F = mi, implies that # = g, or 


10 


The initial velocity has components vg, = Ug COS, Vp, 1» Sin 8, and we can choose the 
initial position to be the origin. The first of the above equations can be integrated once to give i = Ugy, 
and again to give x(t) = vg,f- In the same way, the y equation gives y(t) = 0, and the z equation 
gives z(t) = v,.t — }gt?. The ball returns to the ground when z(t) = 0 which gives 1 = 2v,./g. 


‘Substituting this time into the expression for x(¢) gives the range, range = 2vg,j-/8- 


1,37 A student kicks a frictionless puck with initial speed v,, so that it slides straight up a plane 
that is inclined at an angle @ above the horizontal. (a) Write down Newton's second law for the puck 
and solve to give its position as a function of time. (b) How long will the puck take to retum to its 
starting point? 


(a) The two forces on the puck are its weight mg and the normal force N of the incline. If we choose 
axes with x measured up the slope, y along the outward normal, and z horizontally across the slope, 
thier IN =D, V0) and gas: (—s xin; ¢ 068, 0). Thais Newsan's aecond leew reads, 


=~mg sind 
N —mg cos 
m2 =0 


mit =N+mg or 


itself 
to give 


Since  =0 initially, it remains so and hence z =0 for all r. The normal force adjus 
so that j= 0, and y =0 for all r. Finally, —gsin@, which can be integrated (wi 
X= vot — fet? sind. 

(b) Solving for the times when x = 0, we find that ¢ = 0 (at launch) or f = 2v9/(g sin) (the answer 
of interest). 


1,39 ++ A ball is thrown with initial speed v, up an inclined plane. The plane is inclined at an angle 
@ above the horizontal, and the ball’s initial velocity is at an angle @ above the plane. Choose axes 
with x measured up the slope, y normal to the slope, and z across it. Write down Newton’s second 
law using these axes and find the ball’s position as a function of time. Show that the ball lands a 
distance R = 2v2 sin@ cos(0 + )/(g cos?) from its launch point. Show that for given v, and $, 
the maximum possible range up the inclined plane is Ryuax = 02/Lg(1 + sin )]- 


vot COSO — $8 vot Sin — Lgr?cos@, z = 0. When the balll returns to the plane, 
‘vis 0, which implies that r = 2v, sin@/(g cos). Substituting this time into x and using a couple of 
trig identities yields the claimed answer for the range R. To find the maximum range, differentiate 
R with respect to and set the derivative equal to zero. This gives @ = (xt — 26)/4, and substitution 
into R (plus another trig identity) yields the claimed value Of Rax- 


SECTION 1.7. Two-Dimensional Polar Coordinates 


1.41 * An astronaut in gravity-free space is twirling a mass m on the end ofa string of length R in a 
circle, with constant angular velocity «, Write down Newton’s second law (1.48) in polar coordinates 
and find the tension in the string. 


‘The r and @ components of Newton's second law are F, = m(i — rg?) and Fy = m(rg + 279). 
Since r = R is constant # = # = 0, and since ¢ = o is constant Finally the only force is 
the inward tension of the string, so F, =—T. Thus the r equation becomes —T = —mRo?, so 
T = mo? R, which is just the familiar “centripetal force” mv?/R, since w = v/R. 
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1.43 + (a) Prove that the unit vector F of two-dimensional polar coordinates is equal to 


cos. + Fsing (1.59) 


and find a corresponding expression for . (b) Assuming that @ depends on the time 1, differentiate 
your answers in part (a) to give an alternative proof of the results (1.42) and (1.46) for the time 
derivatives # and ¢. 


(a) From Figure 1.11(b), you can see that the x and y components of Fare cos @ and sin @. (Remember 
that |#| = 1.) Therefore, cos + § sin @. Similarly, the x and y components of @ are — sing 
and cos¢, so that $ = —sing + j.cos ¢. 

(b) Differentiating these two results with respect to £ and using the chain rule, we find (Remember 
that & and § are constant.) 


7 sing +$cos@) = 


1.45 ** Prove that if v(t) is any vector that depends on time (for example the velocity of a moving 
article) but which has constant magnitude, then ¥(t) is orthogonal to v(t). Prove the converse that 
if ¥(t) is orthogonal to v(t), then |v(1)| is constant. [Hint: Consider the derivative of v2,] This is a 
very handy result. It explains why, in two-dimensional polars, d/dt has to be in the direction of 
and vice versa. Italso shows that the speed of a charged particle in a magnetic field is constant, since 
the acceleration is perpendicular to the velocity. 


Since the magnitude of v(t) is the same as /V(1)-V(F), the magnitude is constant if and only if 
v(t) « v(t) is. 


a 5 
<Iv(1)-v() = 2v01)-4), 
at 


this implies that the magnitude of v(t) is constant if and only if v(t) + ¥(1) =O; that is, v(t) is 


orthogonal to ¥(¢) 


1.47 ** Let the position of a point P in three dimensions be given by the vector r= (x, y, 2) in 
rectangular (or Cartesian) coordinates. The same position can be specified by cylindrical polar 
coordinates, p, 6, 2, which are defined as follows: Let P’ denote the projection of P onto the xy 
plane; that is, P’ has Cartesian coordinates (x, y, 0). Then p and @ are defined as the two-dimensional 
polar coordinates of P’ in the xy plane, while zis the third Cartesian coordinate, unchanged. (a) Make 
a sketch to illustrate the three cylindrical coordinates. Give expressions for p,, = in terms of the 
Cartesian coordinates x, y, 2. Explain in words what p is (“p is the distance of P from ”. 


There are many variants in notation. For instance, some people use r instead of p. Explain why this 


use of r is unfortunate. (b) Describe the three unit vectors ), 2 and write the expansion of the 
position vector r in terms of these unit vectors. (€) Differentiate your last answer twice to find the 
cylindrical components of the acceleration a = ¥ of the particle. To do this, you will need to know 
the time derivatives of p and @. You could get these from the corresponding two-dimensional results 
(1.42) and (1.46), or you could derive them directly as in Problem 1.48. 


(a) p= J +94, 6 = arctan(y/x) (chosen to lie in the right quadrant), and z is the same as in 
Cartesians. The coordinate p is the perpendicular distance from P to the z axis. If we use r for the 
coordinate p, then r is not the same thing as |r| and # is not the unit vector in the direction of r [see 
part (b)]. 
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(b) The unit vector points in the direction of increasing (with @ and z fixed), that is, directly 
away from the = axis; $ is tangent to a horizontal circle through P centered on the z axis (counter- 
clockwise, seen from above); Z is parallel to the = axis. 


r=pptzt. 


op 
ie 


Figure $1.47 


(©) Differentiating this equation we find (Remember that Z is constant.) 


b+ pbb + ze 


since dp/d1 = $@ see (1.42). Differentiating again, we find similarly that 


= 0670+ (0b + Word 


1.49 ++ Imagine two concentric cylinders, centered on the vertical = axis, with radii R + €, where € 
is very small. A small frictionless puck of thickness 2¢ is inserted between the two cylinders, so that 
it can be considered a point mass that can move freely ata fixed distance from the vertical axis. If we 
use cylindrical polar coordinates (p, $, 2) for its position (Problem 1.47), then p is fixed at p = Ry 
while @ and z can vary at will. Write down and solve Newton’s second law for the general motion 
of the puck, including the effects of gravity. Describe the puck’s motion. 


‘There are two forces on the puck, the net normal force of the two cylinders and the force of gravity. 
So F = Np — mga. Since the puck is confined between the cylinders, p = R, a constant, The three 
components of F = ma are: 


m(p— pd?) — or —mRe 
Fo =m(pb +26) or O=mRG 
5 or —mg = m3. 


‘The p equation tells us the magnitude and direction (inward) of the normal force. The ¢ equation tells 
us that ¢ is constant. (This is actually conservation of angular momentum.) Thus ¢ = «, a constant, 
and hence ¢ = @, + wt. The puck moves around the cylinder at a constant rate «. The = equation tells 
us that 2 = v,. — gf and hence that z =z, + v,.t — }gt?. That is, the vertical motion is precisely 
that of a body in free fall. The resulting path is a helix of downward increasing pitch. 


Chapter 1 
(b) The unit vector points in the direction of increasing (with @ and z fixed), that is, directly 
away from the = axis; $ is tangent to a horizontal circle through P centered on the z axis (counter- 
clockwise, seen from above); Z is parallel to the = axis. 


r=pptzt. 


op 
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Figure $1.47 


(©) Differentiating this equation we find (Remember that Z is constant.) 


b+ pbb + ze 


since dp/d1 = $@ see (1.42). Differentiating again, we find similarly that 


= 0670+ (0b + Word 


1.49 ++ Imagine two concentric cylinders, centered on the vertical = axis, with radii R + €, where € 
is very small. A small frictionless puck of thickness 2¢ is inserted between the two cylinders, so that 
it can be considered a point mass that can move freely ata fixed distance from the vertical axis. If we 
use cylindrical polar coordinates (p, $, 2) for its position (Problem 1.47), then p is fixed at p = Ry 
while @ and z can vary at will. Write down and solve Newton’s second law for the general motion 
of the puck, including the effects of gravity. Describe the puck’s motion. 


‘There are two forces on the puck, the net normal force of the two cylinders and the force of gravity. 
So F = Np — mga. Since the puck is confined between the cylinders, p = R, a constant, The three 
components of F = ma are: 


m(p— pd?) — or —mRe 
Fo =m(pb +26) or O=mRG 
5 or —mg = m3. 


‘The p equation tells us the magnitude and direction (inward) of the normal force. The ¢ equation tells 
us that ¢ is constant. (This is actually conservation of angular momentum.) Thus ¢ = «, a constant, 
and hence ¢ = @, + wt. The puck moves around the cylinder at a constant rate «. The = equation tells 
us that 2 = v,. — gf and hence that z =z, + v,.t — }gt?. That is, the vertical motion is precisely 
that of a body in free fall. The resulting path is a helix of downward increasing pitch. 
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1.50 *** [Computer] The differential equation (1.51) for the skateboard of Example 1.2 cannot be 
solved in terms of elementary functions, but is easily solved numerically. (a) If you have access to 
software, such as Mathematica, Maple, or Matlab, that can solve differential equations numerically, 
solve the differential equation for the case that the board is released from @, = 20 degrees, using the 
values R = 5 mand g = 9.8m/s?, Make a plot of ¢ against time for two or three periods. (b) On the 
same picture, plot the approximate solution (1.57) with the same $, = 20°, Comment on your two 
graphs. Note: If you haven't used the numerical solver before, you will need to learn the necessary 
syntax. For example, in Mathematica you will need to leam the syntax for “NDSolve” and how to 
plot the solution that it provides. This takes a bit of time, but is something that is very well worth 
learning. 


1,51 +** [Computer] Repeat all of Problem 1.50 but using the initial value g, = 7/2. 


In the picture, the solid curve is a numerical solution of the differential equation, found with Math- 
ematica’s NDSolve. The dashed curve is the small-oscillation approximation (1.57) with the same 
initial condition (¢, = /2). Considering how large the initial angle is, the small-angle approxi- 
mation does remarkably well. The only obvious discrepancy is that the approximation oscillates 
somewhat too fast, as one would expect. (For lange amplitudes, the true period is a little longer.) 
fier two complete cycles, the approximate solution is nearly half a cycle ahead. Also, if you look 
closely you can maybe see that the actual motion is not perfectly sinusoidal at the extremes—the 
crests are alittle wider and flatter. 


Figure $1.51 
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Projectiles and Charged Particles 
PROBLEMS AND SOLUTIONS 


SECTION 2.1. Air Resistance 


2.14 When a baseball flies through the air, the ratio’ fauag/fin Of the quadratic to the linear drag 
force is given by (2.7). Given that a baseball has diameter 7 cm, find the approximate speed v at 
which the two drag forces are equally important. For what approximate range of speeds is it safe 
to treat the drag force as purely quadratic? Under normal conditions is it a good approximation to 
ignore the linear term? Answer the same questions for a beach ball of diameter 70 em, 


According t0 (2.7). fauai/fin = ¥DY/B. s0 this equals 1 when v = 1/(Dy/B), which is roughly 1 
em/s if D = 7 em. Since baseballs generally travel much faster than 1 env, itis usually a very good 
approximation to ignore fi, For a beachball with D = 70 em, the corresponding speed is about 1 
mm/s. 


2.3 (a) The quadratic and linear drag forces on a moving sphere in a fluid are given by (2.84) and 
(2.82) (Problems 2.4 and 2.2). Show that the ratio of these two kinds of drag force can be written as 
Sauaa/ Sin = R/48,! where the dimensionless Reynolds number R is 


mom 
n 


R (2.83) 
where D is the sphere’s diameter, v its speed, and 9 and 7 are the fluid’s density and viscosity. Clearly 
the Reynolds number is a measure of the relative importance of the two kinds of drag? When R is 
very large, the quadratic drag is dominant and the linear can be neglected; vice versa when R is 
very small. (b) Find the Reynolds number for a stee! ball bearing (diameter 2 mm) moving at 5 cm/s 
through glycerin (density 1.3 g/cm’ and viscosity 12 N-sim? at STP). 


(a) From (2.84) and (2.82), fausa/ fiin = (k@Av®)/3xn Dv). With k = 1/4 and A = x D?/4, this 
becomes @Dv/(48n) or R/48, with R given by (2.83). 
(b) With the given numbers, R x 10-? and it is very safe to neglect the quadratic drag. 


SECTION 2.2 Linear Air Resistance 


"The numerical factor 48 is for a sphere. A similar result holds for other bodies, but the numerical factor is 
different for different shapes. 

2-The Reynolds number is usually defined by (2.83) for flow involving any object, with D defined as a typical 
linear dimension. One sometimes hears the claim that R is the ratio fyuat/fig- SiNC fyuns/ fn = R/48 for a 
sphere, this claim would be better phrased as “R is roughly of the order Of faai/fin”” 


1s 
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2.5 Suppose that a projectile which is subject to a linear resistive force is thrown vertically down 
witha speed v,, which is greater than the terminal speed vj... Describe and explain how the velocity 
varies with time, and make a plot of v, against for the case that Ug = 


ers 


With v, > tier the drag force is greater than the weight, and the net force is upward. Thus the 
projectile slows down, with v, approaching ve, as t > oo. This is clear from Eq. 2.30), as shown 
in the plot. 


wy 


t 
Figure $2.5 


2.7 * There are certain simple one-dimensional problems where the equation of motion (Newton's 
second law) can always be solved, or at least reduced to the problem of doing an integral. One of these 
(which we have met a couple of times in this chapter) is the motion of a one-dimensional particle 
subject toa force that depends only on the velocity v, that is, F = F(v). Write down Newton’s second 
Jaw and separate the variables by rewriting it as m dv/F(v) = dt. Now integrate both sides of this 
equation and show that 


” dv 
m 
ny FW 


Provided you can do the integral, this gives 1 as a function of v. You can then solve to give v as a 
function of r. Use this method to solve the special case that F(v) = F,. a constant, and comment on 
your result. This method of separation of variables is used again in Problems 2.8 and 2.9. 


With F = F(v), Newton’s second law, F = m dv/dt, can be rewritten as dt = m dv/F(v), which 
can be integrated to give the advertised result. If F = Fy, a constant, the integral gives ¢ = 
(m/F,)(v — v.) or v = v, + at, where a = F,/m. This is the well known kinematic formula for v 
when a is constant. 


2.9% We solved the differential equation (2.29), mii, = —b(vy ~ Yer). for the velocity of an object 
falling through air, by inspection —a most respectable way of solving differential equations. Never- 
theless, one would sometimes like a more systematic method, and here is one. Rewrite the equation 
in the “separated” form 


mdv, 


~bdt 


and integrate both sides from time 0 tor to find v, as a function of. Compare with (2.30). 


If we integrate the given equation, with the velocity running from v,, to v, and time from Oto t, we 
find m In[(v, — vieq)/ (yo — Mee) ] = —bt, oF, solving for v,, 
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By = Ber + (yo — Medel, 


which is exactly (2.30), since m /b 


2.11 ** Consider an object that is thrown vertically up with initial speed v, in a linear medium, 
(a) Measuring y upward from the point of release, write expressions for the object's velocity (1) 
and position y(¢). (b) Find the time for the object to reach its highest point and its position Yinax 
at that point. (e) Show that as the drag coefficient approaches zero, your last answer reduces to the 
well-known result Yin = $¥2/g for an object in the vacuum. [Hint: If the drag force is very small, 
the terminal speed is very big, s0 1/tje, is very small. Use the Taylor series for the log function to 
approximate In(1 + 5) by 5 — 452. (For a little more on Taylor series see Problem 2.18.)} 


(a) Since we are now measuring y upward, the answers can be found from (2.30) and (2.35) by 
replacing Ug, With —Uje,: 


y(t) = Ver + (Uy + Neen Uyeet + (Uy + Yee) TCL — EW"), 


and y(t) = 


(b) Setting v, = 0 and solving for 1, we find fy = € hn(1 + U,/04q¢)- Sustituting this time into y(t) 
We find Ymuax = [Wy — Yer INCL + Up / Yep IE 

(©) In the vacuum tg, = 90. Letting vier 00 in Yang and using the suggested approximation for 
the log term, we find 


since the first two terms in the middle expression cancel each other and ter = gt. 


2.12 ** Problem is about a class of one-dimensional problems that can always be reduced to 
doing an integral. Here is another. Show that if the net force on a one-dimensional particle depends: 
only on position, F = F(x), then Newton's second law can be solved to find v as a function of x 
given by 


2 
w+ 2f F(x) dx’. (2.85) 
mds 


[Hint: Use the chain rule to prove the following handy relation, which we could call the “v dv /dx 
rule”: If you regard v as a function of x, then 


(2.86) 


Use this to rewrite Newton's second law in the separated form m d(v2) = 2F (x) dx and then integrate 
from x, to x.] Comment on your result for the case that F(x) is actually a constant. (You may 
recognize your solution as a statement about kinetic energy and work, both of which we shall be 
discussing in Chapter 4.) 


2.13 «+ Consider a mass m constrained to move on the x axis and subject to a net force F = —kx 
where k is a positive constant. The mass is released from rest at x = x, at time ¢ = 0. Use the result 
(2.85) in Problem 2.12 to find the mass’s speed as a function of x; that is, dx/dt = g(x) for some 
function g(x). Separate this as dx/g(x) = dt and integrate from time 0 to to find x asa function of 
1. (You may recognize this as one way — not the easiest — to solve the simple harmonic oscillator.) 
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‘kx and v, = 0, Eq, (2.85) becomes 


WS [xa 
m dx, 


where I have introduced the shorthand @ = k/m. [The second result is the square root of the first. 
Getting the right sign for the square root takes little thought. Initially the velocity is clearly negative, 
and this is the phase of the motion I shall consider. After a while, the sign of v changes and the minus 
sign in (S2.1) must be changed to a plus. Quite surprisingly, the final result is the same either way.] 
Writing v = dx /dr in (S2.1), rearranging, and integrating, we find that 


[oe 


which is simple harmonic motion. (To do the integral, I used the substitutions .x/x, = w and then 
u=cosé.) 


ox? =x°) or v 


($2.1) 


arccos(x/te) oF 


xocos(ot), 


SECTION 2.3 Trajectory and Range in a Linear Medium 


2.15 * Consider a projectile launched with velocity (vo, Uyo) from horizontal ground (with x 
measured horizontally and y vertically up). Assuming no air resistance, find how long the projectile 
is in the air and show that the distance it travels before landing (the horizontal range) is 2090y0/- 


Since the only force is the projectile’s weight mg, Newton's second law implies that # = g and its two 
components can be integrated twice to give the well-known results.x = vsof and y = vyot — 4gt? (if 
wwe take. = Yo = 0). At landing, y = 0, which gives the time of flight as ¢ = 2v,9/g. The range is 
just the value of x at this time, namely x = Uyof = 2040Vs0/8- 


2.17 * The two equations (2.36) give a projectile’s position (x, y) as a function of t. Eliminate ¢ to 
give y as a function of x. Verify Equation (2.37). 


From the first of Equations (2.36) we find that 1 — e~!/* = x(1)/(vjot) and hence t= —rIn(1 = 
X/,o). Substituting these into the second of (2.36), we find 


rt Hatin 


which is (2.37). 


2.19 « Consider the projectile of Section 2.3. (a) Assuming there is no air resistance, write down the 
position (x, y) as a function of r, and eliminate r to give the trajectory y as a function of x. (b) The 
correct trajectory, including a linear drag force, is given by (2.37). Show that this reduces to your 
answer for part (a) when air resistance is switched off (r and ve, = g¢ both approach infinity). [Hint= 
Remember the Taylor series (2.40) for In(1 — €).] 


(a) In the absence of air resistance, we know that x = vyof and y = Usot — 4gt?. If we solve the first 
of these to give  =.x/v,, and then substitute into the second, we find 


=a 

Tyo)” 

which is the equation of a parabola. 

(b) As air resistance is switched off, r > 00, and the second term inside the log term of (2.37) 
becomes small. Thus we can use the Taylor series (2.40) for the log, 


U9 


yo + te 12 
ye x ert +55). 
Ye dot 2,2 


‘The second and third terms on the right cancel, and, if we replace Ue, by gr the two remaining terms 
give precisely the answer to part (a). 


2.21 *** A gun can fire shells in any direction with the same speed vy. Ignoring air resistance and 
‘using cylindrical polar coordinates with the gun at the origin and z measured vertically up, show that 
the gun can hit any object inside the surface 


Describe this surface and comment on its dimensions. 


‘The problem is axially symmetric about the 2 axis, so we can focus on any one direction ¢. To be 
definite, let's take = 0. Ifthe gun is fired at an angle @ above the horizontal, then its trajectory is 


z=vugtsind — fet? and p= vitcosd, 


Solving the second equation fort and substituting into the first, we get the equation of the trajectory: 


s is the solid curve in the figure. For any distance p from the gun, the highest the shell can 
is found by differentiating = with respect to @ and finding where 32/30 =0. This gives 
*/gp. (You can easily check that 472/40? <0, so this is a maximum of z.) Substituting 
into the expression for =, we find 


42 
at = af 
2g 2w, 


Fmax(P) = 


This is the highest the shell can reach at the distance p. The locus of Zimax is the dashed parabola 
shown, By changing the angle @ we can get the shell to pass through any point lower than Zax: 
therefore, all points below the dashed curve are accessible to the gun. When the parabola is rotated 
about the z axis we get a paraboloid of revolution. Its vertex is at z = v2/2g (well known as the 
maximum height of a projectile launched vertically up) and its radius in the plane z = Ois p = v2/g 
(well known to be the maximum horizontal range of a gun with muzzle speed v,). 


Figure $2.21 


SECTION 2.4 Quadratic Air Resistance 


2.23 Find the terminal speeds in air of (a) a stee! ball bearing of diameter 3 mm, (b) a 16-pound 
steel shot, and (¢) a 200-pound parachutist in free fall in the fetal position. In all three cases, you can 
safely assume the drag force is purely quadratic. The density of steel is about 8 g/cm’ and you can 
treat the parachutist as a sphere of density 1 g/cm*. 


According to Eq. (2.59), tier = Vmg/y D®. Since m = 47 Ro = bx D¥o, we can eliminate either 


mor Dw give 
” 
aDog 70 img 
nee =(22)” /FE. $2.2) 
3 6y (& ) y an) 


In all three cases, ¢ = 9.8 m/s? and y = 0.25 kg/m’. 

(a) With D = 3 mm and g = 8 g/cm’, the second expression in Eq. (S2.2) gives vie, = 22 mis. 

(b) With m = 16 x 0.454 = 7.26 kg and @ = 8 g/cm’, the third expression in Eq. ($2.2) gives 
Ug = 140 mvs. 

(©) With m = 200 x 0.454 = 90.8 kg and g = 1 g/cm’, the third expression in Eq. (S2.2) gives 
Ug = 107 ms. 


2.25 * Consider the cyclist of Section 2.4, coasting to a halt under the influence of a quadratic drag 
force. Derive in detail the results (2.49) and (2.51) for her velocity and position, and verify that the 
constant r =m /cvg is indeed a time. 


‘The steps of the derivations are already given in almost complete detail in the text between (2.47) 
and (2.51). Since the drag force is cv, the dimensions of ¢ are [c] = [F /v?]= MLT~?/(L/TY = 
ML-!. Therefore 


i 
-(2)- action= 
CUg, (ML“'\(L/T) 


2.27 kick a puck of mass m up an incline (angle of slope = @) with initial speed v,. There is 
no friction between the puck and the incline, but there is air resistance with magnitude f(v) = cv?. 
Write down and solve Newton’s second law for the puck’s velocity as a function of r on the upward 
journey. How long does the upward journey last? 


If we choose our x axis pointing straight up the slope, then for the upward journey the x component 
of the second law reads 
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mi = —cv? — mg sin = —c(v? + ¥,2) 


where v denotes the x component of the velocity and I have introduced the terminal speed for 
the puck on the incline, defined so that v,? = (mg sin@)/c. If we write this in the separated form 
mdv/(v? + »,2) = edt, we can integrate both sides (the left side from v, to v and the right from 
tor) togive 


™ farctan(v age) — arctan(y/2 eq) = —ct (82.3) 
Mer 


which can be solved to give 


v 


Ver tan (arctan(vg/ Vier) — CUeet /m) 
Putting v =0 in Eq, (S2.3), we find that the time to reach the top is £ = (m/crye,) arctan (Yo/ er) 
2.29 * The terminal speed of a 70-kg skydiver in spread-eagle position is around 50 m/s (about 115 


‘mi/h). Find his speed at times r = 1, 5, 10, 20, 30 seconds after he jumps from a stationary balloon. 
Compare with the corresponding speeds if there were no air resistance. 


According to Eq. (2.57), the actual speed is v = ve, tanh(gt/tje,), whereas the speed in a vacuum 
‘would be just tac = gf. Putting tig, = 50 m/s and g = 9.8 mv/s?, we get the following results: 
time(s) 0 1 5 10 20 30 


actual speed(m/s) 0 9.7 38 48 50 50 
speedin vacuum(m/s) 0 98 49 98 196 294 


2.31 #+ A basketball has mass m = 600 g and diameter D = 24 cm. (a) What is its terminal speed? 
(b) If it is dropped from a 30-m tower, how long does it take to hit the ground and how fast isit going 
‘when it does so? Compare with the corresponding numbers in a vacuum, 
(a) Using (2.59), we find the basketball's terminal speed is 
tg = =, | 10-00 kg) x (9.8 mis?) _ 
“eV yD?” V (0.25 Nstm?) x (0.24 m)? 


(b) Solving (2.58), we find that 


(xee/ 8) arccosh[exp(yg/v,2)] = 2.78 s 


where y is the height of the tower (y = 30 m). This is to be compared with 1 = /2y/¢ = 2.47 sin 
vacuum. According to (2.57), the speed at landing is 


= tye tanh (gt /ee) = 17.7 mis, 


less than, though fairly close to, the terminal speed. In a vacuum the corresponding speed is 
v= V2gy = 24.2 mis. 


2.33 #* The hyperbolic functions cosh z and sinh 2 are defined as follows: 
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for any z, real or complex. (a) Sketch the behavior of both functions overa suitable range of real values 
of z. (b) Show that cosh z = cos(iz). What is the corresponding relation for sinh z? (c) What are the 
derivatives of cosh z and sinh z? What about their integrals? (d) Show that cosh? z — sinh? 
(©) Show that f dx//1+ x? = aresinh x. [Hint: One way to do this is to make the substitution 
nh 2.) 


Figure $2.33 


(a) Note that when = is large and positive, coshz ~ sinhz © e*/2. Similarly, when 2 is large and 
negative, cosh © — sinh ~ e~#/2. Also cosh(0) = 1 and _sinh(0) = 0. 
) : 
a € ‘cosh(2). Similarly, sinh(z) = —i sin(iz). 
(© 4 coshiz) = 42 +¢ 
de dz 
ing these two results, we find that 


(b) costiz) = © 


sinh(z), and likewise 4 sinh(z) = cosh(z). Integrat- 
jz 


2 


’inh(z) 


f sinh(z)dz =cosh(z) and f cosh(z)dz 


(d) cosh?(z) ~ sinh*(z) = [cos(iz)P — [=i sin iz)? = [eos(iz)P + [sin(iz)P = 1 
(e) If we make the substitution x = sinh(z), then 


coshed: _ fy. 


dx =f 2 
Vite V1+ sinh? = 


aresinh(x). 


2.35 ** (a) Fill inthe details of the arguments leading from the equation of motion (2,52) to Equations 
(2.57) and (2.58) for the velocity and position of a dropped object subject to quadratic air resistance. 
Be sure to do the two integrals involved. (The results of Problem 2.34 will help.) (b) Tidy the two 
equations by introducing the parameter + = Uje,/g. Show that when 1 = r, v has reached 76% of its 
terminal value. What are the corresponding percentages when ¢ = 2t and 3r? (€) Show that when 
1 r, the position is approximately y ~ tjeqt + const. [Hint: The definition of cosh x (Problem 2.33) 
gives you a simple approximation when x is large. (d) Show that for ¢ small, Equation (2.58) for 
the position gives y © }gt. [Use the Taylor series for cosh x and for In(1 + 3).] 


(a) Using (2.53) we can replace c by c = mg/v,.2 in (2.52) to give (2.54) and thence (2.55) 


dv 
T= (te 


edt 


which we can now integrate from time Oto £ to give 


‘ie du 
Yee 
lo 
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(Here I made the substitution v/t4¢, 
several ways. One route is to substitute 
and the integral becomes tig, [ dw. Thus 


+50 that dv = t4¢; du.) The integral on the left can be done 
= tanh w, so that du = sech?wdw and 1 — u? = sech?w, 


Yee arctanh(v /t¢) = gt 


which can be solved at once for v to give (2.57). 
To find the position y(1) we have only to integrate (2.57) for v(t). Substitute u = gf/r4q, and all 

you have to do is integrate tanh u. The simple way to do this is to write tanh w = sinh u / cosh w and 

then w = cosh, so that (tanh u) du = dw/w. The required integral is now just fdw/w, and you 

get (2.58) directly. 

(b) If r= te,/g, we can rewrite the two equations as 


v(t) = Yygtanh(t/t) and y(t) = t,t Infcosh(t/r)]. 
‘The first of these gives the following values for v(t) 


time ¢ t 2r 3r 


velocity v(t) 0.76r}¢,—0.96ty¢, 0.99 Stee 
percent 76% 6% 99.5% 


(©) Ifx > 1 then cosh.x ~ Je. Thus ifr > r, then 
YO) % Wet In( Je!) = Ueet (t/t = In2) = tet + const 


Thatis, the ball eventually falls with constant velocity. 
(d) If x < I, then cosh x ~ 1+ $x2, Thus ifr « r, the expression of part (b) for y(1) becomes 


YD) ® dyeet IML + $/t7 1% det HC/t] = fe? 
where in the last step I replaced tq by gr. That is, at first, air resistance is negligible, and the ball 


falls freely. 


2.37 #* The result (2.57) forthe velocity of a falling object was found by integrating Equation (2.55) 
and the quickest way to do this isto use the integral f du/(1 — u2) = arctanh w, Here is another way 
to do it: Integrate (2.55) using the method of “partial fractions,” writing 


1 
aati) 


which lets you do the integral in terms of natural logs. Solve the resulting equation to give v as a 
function of r and show that your answer agrees with (2.57). 


Starting from (2.55) and substituting w = v/tyer, we get du/(1 — u?) = g dt/v4eq. Separating into 
partial fractions as suggested and integrating from time 0 to f, we find 


pt 1 /_ st 
cs a = a, 
3f Gs ae i?" 


say. Thus In(1 + 1)/(1 — u) =2T and hence (1 + u)/(1 — u) = &7. Solving for uw, we find 


zt _et eT _ sinhT 
“eT e1” el tet ~ coshT 


Since u = v/tjg, and T = gt/tg,, this is the same as (2.57). 
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2,39 ex When a cyclist coasts to a stop, he is actually subject to two forces, the quadratic force of air 
resistance, f = —cv® (with cas given in Problem 2.26), and a constant frictional force fj, of about 3 
N. The former is dominant at high and medium speeds, the later at low speed. (The frictional force 
is a combination of ordinary friction in the bearings and rolling friction of the tires on the road.) 
(a) Write down the equation of motion while the cyclist is coasting to a stop. Solve it by separating 
variables to give f as a function of v. (b) Using the numbers of Problem 2.26 (and the value fi, = 3 
N given above) find how long it takes the cyclist to slow from his initial 20 m/s to 15 m/s. How long 
to slow to 10 and 5 m/s? How long to come to a full stop? If you did Problem 2.26, compare with 
the answers you got there ignoring friction entirely. 


(a) The equation of motion is mi = — fi, — cv”, which separates to give 


Sac + eu? 


‘This can be integrated from time Oto (and velocity from v, to v). The integral over v gives an arctan 
function. (Make the substitutions cv/ fj, = u? and then u = tan w.) The result is 


(aun |v, — arctan /-Lv 
Vv fae fa? Sic 
(b) Putting in the numbers, with vy = 20 m/s and the four given final velocities v = 15, 10, 5, and 0 
m/s, we find the following corresponding times: 


vims) 15 10 5 0 
(3) 63 184 48.3 142 


‘The corresponding times if we neglect friction are (from Problem 2.26) 6.7, 20.0, 60.0, and oo. To 
neglect friction, compared to the quadratic air resistance, is quite good at higher speeds, but terrible 
at very low speeds. 


2.41 ** A baseball is thrown vertically up with speed v. and is subject to a quadratic drag with 
magnitude f(v) = cv®. Write down the equation of motion for the upward journey (measuring y 
ly up) and show that it can be rewritten as i = —g[1 + (v/deq)"]. Use the “v dv/dx rule” 
(2.86) to write & as vdv/dy, and then solve the equation of motion by separating variables (put all 
terms involving v on one side and all terms involving y on the other). Integrate both sides to give y 
in terms of v, and hence v as a function of y. Show that the baseball's maximum height is 


(2.89) 


10 m/s (about 45 mph) and the baseball has the parameters given in Example 2.5 (page 61), 
What is Yinax? Compare with the value in a vacuum. 


On the upward journey the velocity v (measured upward) satisfies mi = —mg — cv. Since the 
terminal speed satisfies cv,,? = mg. this can be rewritten as § = —g(1+ v?/v,2), or, using the 
“vdv/dx” rule, d(v?)/(1 + v?/v,.2) = —2.g dy. Integrating this, from v, to v on the left and 0 to y 
oon the right, we find that 


v2 [In(v? + v,,2) — Inu? + v,2)] = —2ay, (82.4) 
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O in (S2.4) gives yigax exactly as claimed in 
Eq, (2.89). With the given numbers this yields yx = 17.7 m, compared with the vacuum value, 
Ymax = 02/2g = 20.4 m. 


2.43 *#* [Computer] The basketball of Problem 2.31 is thrown from a height of 2 m with initial 
velocity vp = 1Sm/sat 45° above the horizontal. (a) Use appropriate software to solve the equations of 
motion (2.61) for the ball’s position (x, y) and plot the trajectory. Show the corresponding trajectory 
in the absence of air resistance. (b) Use your plot to find how far the ball travels in the horizontal 
direction before it hits the floor. Compare with the corresponding range in a vacuum, 


(a) We have to solve the differential equations (2.61), 


mi = -cy/ i 
my = mg ~ ei? + 


with the initial conditions x(0) = 0, y(0) = 2, i(0) = 15 cos(45°), and 5(0) = 1Ssin(45°), (I've 
chosen my origin on the ground directly below the launch point, The constant ¢ is ¢ = y D®, as 
usual, with y = 0.25 and D = 0.24 m,) Ignoring air resistance, I estimated that the ball would 
land after about 2.5 sec, so I solved the equations (using NDSolve in Mathematica) for 0 <1 < 2.5 
and plotted the solution as the continuous curve shown, The vacuum solution is.x = (0)f and 
y = y(O) + §(O)t — }gr?, which I have plotted as the dashed curve. 


ym 


Figure $2.43 


(b) From the plots, you can read off the true range as 17.7 m and the range in vacuum as 24.8 m. 


SECTION 2.6 Complex Exponentials 


2.45 * (a) Using Euler's relation (2.76), prove that any complex number z = x + iy can be written 
in the form z = re", where r and @ are real. Describe the significance of r and @ with reference to the 
complex plane. (b) Write z = 3 + 4i in the form z = re’. (¢) Write z = 2e~'*/? in the form x + iy. 


(a) Let the polar coordinates of r = (x, y) ber and 8, so that x =r cos@ and ) 


in. Then 


r(cos@ + i sin@) = re”. 


zextiy 


(b) With x = 3 and y 
()z=2eFF =1- 


5 and @ = 0.927 (or about 53°). 
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2.47» For each of the following two pairs of numbers compute z + w, z ~ w, zw, and z/w. 


(a) 8e7/ and w= 4e'*/*, 


6+8 and w=3-4i (b)z 


Notice that for adding and subtracting complex numbers, the form x + iy is more convenient, but 
for multiplying and especially dividing, the form re” is more convenient. In part (a), a clever trick 
for finding = /w without converting to the form re" is to multiply top and bottom by w"; try this one 
both ways. 


(a) z= 6 + 81 = 10e and w = 3 — 41 = Se~, where 6 = 0.927 rad. (Note that the phase angles 
of z and w are exactly opposite—same 4 in both expresions.) Therefore 


rtw=944i and 2—w=34 12%, 


zw = (10e"")(Se~") = 50, 


and 


2e% = 2cos(28) + 2i sin(20) = -0.56 + 1.92i, 


+ 8iG+4i)_ 14 +48 _ 
B= 4G +41) 25 


= 
w 
(b) 2 = 8c" = 4 + 4/31 and w = de'*/® = 2/3 + 21. Therefore, 


4 — 2V3) + (4V3 — 2)i, 


2 ten 
wa 


2+ w=(4+42V3)+4V3+2)i and z—w 


zw = (8e'"/9)\(42*/%) = 32¢*/? = 2d = 3 +i. 


and 


2.49 * Consider the complex number = ‘080 + i sind. (a) By evaluating 2? two different 
ways, prove the trig identities cos 26 = cos?@ — sin? and sin 26 = 2 sin cos@. (b) Use the same 
technique to find corresponding identities for cos 34 and sin 36. 


(a) On the one hand, 2? = e%” = cos26 + i sin 20. On the other hand, z 
cos?@ — sin’@ + 2i cos@ sin @. Equating these two expressions, we find 


(cos @ + i sind)? = 


cos 20 =cos*# —sin*@ and sin2# =2cos@ sind. 
(b) In exactly the same way, we can show that 


cos 38 = cos@(cos"@ — 3sin°@) and sin 39 = sin@(3cos7@ — sin’@). 


2.51 +* Use the series definition (2.72) of e to prove that e*e = e**". (Hint: If you write down 
the left side as a product of two series, you will have a huge sum of terms like 2"w”. If you group 
together all the terms for which n + m is the same (call it p) and use the binomial theorem, you will 
find you have the series for the right side.] 
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SECTION 2.7 Solution for the Charge in a B Field 


2.53 + A charged particle of mass m and positive charge q moves in uniform electric and magnetic 
fields, E and B, both pointing in the = direction. The net force on the particle is F = q(E + v x B). 
Write down the equation of motion for the particle and resolve it into its three components. Solve 
the equations and describe the particle's motion. 


‘The components of the force are F = q(E +v x B) = q(v,B, —v,B, E), 0 the three components 
of mi Fare 


mi, =qBv,, miy=—qBv,, mi, =qE. 
The first two of these are exactly the same as (2.64) and (2.65) for the case of no electric field, and 
the motion of x and y is therefore the same as in Figure 2.15: The transverse position (x, y) moves 


clockwise around a circle at constant angular velocity @ = q B/m. The equatis 


reasing pitch as the motion in the z direction accelerates. 


2.58 *#* A charged particle of mass m and positive charge q moves in uniform electric and magnetic 
fields, E pointing in the y direction and B in the z direction (an arrangement called “crossed E and 
B fields”). Suppose the particle is initially at the origin and is given a kick at time = 0 along the x 
axis with v, = Ugo (positive or negative). (a) Write down the equation of motion for the particle and 
resolve it into its three components. Show that the motion remains in the plane z = 0. (b) Prove that 
there is a unique value of vo, called the drift speed vy,, for which the particle moves undeflected 
through the fields. (This is the basis of velocity selectors, which select particles traveling at one 
chosen speed from a beam with many different speeds.) (€) Solve the equations of motion to give 
the particle’s velocity as a function of t, for arbitrary values of v,.. [Hint: The equations for (v,, vs) 
should look very like Equations (2.68) except for an offset of », by aconstant. If you make a change 
of variables of the form w, = vy — vg and w, = v,, the equations for (1,, 1) will have exactly the 
form (2.68), whose general solution you know.] (d) Integrate the velocity to find the position as a 
function of r and sketch the trajectory for various values of v9. 


(a) The given fields are E = (0, E, 0) and B = (0,0, B), so the force is 


F=q(E+v x B)=q(v,B, E — v,B,0). 


If we define « = q B/m as in (2.67), the equation of motion, # = F/m can be written in components 
as 


ov, -o(v,—E/B), and i, (S25) 
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Since i 
(b) The particle is undeflected if and only if both 8, and i, remain zero for all times. From the 
second of Equations (S2.5) this requires that v, = E/B = vg , say. If this condition is satisfied, then 
v, remains zero, and the first of Equations (S2.5) implies that v, remains constant, v, = vy. The 
condition that v = E/B is easily understood: With this velocity, the electric force qE in the +y 
direction exactly balances the magnetic force qv B in the —y direction. 

(©) If we make the suggested change of variables, 


and v,. = 0 itis clear that v, = 0 for all times, and the motion remains in the plane 


uy =0,— vy and uy=v, 


with vg = E/B, then the first two of Equations ($2.5) become 


fit, = coy and tty = uy. 
These two equations have exactly the form of Equations (2.68), and their solution is therefore 
u, + iu, = Ae, where, setting f = 0, we see that A =v, — Ug. Rewritten in terms of y, this 
solution is, 


Uy = yp + Wyo — Ny EOS@t aNd vy = —(Uyq — Ug) SNF (82.6) 


and, of course, v, = 0. The transverse velocity (v,, v,) goes steadily around a circle of radius 

(veo — Vie) With a constant drift vg in the x direction superposed. 

(d) To find the position as a function of time, we have only to integrate the equations (S2.6) for the 
ity. Before we do this, itis helpful to define the length R = (v9 — v4))/a, in terms of which 


x= ugt+Rsinor andy = R(coset —1) 


The point (x,y) '(sin wt, — coset) describes a circle of radius R about the origin, Thus the 
charge g describes a circle about the point (vat, — R), which moves steadily to the right with speed 
je. The resulting curve is a cycloid, whose precise appearance depends on the initial velocity vy, as 
illustrated below for seven different values of v,.. Notice, in particular, that if v,, = vy then R = 0 
and the charge drifts straight through the fields, as we already knew. (The values of v,. are shown 
as multiples of v4.) 
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Figure 2.55, 


CHAPTER 3 


Momentum and Angular Momentum 
PROBLEMS AND SOLUTIONS 


SECTION 3.1 Conservation of Momentum 


3.1* Consider a gun of mass M (when unloaded) that fires a shell of mass m with muzzle speed v. 
(That is, the shell’s speed relative to the gun is v.) Assuming that the gun is completely free to recoil 
(no external forces on gun or shell), use conservation of momentum to show that the shell’s speed 
relative to the ground is v/(1-+ m/M). 


Let v, and vg denote the speeds of the shell and gun relative to the ground. Then conservation of 
momentum implies that mv, = Mug. (The shell and gun certainly move in opposite directions.) 
‘Their relative speed is v = v, + uy. Eliminating v, between these two equations, we find that 
v, = Mv/(m + M), which is the desired result 


3.34 A shell traveling with velocity v, explodes into three pieces of equal masses. Just after the 
explosion, one piece has velocity ¥, = ¥, and the other two have velocities v and v; that are equal 
in magnitude (v, = vs) but mutually perpendicular. Find v3 and v3 and sketch the three velocities. 


Let the original mass of the shell be 3mm (so that each of the fragments has mass m). Conservation of 
momentum implies that mv, + mv + mvs = 3mv,, Since vj = V,. this simplifies to v3 + V3 
‘Squaring both sides and recalling that v) is orthogonal to v3, we find that v7 + v2 = 4u,2, or, 
V2 vq. Notice that v2 and v3 are at 45° on either side of the initial direction, 


Uy = Us, 0 


~~ 
ne 2v 


Figure $3.3, 


3.5% Many applications of conservation of momentum involve conservation of energy as well, and 
we haven't yet begun our discussion of energy. Nevertheless, you know enough about energy from 
‘your introductory physics course to handle some problems of this type. Here is one elegant example: 
Anelastic collision between two bodies is defined asa collision in which the total kinetic energy of the 
two bodies after the collision is the same as that before. (A familiar example is the collision between 
two billiard balls, which generally lose extremely little of their total kinetic energy.) Consider an 
elastic collision between two equal mass bodies, one of which is initially at rest. Let their veloci 
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be v, and v> = Obefore the collision, and v; and v, after. Write down the vector equation representing 
conservation of momentum and the scalar equation which expresses that the collision is elastic. Use 
these to prove that the angle between v; and v, is 90°. This result was important in the history of 
atomic and nuclear physics: That two bodies emerged from a collision traveling on perpendicular 
paths was strongly suggestive that they had equal mass and had undergone an elastic collision. 


. this 


By conservation of momentum, m,¥, + m V2 = m,V, + mV. Since m, = my and vy. 
reduces to 


Wav tVy. (S31) 


+ 4myv,?, whence 


(83.2) 
‘Squaring Equation ($3.1), we find that 
Pau? + vf + 2V,-¥, 
and comparing this with Equation (S3.2), we conclude that v, - v = 0. That is vj is perpendicular 


to v5 (except when one of them is zero, in which case the angle between them is undefined). 


SECTION 3.2 Rockets 


3.7 The first couple of minutes of the launch of a space shuttle can be described very roughly as 
follows: The initial mass is 2 x 10° kg, the final mass (after 2 minutes) is about 1 x 10° kg, the 
average exhaust speed tgy is about 3000 m/s, and the initial velocity is, of course, zero, If allthis 
were taking place in outer space, with negligible gravity, what would be the shuttle’s speed at the 
end of this stage? What is the thrust during the same period and how does it compare with the initial 
{otal weight of the shuttle (on earth)? 


Since vy = 0, the final velocity as given by (3.8) is 
v = Ug In(mg/m) = 3000 In(2) ~ 2100 m/s. 


The thrust is given by (3.7) as 


thrust 


tity, = Ue © 2.5 x 107 N. 


This is just a little bigger than the initial weight, m,g ~ 2.0 x 107 N. 


3.9 From the data in Problem 3.7 you can find the space shuttles initial mass and the rate of ejecting 
mass —it (which you may assume is constant). What is the minimum exhaust speed vg. for which 
the shuttle would just begin to lift as soon as burn is fully underway? [Hint: The thrust must atleast 
balance the shuttle’s weight.) 


From the data of Problem 3.7, m, = 2 x 10° kg, and rit © —8.33 x 10° kg/s. The minimum exhaust 
speed is determined by the condition: thrust = —rirv,, = mg. Which gives v= —mgg/1it ~ 2350 
m/s, compared with the actual value of about 3000 mis. 
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3.11 «* (a) Consider a rocket traveling in a straight line subject to an external force F% acting along 
the same line. Show that the equation of motion is 


mi = tity, + F™ (3.29) 


[Review the derivation of Equation (3.6) but keep the external force term.] (b) Specialize to the 
case of a rocket taking off vertically (from rest) in a gravitational field g, so the equation of motion 
becomes 


mi = ~titve, — mg. (3.30) 


Assume that the rocket ejects mass at a constant rate, rit = —k (where k is a positive constant), $0 
that m =m, — kt. Solve equation (3.30) for v as a function of r, using separation of variables (that 
is, rewriting the equation so that all terms involving v are on the left and all terms involving ¢ on the 
right), (c) Using the rough data from Problem 3.7, find the space shuttle’s speed two minutes into 
flight, assuming (what is nearly true) that it travels vertically up during this period and that g doesn’t 
change appreciably. Compare with the corresponding result if there were no gravity, (d) Describe 
what would happen to a rocket that was designed so that the first term on the right of Equation (3.30) 
‘was smaller than the initial value of the second. 


(a) From (3.4) we know that the change in momentum (of rocket plus ejected fuel) in time dr 
is dP = mdv +dm vg. On the other hand we know on general grounds that P= F®*', so that 
dP = F°dt. Equating these two expressions for d P, we conclude that 


mdv + dm vey = Fdt 
or, dividing by dr and rearranging, 
mir = tind, + FO, 
(b) With —rr = k (a positive constant) and F® = mg, the equation of motion becomes 
mi = kg, — mg 


and since rit = —k it follows that m = ma — kt. The differential equation separates to give 


ku, 
dvu=(—tea_ _ 2) ai 
? (a *) 


which can be integrated from time 0 to r (and velocity 0 to v) to give 


(c) Putting in the numbers (v., = 3000 m/s, m,/m = 2, ¢ = 9.8m/s?, and t = 120s), we find v = 900 
m/s. With g = 0, the corresponding number is 2100 mvs, so gravity reduces the speed acquired in 
the first two minutes to a little less than half its weight-free value. 

(d) If the thrust kv, is less than the weight mg, the rocket will just sit on the ground until it has shed 
enough mass that the thrust can overcome the weight. Not a good design! 


3.13 «* If you have not already done it, do Problem 3.11(b) and find the speed v(t) of a rocket 
accelerating vertically from rest in a gravitational field g. Now integrate v(t) and show that the 
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rocket’s height as a function of 1 is 


Using the numbers given in Problem 3.7, estimate the space shuttle’s height after two minutes. 
We can find the height y(¢) by integrating v(t) as found in Problem 3.11: 


yO 


(t)dt = va f {in m, — In m(r'y\ar" 
f 


text IN IMg — Vex if Inm()dt’ — 381 (83.3) 
lv 


‘Todo the remaining integral, notice that m(1’) = 
for m(t’). Thus the remaining integral in ($3.3) is 


[mer 


where in the last expression I used the fact that m, ~m = kr. Substituting into ($3.3), we get 


1o — kt’, so that dr’ = —dm'/k, where m’ is short 


{min — mf, 


jon lnm — minm) = 1, 


ve 


reat — $e + “(kr Inm, — myn, + minm) = vet — $g? — men (2) 


m 


where I have again used that kt = 
min, we find that y © 40 km, 


‘m. Putting in the numbers from Problem 3.11 and 


SECTION 3.3 The Center of Mass 


3.15 « Find the position of the center of mass of three particles lying in the xy plane at r; = (1, 1, 0), 
=1,0), and Fy = (0, 0,0), if my = m3 and m; = 10m). Hlustrate your answer with a sketch 
and comment. 


Za Late _0+040_9 
M 12 


Because m, is much bigger than m, and m, the CM is much closer tom, than to the other two. 


Figure $3.15, 
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3.17 * The masses of the earth and moon are M, * 6.0 x 10™ and M,, © 7.4 x 10°? (both in kg) 
and their center to center distance is 3.8 x 10° km. Find the position of their CM and comment. (The 
radius of the earth is R. * 6.4 x 10°km.) 


If we put the origin at the earth’s center and the x axis through the moon's center, then the CM lies 
on the x axis at 


MX FM pXm _ OF MaXm _ 74 x 10? 


= x (3.8 x 10° km) = 4600 km, 
Met Mn | Mek Mm 047A) XIE Oe J am 


x 


‘Since the earth’s radius is 6400 km, the earth-moon CM is comfortably inside the earth, reflecting 
that the earth is much more massive than the moon. 


3.19 ** (a) We know that the path of a projectile thrown from the ground is a parabola (if we ignore 
air resistance). In the light of the result (3.12), what would be the subsequent path of the CM of the 
pieces if the projectile exploded in midair? (b) A shell is fired from level ground so as to hit a target 
100 m away. Unluckily the shell explodes prematurely and breaks into two equal pieces. The two 
pieces land at the same time, and one lands 100 m beyond the target. Where does the other piece 
land? (c) Is the same result true if they land at different times (with one piece still landing 100 m 
beyond the target)? 


(a) As long as all pieces are still in the air (so that the only force on them is gravity), (3.11) implies 
that the CM follows the path of a single particle of mass M, namely, the same parabola, 

(b) At the moment when both pieces land (y = 0), the CM is also at y = 0 and is, therefore, at the 
target (x = 100). Since the CM is half way between the two pieces and the first piece is 100 m beyond 
the target, the second piece has to be 100 m short of the target, namely back atthe launch site (x = 0). 
(©) Let's call the two halves A and B, and let’s imagine the ground removed, so that the pieces can 
continue to move like projectiles even after they pass the level y = 0. Atall times, the CM is at the 
midpoint of the line AB. Suppose that A lands first, at x4 = 200. At the same time, B and hence the 
(CM are still above ground, which means that the CM has X < 100 (since we know the CM will land 
at X = 100). This implies that at the moment when A lands, xy < 0. In other words, B has already 
passed back over the launch point and will land still further behind it, A similar argument shows that 
if A lands after B, then B will land at a point xp > 0. 


0 100 200 * 
Figure $3.19 


3.21 ** A uniform thin sheet of metal is cut in the shape of a semicircle of radius R and lies in the 
xy plane with its center at the origin and diameter lying along the x axis. Find the position of the 
(CM using polar coordinates. {In this case the sum (3.9) that defines the CM position becomes a two- 
dimensional integral of the form f ra dA where o denotes the surface mass density (mass/area) of 
the sheet and dA is the element of area dA =r drd@.] 


Let the disk’s mass be M and its mass density (mass/area) be o = M/A, where A = 2 R?/2 is its 
area. The CM position is R= fordA/M = [rdA/A where the integral runs over the area of the 
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disk in the plane z = 0. Clearly Z = 0, and, by symmetry, X = 0. Finally 


1 fyana 2s [rar f" aesne 
al aR Io lo 


3.23 +++ [Computer] A grenade is thrown with initial velocity v, from the origin at the top ofa high 
cliff, subject to negligible air resistance. (a) Using a suitable plotting program, plot the orbit, with 
the following parameters: v. = (4,4), ¢ = 1, and 0 <1 <4 (and with x measured horizontally and 
y vertically up). Add to your plot suitable marks (dots or crosses, for example) to show the positions 
of the grenade at r= 1, 2, 3, 4. (b) At r = 4, when the grenade’s velocity is ¥, it explodes into two 
equal pieces, one of which moves off with velocity v + Av, What is the velocity of the other piece? 
(©) Assuming that Av = (1, 3), add to your original plot the paths of the two pieces for 4 <1 <9. 
Insert marks to show their positions at = 5, 6, 7, 8, 9. Find some way to show clearly that the CM 
of the two pieces continues to follow the original parabolic path. 


y 


(a) The orbit is r(1) = vor + $gr?. 
(b) Because the two pieces have equal masses, m 
that vj + v2 = 2v, so that v) = 2v — vj =v — Av, 

(©) The CM (hollow circles) is at the midpoint of the line joining the two pieces and clearly continues 
along the original parabola. 


‘my = M/2, conservation of momentum implies 


y 5 SF 8 5 
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SECTION 3.4 Angular Momentum for a Single Particle 


3.25 * A particle of mass m is moving on a frictionless horizontal table and is attached to a massless 
string, whose other end passes through a hole in the table, where I am holding it. Initially the particle 
is moving in a circle of radius r, with angular velocity «,, but I now pull the string down through 
the hole until a length r remains between the hole and the particle. What is the particle's angular 
velocity now? 


‘The net force on the particle is just the tension of the string, which is necessarily directed toward the 
hole in the table at O. Therefore the angular momentum £ about O is constant. When the particle is 
travelling in acircle of radius r, the vertical component of € =r x pis€,=rp =rmv =rm(rw) = 
mr. Therefore, the quantity rw is constant and rw = 7.20, ; whence w = (r4/r)*Wy. 


3.27 + Consider a planet orbiting the fixed sun. Take the plane of the planet's orbit to be the xy 
plane, with the sun at the origin, and label the planet’s position by polar coordinates (r, 6). (a) Show 
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that the planet’s angular momentum has magnitude £ = mr, where w = ¢ is the planet's angular 
velocity about the sun. (b) Show that the rate at which the planet “sweeps out area” (as in Kepler's 
second law) is dA/dt = $r2e, and hence that dA/dt = £/2m. Deduce Kepler's second law. 


(a) Since r = rf and ¢ = F# +44, it follows that 


barx mi =mrge x b= mrot 


Therefore, ¢ = mr? as claimed. (Strictly speaking we should put absolute value signs in here if we 
are to insist that € be positive.) 

(b) Suppose that in a time Ar the planet moves from A to B and swings through an angle Ag. 
The area swept out is the area of the triangle AB. In the limit of small Ar, this triangle is well 
approximated by the triangle OAC, with OC = OA. This has height r and base rAg. Therefore the 
area swept out is AA ~ Ir?A¢. Dividing both sides by Ar and letting At — 0, we conclude that 
A= t9°¢ = }7e, as claimed. Comparing this with the result of part (a), we see that A = ¢/2m and 
hence that the conservation of € implies that A is constant, 


y 
B 
ao C, 
A 
r 
x 
Figure $3.27 


SECTION 3.5 Angular Momentum for Several Particles 


3.29 A uniform spherical asteroid of radius R, is spinning with angular velocity «,. As the aeons 
g0 by, it picks up more matter until its radius is R. Assuming that its density remains the same and 
that the additional matter was originally at rest relative to the asteroid (anyway on average), find the 
asteroid’s new angular velocity. (You know from elementary physics that the moment of inertia is 
3M R®.) What is the final angular velocity if the radius doubles? 


‘We are told that the matter accreted by the asteroid is initially at rest. Therefore its initial angular 
momentum is zero and, by conservation of angular momentum, J, = J, where J, and I are the 
tial and final moments of inertia of the asteroid. Now, 


8 Ss 
—70R’, 
is 


so, given that g is constant, conservation of angular momentum implies that Rw, = R°w, and 


= @,(R,/R)°. If R = 2R,, then @ = «,/32. 


3.30 «+ Consider a rigid body rotating with angular velocity « about a fixed axis. (You could think 
of a door rotating about the axis defined by its hinges.) Take the axis of rotation to be the z axis and 
use cylindrical polar coordinates 7... Zq t0 specify the positions of the particles a = 1, --, N that 
make up the body. (a) Show that the velocity of the particle a is p, in the @ direction. (b) Hence 
show that the z component of the angular momentum €,, of particle a is m,,p2w. (e) Show that the 
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= component L, of the total angular momentum can be written as L 
of inertia (for the axis in question), 


J where J is the moment 


w 
Yom. 31) 


3.31 #* Find the moment of inertia of a uniform disc of mass M and radius R rotating about its axis, 
by replacing the sum (3.31) by the appropriate integral and doing the integral in polar coordinates. 


If we place the disk in the plane z = 0 centered on the origin, the sum (3.31) can be written as 
1 = Limgr2 (because in the plane z = 0 the coordinate p is the same as what we usually call r). 
If the density (mass/area) of the disk is ¢ = M/z R?, then, replacing the sum by the appropriate 
integral, we find that 


pe 
t= foram [rar [ dort ME oe a et 
xy Sy 


3.33 + Starting from the sum (3.31) and replacing it by the appropriate integral, find the moment 
of inertia of a uniform thin square of side 2b, rotating about an axis perpendicular to the square and 
passing through its center. 


If we place the square in the plane z = 0, centered on the origin with its sides parallel to the x and y 
axes, the sum (3.31) takes the form J = Dm, p2 = Dm,(x2 + y2) =2 Dmgxz, where the last 
expression holds because, by symmetry, the two terms of the previous expression are equal. If we 
denote the density (mass/area) of the square by o = M/A = M/(4b?), then we can replace the sum 
by an integral: 


» » 
(20 f 2aa=20 f eas f 
La -» 


3.35 «+ Consider a uniform solid disk of mass M and radius 2, rolling without slipping down an 
incline which is at angle y to the horizontal. The instantaneous point of contact between the disk and 
the incline is called P. (a) Draw a free-body diagram, showing all forces on the disk. (b) Find the 
linear acceleration i of the disk by applying the result = I for rotation about P. (Remember 
that L = fe and the moment of inertia for rotation about a point on the circumference is 3M R?. 
‘The condition that the disk not slip is that v = Ro» and hence b = Ré.) (€) Derive the same result by 
applying L = I™* to the rotation about the CM. (In this case you will find there is an extra unknown, 
the force of friction. You can eliminate this by applying Newton’s second law to the motion of the 
CM. The moment of inertia for rotation about the CM is $M R.) 


(a) 


Figure $3.35, 
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(b) The condition L = F*™ applied about P becomes Ip & = MgR sin y, whence sin y, 

(©) The same condition applied about the CM gives 1, FR. To eliminate the unknown 
frictional force f, we must use Newton's second law, Mi = Mg sin y — f. Eliminating f, we 
get the same answer as before 


3.37 #4 A system consists of N masses m, at positions , relative to a fixed origin O. Let r, 
denote the position of m, relative tothe CM; that is, r, R. (a) Makea sketch to illustrate this 
last equation. (b) Prove the useful relation that 3>m,1, = 0. Can you explain why this relation is 
nearly obvious? (e) Use this relation to prove the result (3.28) that the rate of change of the angular 
‘momentum about the CM is equal to the total external torque about the CM. (This result is surprising 
since the CM may be accelerating, so that it is not necessarily a fixed point in any inertial frame.) 


(a) a 
. e 
la Fa 
cM 
2 . 
e 
Figure $3.37 


) Smee, = Dmalty — R) = Smarty — (Lm, = MR — MR =0. 
‘The sum (1/M) 5 mgt, defines the position of the CM relative to the CM, wl 
zer0. 

(©) The angular momentum about the CM is L{about CM) = Sr, x mai’, Therefore 


fairly obviously 


Leabout CM) = SO if, x mgi, + SO rf, x mgt, 
=04 Dry x mal 


Ye xh Vom, xR 


= Fabout CM) + 0 = F*“(about CM). 


The first sum on the right of the top line was zero because the cross product of any two parallel 
vectors is zero. The second sum on the third line was zero by the result of part (b), and, in the last 
line, all internal torques canceled for the same reason as in (3.25). 
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PROBLEMS AND SOLUTIONS 


SECTION 4.1 Kinetic Energy and Work 


4.1.+ By writing a b in terms of components prove that the product rule for differentiation applies 
to the dot product of two vectors; that is, 


a db 
fama .nte 
geass ear 


db, da 
244.0, 
dt 


fa. b= 1y =D (a dy +, 


4.2* Evaluate the work done 
’ P 
Wwe Fede (F,dx + Fydy) (4.100) 
lo o 


by the two-dimensional force F = (x*, 2xy) along the three paths joining the origin to the point 
P = (1, 1) as shown in Figure 4,24(a) and defined as follows: (a) This path goes along the x axis to 
Q = (1, 0) and then straight up to P. (Divide the integral into two pieces, (7) = [$ +g.) (b) On 
this path y =x, and you can replace the term dy in (4.100) by dy = 2x dx and convert the whole 
integral into an integral over x. (¢) This path is given parametrically as x P. In this case 
rewrite x, y, dx, and dy in (4.100) in terms of ¢ and dt, and convert the integral into an integral 
over f. 


OO) 
Figure 4.24 (a) Problem 4.2. (b) Problem 4.3 
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4.3.#* Do the same as in Problem 4.2, but for the force F = (—y,.x) and for the three paths joining 
P and Q shown in Figure 4.24(b) and defined as follows: (a) This path goes straight from P = (1, 0) 
to the origin and then straight to Q = (0, 1). (b) This is a straight line from P to Q. (Write y as a 
function of x and rewrite the integral as an integral over x.) (€) This is a quarter-circle centered on 
the origin. (Write x and y in polar coordinates and rewrite the integral as an integral over @.) 


(a) 
7 ° 2 
w=[ Fedr= ff nav [ Fdy=0+0=0. 
IP iP lo 


(b) On path (b), y = 


= x,s0dy =—dx and 


@ 
(F,dx + Pedy) 


[mei 
[ 


ing, cos d)d. Therefore 


1 
(Fy ~ Fy)dx fo +)dx 
lo 


(c) On path (c), r = (cos@, sing), so F 


sing, cos) and dr 


° x? 
w =f Fedr -[ (sing + cos"9)dg = 1/2. 
P lo 


SECTION 4.2 Potential Energy and Conservative Forces 


4,5 (a) Consider a mass m in a uniform gravitational field g, so that the force on m is mg, where g 
is a constant vector pointing vertically down. If the mass moves by an arbitrary path from point 1 to 
point 2, show that the work done by gravity is Wyray(1—> 2) = —mgh where h is the vertical height 
gained between points 1 and 2. Use this result to prove that the force of gravity is conservative (at 
least in a region small enough so that g can be considered constant). (b) Show that, if we choose axes 
with y measured vertically up, the gravitational potential energy is U = mgy (if we choose U = 0 
atthe origin), 


(a) If we choose axes with y measured vertically up (and x and z horizontal), then Fyay = (0, mg, 0) 
and 


Woav(l > 2) Sy ee ~ [may =mgy; =mgh. 
f f 


Since this is visibly independent of the path followed, Fyrqy i8 conservative. 
(DB) Uggas(t) = —Wosae 0 > F) = may. 


4.7 + Near to the point where I am standing on the surface of Planet X, the gravitational force on a 
‘mass m is vertically down but has magnitude my,y? where y is a constant and y is the mass’s height 
above the horizontal ground. (a) Find the work done by gravity on a mass m moving from r; to Tr, 
and use your answer to show that gravity on Planet X, although most unusual, is still conservative. 
the corresponding potential energy. (b) Still on the same planet, I thread a bead on a curved, 
frictionless, rigid wire, which extends from ground level toa height h above the ground, Show clearly 
in a picture the forces on the bead when it is somewhere on the wire. (Just name the forces so it’s 
clear what they are; don’t worry about their magnitude.) Which of the forces are conservative and 
which are not? (¢) If I release the bead from rest at a height /, how fast will it be going when it 
reaches the ground? 


(a) Since Fy, = —myy?¥, 
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Because this work is independent of path (and F,, depends on only r) F,, is conservative, and 


U@) = WO = By 


(b) The forces are F,,, which is conservative, and the normal force N, which is not. (For instance, N 
can depend on the bead’s speed.) 


Fo 
Figure $4.7 


(©) By conservation of energy, T + U = const, so Jmug2 = {myh’ and hence 
Ugg = 2yh3/3 


4.9 +» (a) The force exerted by a one-dimensional spring, fixed at one end, is F = —kx, where 
xx is the displacement of the other end from its equilibrium position, Assuming that this force is 
conservative (which it is) show that the corresponding potential energy is U = {kx?, if we choose U 
to be zero at the equilibrium position. (b) Suppose that this spring is hung vertically from the ceiling 
‘with a mass m suspended from the other end and constrained to move in the vertical direction only. 
Find the extension x, of the new equilibrium position with the suspended mass. Show that the total 
potential energy (spring plus gravity) has the same form jky? if we use the coordinate y equal to 
the displacement measured from the new equilibrium position at x = x, (and redefine our reference 
point so that U = Oat y= 0). 


(a) 


‘dg! oh 


Us -f F(x)dx' xidx' = }kx? 
f 


(b) The two forces on m are gravity, mg down, and the spring, kx up, and at the new equilibrium x, 
they must balance, so x, = mg/k. The total PE is 


U = $kx? ~ mgx 
1 


K(x + y)? = melo + Y) 


Sky? + y(kx, — mg) + const. 


In the last line the second term is zero (the condition for equilibrium) and we can drop the constant, 
to give U = $ky?. 


a2 


Chapter 4 


SECTION 4.3. Force as the Gradient of Potential Energy 


4.11 * Find the partial derivatives with respect to x, y, and z of the following functions: 
(a) f(x, y, 2) = ay? + 2byz + cz*, (b) g(x, ¥, 2) = cos(axy?z'), (©) h(x, y ar, where a, b, 
and c are constants and, 2, Remember that to evaluate 3 /2x you differentiate with 


t+ y+ 22. 
respect tox treating y and z as constants. 


function, f af/ax af/az 
ay? + dbyz +z 0 2by + 2ez 
cos(axy?z*) sin(axy?z3) 


" ry 
ar=aVe ey ee ax/r 


az/r 


4.13 * Calculate the gradient Vf of the following functions, f(x, y, z): (a) f =In(r), (b) f =r", 
(©) f = g(r), where r = x? + y? + 2? and g(r) is some unspecified function of r. [Hint: Use the 
chain rule, 


function, f af/ax af/ay af/az 


In(r) x] yi afr 
r nxr™2 ony"? zr 
ar) sinx/r giry/r— glrz/r 


4.15 * For f(r) = + 3:7, use the approximation (4.35) to estimate the change in f if we 
move from the point r = (1, 1, 1) to (1.01, 1.03, 1.05). Compare with the exact result, 


the gradient is Vf = (2x, 4y, 6:), so Equation (4.35) gives the approxi- 


df = Vf «de = (2x, 4y, 62) + (dx,d; 
= (2, 4,6) + (0.01, 0.03, 0.05) = 0.02 + 0.12 + 0.30 = 0.4400. 


This compares favorably with the exact result 


df = (1.01, 103, 1.05) — f,1,) = 


4494 — 6.0000 = 0.4494. 


4.17 * A charge q in a uniform electric field E, experiences a constant force F = qE,. (a) Show 
that this force is conservative and verify that the potential energy of the charge at position r is 
U(r) = ~GE, « F. (b) By doing the necessary derivatives, check that F = —VU. 


(a) The force F = qE, certainly doesn’t depend on anything but r (and doesn’t even depend on r 
since E, is constant). The work integral is W(1 > 2) = J? F + dr =qEg+ fide =qEq + (t7— 1), 
which is independent of path. Therefore, the force is conservative, and the PE is U(r) = —W( > 
1) =—qEy-r. 
(b) Since U = 


-q(EoxX + Egy¥ + Eee?) VU = q (Ears Eoys Eos) = qEo = F. 


4.19 «* (a) Describe the surfaces defined by the equation f = const, where f = x? + 4y?, (b) Using 
the results of Problem 4.18, find a unit normal to the surface f = 5 at the point (1, 1, 1). In what 
direction should one move from this point to maximize the rate of change of f? 
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(a) The equation x? + 4y? = K defines an ellipse in the xy plane, centered on.x = y = 0. Since the 
value of x? + 4y? is unchanged by any variation of z, the surface is an elliptical cylinder, centered 
‘on the z axis, with semi-major and semi-minor axes equal to /K and VK /2. 

(b) We know that the vector Vf is perpendicular to the surface f = const. In the present case 
Vf = (2x, 8y, 0) = (2. 8,0) at the point (I, 1, 1). Therefore the unit normal is m= (1, 4, 0)//T7 or 
. The direction of maximum increase is m. 


SECTION 4.4 The Second Condition that F be Conservative 


4.21 * Verify that the gravitational force -GMmi/r? on a point mass m at r, due to a fixed point 
‘mass M at the origin, is conservative and calculate the corresponding potential energy. 


This is exactly the same as Example 4.5 except that y = kqQ is replaced by y = —GMm. Thus, if 
we choose U = 0 at r = 00, then U(r) = y/r =-GMm/r. 


4,23 +* Which of the following forces is conservative? (a) F = k(x, 2y, 32) where k is a constant, 
0). (¢) F =k(~y, x, 0). For those which are conservative, find the corresponding 
potential energy U, and verify by direct differentiation that F = —VU. 


All three given forces depend only on r; that is, all satisfy the first condition, It remains to checks 
their curls, 
(a) With F = k(x, 
PE is U =~ fF-dr =—k f(v'de’ +2y'dy 
k(x, 2y, 32) =F. (Ihave taken U = 0 at the ori 
(b) With 


. The corresponding 
(4x? + y? + 327), Clearly VU = 


= fF de’ 
any path. One simple choice is to go from the origin out to x on the x axis (this contributes 0 10 the 
integral) and then parallel to the y axis to y (which contributes —k: —kexy. Clearly 
F. 

0), we find V x F = (0,0, 1+ 1) = k(0, 0, 2), so F is not conservative, 


vu x,0) 
(©) With F = k(— 


4.25 ##* The proof that the condition V x F =0 guarantees the path independence of the work 
JP F + de done by F is unfortunately too lengthy to be included here. However, the following three 
exercises capture the main points:! (a) Show that the path independence of /?F + dr is equivalent to 
the statement that the integral fF + dr around any closed path I” is zero. (By tradition, the symbol 
{f is used for integrals around a closed path—a path that starts and stops at the same point.) [Hint: 
For any two points 1 and 2 and any two paths from 1 to 2, consider the work done by F going from 
1 to 2 along the first path and then back to 1 along the second in the reverse direction,] (b) Stokes’s 
theorem asserts that f,.F + dr= [(V x F) «id, where the integral on the right isa surface integral 
over a surface for which the path Tis the boundary, and fi and d A are a unit normal to the surface 
and an element of area. Show that Stokes’s theorem implies that if V x F = 0 everywhere, then 
fr F +d =0. (€) While the general proof of Stokes’s theorem is beyond our scope here, the following 
special case is quite easy to prove (and is an important step toward the general proof’): Let I" denote 
a rectangular closed path lying in a plane perpendicular to the = direction and bounded by the lines 
= B+b,y=C and y =C +. For this simple path (traced counterclockwise as seen 


For a complete discussion see, for example, Mathematical Methods, Boas, Ch. 6, Sections 811 
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from above), prove Stokes’s theorem that 


frar= [ov xm-aaa 


where fi = % and the integral on the right runs over the flat, rectangular area inside I. [Hint: The 
integral on the left contains four terms, two of which are integrals over x and two over y. If you 
pair them in this way, you can combine each pair into a single integral with an integrand of the 
form F,(x, C + ¢,2) — F,(x, C, 2) (ora similar term with the roles of x and y exchanged). You can 
rewrite this integrand as an integral over y of F(x, y,z)/Ay (and similarly with the other term), 
and you're home.] 


(a) Let 1 and 2 denote any two points and I’, and I, be any two paths leading from point 1 to point 
2. Next let be the closed path that starts at point 1, goes to point 2 via I, and then retums to point 
1 tracing the path I, backwards. Obviously 


frac Fedr— | Fedr 
r r, r, 


‘The work integral is path-independent if and only if the right side is zero for any two paths joining 
any two points 1 and 2, and the left side is zero if and only if the work integral is zero around any 
closed path. Therefore the two statements are equivalent. 

(b) If we accept Stokes’s theorem, f.F «dr = [(V x F) «iid, then obviously jj. F + dr = 0 if 
V x F =O everywhere. 


Figure $4.25, 


(c) The integral going around the closed path T can be divided into four integrals, each along one of 
the straight paths labelled 1, 2, 3, and 4 in the picture, 


frede=([+ [+ [+ [)r ear 


B+ B+ 
fr[--f Fane +e.2)de+ f F(x. C,2)de 
hh de ls 


Now 


and 


Fx, C + ,2)dx — F(x, C2) 


Combining the last two results, we find that 


Bsb pete ‘ 
4=-f ax ff dy 2 
le y 


lc 
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where the final integral is a two-dimensional integral over the whole rectangle. There is a similar 
expression (without a minus sign) for /, + f,, and, combining these two, we conclude that 


aF, 
frrar=[(B-B)arq foram aaa, 
G ax ay 


SECTION 4.5 Time-Dependent Potential Energy 


4.27 ** Suppose that the force F(r, 1) depends on the time f but still satisfies V x F =0. It is a 
mathematical fact (related to Stokes’s theorem as discussed in Problem 4.25) that the work integral 
J? F(e, 1) « dr (evaluated at any one time 1) is independent of the path taken between the points 1 
and 2, Use this to show that the time-dependent PE defined by (4.48), for any fixed time f, has the 
claimed property that F(r, ) = —VU(r, 1). Can you see what goes wrong with the argument leading 
to Equation (4.19), that is, conservation of energy? 


Stokes’s theorem guarantees that the integral (4.48) is path-independent and hence that it defines a 
‘unique function U(r, 1). To show that VU = F, consider the difference between the values of U 
at two neighboring points r and r + dr: 


dU = U(r + drt) — U(r, 1) (S4.1) 


ride 
[ F(e,1) + dr! = —F(r, 1.) dr. ($4.2) 


But dU = (VU) « dr, and since both of these expressions for dU are valid for all (small) dr, it 
follows that F(r, #) = —VU(r, 1). The argument leading to Eq. (4.19) requires that we look at the 
change in E = T + U as we follow the particle moving from r to r + dr as the time advances from 
tor + dt. The change in T is dT = F + dr. The change in U is 


dU =U(e +dr,t + dt) — (r,t) (84.3) 


and here’s the difficulty. This dU is not the same as the dU in Eq, (S4.1). Here we are concerned 
with the change dU as the particle moves from F to r+ dr and the time changes from 1 to t + dt 
In Eq, (S4.1) dU is the difference between the values at r and r + dr at the same time t. Thus the 
difference (S4.3) is not the same as —F(r, 1) - dr as in (S4.2); it does not cancel the change in KE 
when we evaluate dE = dT + dU, and mechanical energy is not conserved. 


SECTION 4.6 Energy for Linear One-Dimensional Systems 


4.29 «* [Computer] A mass m confined to the x axis has potential energy U_ 4 with k > 0. 
(a) Sketch this potential energy and qualitatively describe the motion if the mass is initially stationary 
at x = 0 and is given a sharp kick to the right at 1 = 0. (b) Use (4.58) to find the time for the mass 
to reach its maximum displacement xm, = A. Give your answer as an integral over x in terms of 
‘m, A, and k, Hence find the period r of oscillations of amplitude A as an integral. (c) By making 
a suitable change of variables in the integral, show that the period r is inversely proportional to the 
amplitude A. (d) The integral of part (b) cannot be evaluated in terms of elementary functions, but 
it can be done numerically. Find the period for the case that m =k = A= 1. 


(a) The mass moves to the right to the tuning point atx = A, where E = U =kA* so that T and 
hence v are zero. It speeds up as it moves back to O and then moves out to the left until x = —A, 
where E = U again. It then moves back to O, and repeats the whole cycle indefinitely (in the absence 
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of any friction). Notice how this quartic well is much flatter at the bottom than the parabolic harmonic 
well 


Figure $4.29 


(b) Since T = E — U =k(A* — x4), the velocity is i = VIk7mV/A* — x4 (moving to the right). 
According to (4.58), the time to move out to.x = Ais 


A dx zi dx 
(0 A) = =/2 : 
eae [ ¥ VIS Je 


(c) The period is four times this time. Thus, if we change variables tow = x/A, 


eh i! f "dw 
AVE bo Vit 
which is inversely proportional to A as claimed. 


(a) Using any suitable software, the integral can be found to be 1.31, and setting m =k = A= 1 we 
find t= 3.71. 


SECTION 4.7 Curvilinear One-Dimensional Systems 


4.31 * (a) Write down the total energy E of the two masses in the Atwood machine of Figure 4.15 in 
terms of the coordinate x and i. (b) Show (what is true forany conservative one-dimensional system) 
that you can obtain the equation of motion for the coordinate x by differentiating the equation E = 
const. Check that the equation of motion is the same as you would obtain by applying Newton's 
second law to each mass and eliminating the unknown tension from the two resulting equations. 


(a) Because the string is 
a constant, and its velocity is 
gx — mzg(k ~x) or E 
=mzgk. 

(b) The equation dE /dr = 0 yields (m, + m,)i¥ — (m, — m;)gi = 0, or 


inextensible, the height of m below the wheel is A — x, where k is 
- Thus the total energy is E = 7 +U = }m,i? + Jmyi? — 
((m, + my)? — (m, — mz)gx, if we drop the uninteresting constant 


(mn, + mbt 


(m — m2)g- (S4.4) 
Applying the second law to each separate mass, we find 


mi =myg— Fr and ma = Fy — mag 


where Fy is the tension in the string. Adding these two equations, we can eliminate the tension and. 
we get precisely Eq. (S4.4). 


4.33 + [Computer] (a) Verify the expression (4.59) for the potential energy of the cube balanced 
on a cylinder in Example 4.7 (page 130). (b) Make plots of U(@) for b = 0.9r and b = 1.tr. (You 
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‘may as well choose units such that r, m, and g are all equal to 1.) (¢) Use your plots to confirm the 
findings of Example 4.7 concerning the stability of the equilibrium at @ = 0. Are there any other 
equilibrium points and are they stable? 


(a) The derivation of U (@) is given above Eq, (4.59). 
(b) 


Figure $4.33 


(©) These two plots do bear out the finding of Example 4.7 that for b <r the equilibrium at @ = 
stable, whereas for b > r itis unstable. In addition, they show that for b <r there can be two further 
equilibrium points (symmetrically placed on either side of @ = 0), both of which are unstable. 


4.35 ** Consider the Atwood machine of Figure 4.15, but suppose that the pulley has radius R and 
moment of inertia /.(a) Write down the total energy of the two masses and the pulley in terms of the 
coordinate x and i. (Remember that the kinetic energy of a spinning wheel is } 7.) (b) Show (what 
is true for any conservative one-dimensional system) that you can obtain the equation of motion for 
the coordinate x by differentiating the equation E = const. Check that the equation of motion is the 
same as you would obtain by applying Newton’s second law separately to the two masses and the 
pulley, and then eliminating the two unknown tensions from the three resulting equations. 


(a) Because the string is inext 
constant, and its veloci 
energy is 


le, the height of mz below the wheel is y =k —.x, where kis a 
i, The angular velocity of the wheel is @ = %/R. Thus the total 


if we drop the uninteresting constant —m¢k. 
(b) The equation d E/dt = 0 yields (my + my + 1/R2)&X — (my — m)git = 0, or 


(my + my + 1/R*)X = (my — my)g. (S4.5) 


Applying the second law to each separate mass and to the rotating wheel, we find 


(Fre — Fr) R 


where Fy and Fr. are the tensions in the right and left lengths of string. Eliminating the two tensions, 
wwe get precisely Eq. (S4.5). 


4.37 +*x [Computer] Figure 4.28 shows a massless wheel of radius R, mounted on a frictionless, 
horizontal axle. A point mass M is glued to the edge of the wheel, and a mass m hangs from a string 
‘wrapped around the perimeter of the wheel. (a) Write down the total PE of the two masses as a 
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function of the angle ¢. (b) Use this to find the values of m and M for which there are any positions 
of equilibrium. Describe the equilibrium positions, discuss their stability, and explain your answers 
in terms of torques. (c) Plot U (@) for the cases that m =0.7M and m = 0.8M, and use your graphs 
to describe the behavior of the system if I release it from rest at = 0. (d) Find the critical value 
of m/M on one side of which the system oscillates and on the other side of which it does not (if 
released from rest at ¢ = 0). 


Figure 4.28 Problem 4.37 


(a) Let us take the zero of PE when ¢ = 0. Asthe wheel turns through angle ¢, the mass Mf rises by 
(1 — cos) and m descends by RG. Therefore the total PE is 


U($) = MgRU — cos) — mgRo. 
(b) The condition for equilibrium is that dU /dg = 0, that is, 
MgRsing=mgR or sing =m/M. (S4.6) 


‘The equation sin = m/M has no solutions if m > M. lfm = M, there is one solution, at @ = 7/2. 
If m < M, there are two equilibrium angles, given by sing = m/M, one with M below the axle 
(@ </2)and the other symmetrically located with M above the axle (@ > 7/2). All of these results 
are easy (0 understand in terms of torques. Equation ($4.6) is just the condition that the clockwise 
torque of M balance the counterclockwise torque of m. If'm > M, they cannot balance: if m <M, 
they can balance in one position below the axle and one above. 

‘The stability depends on the second derivative, d?U/d@? = MgR cos@. This is positive (stable 
equilibrium) for the equilibrium with ¢ < 2/2, but negative (unstable) for > 2/2. This also is easy 
to understand. If M is at the equilibrium below the axle and increases, the torque of M increases 
and returns M to its equilibrium. If M is at the equilibrium above the axle, an increase of @ reduces 
the torque of M, and M continues to move away from equilibrium, Both the stable and unstable 
equilibrium points are clearly visible as a valley and a hill in each of the pictures below. If m = M, 
the equilibrium is at 6 = 7/2 and is unstable, 
© 


m=0.8M 


Figure $4.37¢ 
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The behavior of the wheel when released from $ = 0 is quite different in the two cases m = 0.7M or 
08M. When m = 0.7M, the hill that represents the unstable equilibrium is higher than zero; when 
the wheel is released from ¢ = 0 it will rotate past the stable valley but will stop before it reaches 
the unstable hill, and swing back again. In this case the wheel oscillates indefinitely between the two 
turning points. When m = 0.8M, the unstable hill is lower than zero, and, when released from $ = 0, 
the wheel will rotate past the stable valley and on past the hill. Once past the hill, g will increase, 
and the wheel rotate counterclockwise indefinitely (or until the string holding m runs out). 

(q) As the mass m increases, the tendency for our system to turn in the direction of increasing 
sreases, and the graph of U(@) against @ steadily tilts down to the right. (This is clearly visible 
in the two pictures for m = 0.7M and 0.8M.) Somewhere between these two cases there must be 
a critical value mg, for which the unstable hill just touches the horizontal axis, as shown. To find 
when this happens notice that at this critical value, U vanishes at the same point as dU /dg. This 
gives two simultancous equations: 


M(1—cos) =m [that is, U = 0) 
and 


M sing =m _ [that is, dU/d@ = 0] 


M= Ment 
Figure $4.37d 


By dividing one of these by the other, we can eliminate m and M to give an equation for g, namely 
1—cos¢ $. This equation cannot be solved analytically, but is easily solved witha numerical 
equation solver (such as FindRoot in Mathematica) to give @ = 2.33 rad. From the second of the 
equations above, it follows that the critical value of the mass ism = M sin 6 = 0.725M. The graph 
shown was drawn for this value of the mass and confirms that this is indeed the critical value. If m 
is any less, the wheel released from O will remain trapped and oscillate; if m is any more, the wheel 
will escape and rotate for ever. 


4.38 +++ [Computer] Consider the simple pendulum of Problem 4.34. You can get an expressi 
for the pendulum’s period (good for large oscillations as well as small) using the method discussed 
in connection with (4.57), as follows: (a) Using (4.101) for the PE, find ¢ as a function of @. Next 
use (4.57), in the form 1 = [-d¢/@, to write the time for the pendulum to travel from ¢ = 0 to its 
‘maximum value (the amplitude) . Because this time is a quarter of the period r, you can now write 
down the period. Show that 


° 1 
rent us =n? f a (4.108) 
70 /sin2(/2) — sin®(@ 2) 799 VI VT AP 


where r, isthe period (4.102) (Problem 4.34) for small oscillations and A = sin(/2). [To get the first 
expression you will need to use the trig identity for I — cos ¢ in terms of sin? (g /2). To get the second 
you need to make the substitution sin($/2) = Au.] These integrals cannot be evaluated in terms of 
elementary functions. However, the second integral is a standard integral called the complete elliptic 
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integral of the first kind, sometimes denoted K (A?), whose values are tabulated? and are known to 
computer software such as Mathematica [which calls it EllipticK(A?)] 


4.39 ** (a) If you have not already done so, do Problem 4.38(a). 

(b) If the amplitude © is small then so is A = sin(/2). If the amplitude is very small, we can simply. 
ignore the last square root in (4.103). Show that this gives the familiar result for the small-amplitude 
period, r = 2x78. 

(©) If the amplitude is small but not very small, we can improve on the approximation of part (b). 
Use the binomial expansion to give the approximation 1/1 — A®u2 © 1+ }A7u? and show that, 


T= Toll + 4 in'(/2) 


‘What percentage correction does the second term represent for an amplitude of 45°? (The exact 
answer for © = 45° is 1.040 r, to four significant figures.) 


(a) Using the trig idemtity (1 — cos g (@/2), wecan write the PE as U (g) = 2mg! sin®(g/2). 
‘The KE is {yl*@? and the total energy is just E = U(), since T = 0 at the endpoint ¢ = ©. Thus 
wwe can solve the equation T = U() — U(@) to give 


$ = 42, JeTy'sin*(/2) = sin?(G/2) = £9 sin? (2) — sin2(G/2). 
To 
(Co get the last expression I used /I7g = to/21.) The time to swing from $ = 0 to @ is given by 
the integral /'d@/¢ taken from 0 to & (using the positive square root for ¢). Since the period is four 
times this amount, we conclude that 


If we make the recommended substitutions, sin(/2) = A and sin(/2) = Au, the square root in 
the denominator becomes AV1— u? and dd = 2A du/cos($/2) = 2Adu//1— A®u?. Putting all 
this together, we find 


2 [ du bei 
oe ff tA, $4.7) 
x Jo Vi- ae oe q 


(b) Ignoring the second square root completely, we get 


12 if: du 
ale Jw 
as expected. (To show the integral is just 2/2, use the substitution w = sin.) 
(©) If we make the binomial approximation suggested, we get 


32) [ du +e wdu 
a\Io w ly Ji=w 


‘The first integral is x /2 as before, while the same substitution shows the second integral to be 2/4. 
Recalling that A = sin(/2), we find that r = r.[1 + 4 sin?(¢/2)], as stated. If @ = 45°, this gives 


2ee, for example, M.Abramowitz and LStegun, Handbook of Mathematical Functions, Dover, New York, 
1965. Be wamed that different authors use different notations. In particular, some authors call the exact same 
integral K(A). 
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1 = 1.037r,, which represents a 3.7% correction to the small-amplitude approximation (r,), and is 
itself within 0.3% of the exact answer (1.0407,). 


SECTION 4.8 Central Forces 


4A * A mass m moves ina circular orbit (centered on the origin) in the field of an attractive central 
force with potential energy U = kr. Prove the virial theorem that 7 =nU /2. 


‘Since the mass moves in a circle, the radial component of its accelerations is just —v?/r, the 
centripetal acceleration. By Newton's second law, m(—v?/r) = F, = —dU /dr = —nkr"~!, from 
which we see that mu? = nkr" = nU, and hence T = {mv? = 4nU. 


4.43 ** In Section 4.8, I claimed that a force F(r) that is central and spherically symm 
automatically conservative. Here are two ways to prove it: (a) Since F(r) is central and spherically 
must have the form F(r) = f(r)#. Using Cartesian coordinates, show that this implies 
. (b) Even quicker, using the expression given inside the back cover for V x 
spherical polars, show that V x F = 0. 


(a) Since # = F/r we can write F = f(r)r/r = g(r)r, say, where g(r) is simply a convenient new 
name for f(r)/r. Now consider the x component of Vx F: 


(Vx FP), =4,F, 


Fy 


= Ale(r)2] — ale(ry]=2 g(r) — y A.g(r). 


Now by the chain rule, 3,¢(r) = ¢(r)ar/ay = g'(r)y/r, and similarly for @.(r). Therefore 


(V x F), =2¢'(r)y/r = yg'(r)z/r =0. 


Since the other two components work the same way, we conclude that V x F = 0 and F(r) is 
conservative. 

(b) If F(r) is central and spherically symmetric, its spherical polar components are F, = f(r) and 
Fy = Fy = 0. When we insert these in the given expression for V x F in spherical polars, only 
the two terms involving F, survive since Fy = F = 0, but both of these remaining terms involve 
derivatives of F, with respect to @ or $, which are also zero. Therefore V x F = 0. 


445 ** In Section 48, I proved that a force F(r) = f(r)F that is central and conservative is 
automatically spherically symmetric. Here is an alternative proof: Consider the two paths ACB and 
ADB of Figure 4.29, but with rp =r, + dr where dr is infinitesimal, Write down the work done by 
F(r) going around both paths, and use the fact that they must be equal to prove that the magnitude 
function f(r) must be the same at points A and D; that is, f(r) = f(r) and the force is spherically 
symmetric. 


Figure 4.29 Problems 4.44 and 4.45 
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‘That F is conservative tells us that the amounts of work done along the two paths ACB and 
ADB are equal, Wacg = Wapp- That F is central implies that no work is done along CB and 
AD, that is, Weg = Wap =0. Therefore Wc = Wp. Since F = f(r), Wac = f(rq)dr and 
Wop = f(tp)dr, and since these two are equal, it follows that f(r.) = f (tp). Finally, since A and 
D are any two points at the same distance from O, this says that f(r) depends only on |r|. That is, 
f@) =f). 


SECTION 4.9 Energy of Interaction of Two Particles 


4.47 + Consider head-on elastic collision between two particles. (Since the collision is head-on, the 
‘motion is confined to a single straight line and is therefore one-dimensional.) Prove thatthe relative 
velocity after the collision is equal and opposite to that before. That is, vy ~ v2 = —(v ~ v), where 
1, and v2 are the initial velocities and vj and v; the corresponding final veloc 


Since the problem is one-dimensional, we can use v to denote velocity (strictly speaking the x 
component of velocity). Then conservation of KE (a little rearranged) says 


(v2 — v2) =ma(v3 = v3) 
and, similarly, conservation of momentum 
my (vy — v4) = m2(v, = v2). 


Dividing the first of these by the second, we find 


tuys +e or 


4.49 + Both the Coulomb and gravitational forces lead to potential energies of the form U = 
y /ley — tal, where y denotes kq,q> in the case of the Coulomb force and —Gm my for gravity, and 
rr, and Fp are the positions of the two particles. Show in detail that —V, U is the force on particle 1 
and —V9U that on particle 2. 


Let’sdefiner = r, ~ r, sothat risa vector pointing from particle 2to particle 1. The PE is U = y/r, 
the force on particle 1 due to particle 2 is F 2 = (/r?)é, and that on particle 2 due to particle 1 is 
Fy = =(y/r2)é. We'll start with the x component of VU: 


al an 
Lap Le Loi-m) (4.8) 


(-V,U), = 
CVU), a 


x 


where for the second equality I used the chain rule and for the third I used the following: 


(84.9) 


(S4.10) 


If we had evaluated —V3U, the only difference would have been that in the equivalent of (S4.9), 
we would have had an extra minus sign because 8 (x, — x3)?/8x_ = —2(x, — x2). Thus in place of 
(84.10), we would have found —V,U = —(y/r?)# = Fo 
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SECTION 4.10 The Energy of a Multiparticle System 


4.51 ** Write out the arguments of all the potential energies of the four-particle system in (4.94). For 
instance U = U (ry, 3, ~~, 4), whereas Usy = U3a(F3 ~ r). Show in detail that the net force on 
particle 3 (for instance) is given by —V3U. [You know that the separate forces, internal and external, 
are given by (4.92) and (4.93).] 


Ue, Fay Fa, Ba) = Uy2(Fy — Fa) + Uys(ry — 85) + Urals — a) 
+ Uns(ty — 43) + Unglty — 44) + Usslts — 7) 
+ US (ey) + US (ry) + US (rs) + US (rg), 
so 
-VU =0+Fy +0 
+ Fn +0+Fy 
+ 0404+" +0 =F, 


4.53 ** (a) Consider an electron (charge —e and mass m) in a circular orbit of radius r around a 
fixed proton (charge +e). Remembering that the inward Coulomb force ke?/r? is what gives the 
electron its centripetal acceleration, prove that the electron’s KE is equal to —{ times its PE; that 
is, T =—JU and hence E = {U. (This result is a consequence of the so-called virial theorem. See 
Problem 4.41.) Now consider the following inelastic collision of an electron with a hydrogen atom: 
Electron number | is ina circular orbit of radius r around a fixed proton. (This is the hydrogen atom.) 
Electron 2 approaches from afar with kinetic energy T>. When the second electron hits the atom, the 
first electron is knocked free, and the second is captured in a circular orbit of radius r’. (b) Write 
down an expression for the total energy of the three-particle system in general. (Your answer should 
contain five terms, three PEs but only two KEs, since the proton is considered fixed.) (c) Identify the 
values of all five terms and the total energy E long before the collision occurs, and again long after 
it is all over. What is the KE of the outgoing electron 1 once it is far away? Give your answers in 
terms of the variables 7, r, and r’ 


(a) The centripetal acceleration is supplied by the Coulomb force, so mv?/r = ke?/r? and thence 
T = $m? = Ske?/r U. 
1 


(0) = T+ T+ U,+ Us + Via = frm? + ded ke (4 


Long after: E’ 


‘Therefore, by conservation of energy, Tj 


CHAPTER 5 


Oscillations 


PROBLEMS AND SOLUTIONS 


SECTION 5.1 Hooke'’s Law 


5.1 * A massless spring has unstretched length /, and force constant k. One end is now attached to the 
ceiling and a mass m is hung from the other, The equilibrium length of the spring is now /,. (a) Write 
down the condition that determines /, Suppose now the spring is stretched further distance x beyond 
its new equilibrium length. Show that the net force (spring plus gravity) on the mass is F 
‘That is, the net force obeys Hooke’s law, when x is the distance from the equilibrium p 


a very useful result, which lets us treat a mass on a vertical spring just as if it were horizontal 
(b) Prove the same result by showing that the net potential energy (spring plus gravity) has the form 


Uwe 


const + $k 


(a) When the spring is at the new equilibrium position itis extended by anamount }, ~ /,,soitstension 
is k(, ~ J). This must balance the weight mg. Therefore, k(I; ~ /,) = mg. When itis stretched a 
further x, its otal extension is x +1, ~ J, and the tension is k(x +1) ~ J.) upward. Thus the total 
downward force on the mass is 


F = Kor $y ~ Ig) + mg = kx. 


---7| |x+4-6 
| 
Figure $5.1 


(b) The total PE is U = Uyy + Ugg oF 


u 


dk(x +) — mgx = 3kx? + k(l, — [g)x — myx + f(y = 1)? 


5.3 Write down the potential energy U(¢) of a simple pendulum (mass m, length /) in terms of the 
angle @ between the pendulum and the vertical. (Choose the zero of U at the bottom.) Show that, for 
small angles, U has the Hooke’s law form U(¢) = $¢?, in terms of the coordinate @. What is k? 
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The height of the mass below the pivotis/ cos g. Therefore the height above the bottomis (I — cos) 
and the PE is U = mgl(1 — cos @). If is small, cos © 1 — 4g? and U ~ jmgig? = $kq?, where 
k=mel. 


SECTION 5.2 Simple Harmonic Motion 


5.5 In Section 5.2 we discussed four equivalent ways to represent simple harmonic motion in one 
dimension: 


(1) = Cre! + Caen i) 
= Bycos(wt) + Bysinwt) (I) 
= Acos(wt — 5) ap 
=ReCe' av) 


To make sure you understand all of these, show that they are equivalent by proving the following 
implications: => Il => III = IV = I. For each form, give an expression for the constants (C, C2, 
etc.) in terms of the constants of the previous form. 


(a) In the form (D, x(t) = Cyel®" + Ce! we can replace the exponentials using Euler's formula 
ec!" = coswt + i sinat to give 


X(1) = Bycosot + Bysinwt — (I) 


where By =C,+C, and By =i(C)—C,). 
(b) To get form (III) from form (ID, define A and 6 to be the hypotenuse and lower angle of a right 
triangle with base B and height By as in Figure 5.4. Then (II) can be rewritten as in Equation (5.11) 
the form (II. 

(©) Since cos @ = Ree, we can rewrite the form (II) as 


x(t) =Re Ae) =ReCé™ (IV) 


where C = Ae“, 
(d) Finally, since Rez = }(2 + 2*), we can rewrite (IV) as 


x(t) = $(Cel + Cre) = Cel + Ce" 


where Cy = C/2 and Cy = C*/2. 


8.7 (a) Solve for the coefficients B and By of the form (II) of Problem 5.5 in terms of the initial 
position x, and velocity v, at = 0. (b) Ifthe oscillator’s mass is m = 0.5 kg and the force constant 
is k = 50 N/m, what is the angular frequency ? If x= 30 m and v, = 50 mvs, what are B, and 
B,? Sketch x(t) for a couple of cycles. (€) What are the earliest times at which x = 0 and at which 
#=0? 


(a) Since x(t) = Bycoswt + Bysinwt, x(0) = B, and v(0) = wB,. Therefore, B, = x, and By = 
v,/o. 

(b) If k = 50 N/m and m = 0.5 kg, then » = /E]m = 10s“! If x, 
B, =3m, By =5m. 


0 mand v, = 50 mis, then 
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(c) If we rewrite x(f) in the form x(f) = Acos(wt — 5), with § = arctan(B,/B,) = 1.03 rad, then 
X first vanishes when (ot — 5) = x/2 or = 0.26 s, and v first vanishes when (wt — 5) = 0 or 
1 =5/w =0.10s, 


° 05; 1 


Figure $5.7 


5.9* The maximum displacement of a mass oscillating about its equilibrium position is 0.2 m, and 
its maximum speed is 1.2 mV/s. What is the period r of its oscillations? 


We are given that A= 0.2 m and v,=1.2 m/s. We know that E = jkA? = jmv2. Therefore 
m/k = A? /v2 and t= 2x Jim] k = 21 A/v5 = 1.05 5. 


S.11* You are told that, at the known positions xy and x2, an oscillating mass m has speeds vj and 
What are the amplitude and the angular frequency of the oscillations? 


‘The given information gives two expressions of the total energy E 


(85.1) 


5.13 +* The potential energy of a one-dimensional mass m at a distance r from the origin is 


rR 
um=u,(5+2% 
id -( Re r) 
for 0 <r <0, with U,, R, and 2 all positive constants. Find the equilibrium position rg. Let x be 
the distance from equilibrium and show that, for small x, the PE has the form U = const + $kx?, 
‘What is the angular frequency of small oscillations? 


Since U(r) = Ug(r/R + 32R/r), its derivative is dU /dr = U,(1/R — 22 R/r?), which vanishes at 
r=AR and nowhere else. Clearly U(r) + +0 when r + 0 or 00, so U(r) has a minimum at 


r 2R. If we write r =r, +.x then 
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where, in the second line, I dropped all terms in (x/rg)° and higher. This has the expected form 
U = $kx? + const, where k = 2U,/(4R?). The angular frequency is @ = /kJm = /2U,/(miR*). 


SECTION 5.3 Two-Dimensional Oscillators 


5.15 * The general solution for a two-dimensional isotropic oscillator is given by (5.19). Show that 
by changing the origin of time you can cast this in the simpler form (5.20) with 5 = 5, — 6,. (Hint: A 
change of origin of time is a change of variables from 1 to r' = 1 + fg. Make this change and choose 
the constant, appropriately, then rename 1’ to be f.] 


If we replace the variable 1 by 


1 + ty, Eq, (5.19) becomes 


x= A, cost! — ety —8,) andy = Ay costoot’ — «ty — 5,) 


and if we then choose f, such that ext, = —3, these become 
x= A,cos(wr’) andy =Aycostot’ ~ [5, ~ 5). 


If we rename 1’ as r and set 5, ~ 3, =5, this is the desired form, 


8.17 # Consider the two-dimensional anisotropic oscillator with motion given by Equation (5.23). 
(a) Prove that if the ratio of frequencies is rational (that is, «», ay = p/q where p and are integers) 
then the motion is periodic. What is the period’? (b) Prove that if the same ratio is irrational, the 
‘motion never repeats itself. 


(a) Suppose that the ratio of frequencies is rational. that is @, /any = p/q. Where p and are integers. 
Then let r = 2 p/w, = 2.q/a,. Now consider the following 


A+ 1) = A, costo (¢ + 1) = A, coslagt + 2xp] = A, coslo,t]= x(0, 


where in the second equality I used our definition of r and in the third the fact that if p is an integer 
then cos(@ + 2p) = cos(8). This shows that x(t) is periodic with period r. By exactly the same 
argument, y(1) is also periodic with the same period r, and we've proved that the whole motion is 
likewise. What we usually call she period of the motion is the value of r = 2mp/a with p and q 
the smallest integers for which o /o», = p/q- 

(b) Suppose the motion is periodic. Then there isa r such that x(t + 1) = x(t) and y(t +1) = y(t). 
Running the previous argument backward, we see that «,r must be an integer multiple of 2:7, that 
is wet = 2p for some integer p. Similarly wr =2q for some integer q. Dividing these two 
conclusions, we see that «,/«», = p/q and the ratio of frequencies is rational. Therefore, ifthe ratio 
is irrational, the motion cannot be periodic. 


5.18 se The mass shown in Figure 5.27 is resting on a frictionless horizontal table. Each of the 
two identical springs has force constant k and unstretched length /,. At equilibrium the mass rests 
at the origin, and the distances a are not necessarily equal to /,. (That is, the springs may already be 
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stretched or compressed.) Show that when the mass moves to a position (x, y), with x and y small, 
the potential energy has the form (5.104) (Problem 5.14) for an anisotropic oscillator. Show that if 
4 <[, the equilibrium at the origin is unstable and explain why. 


passsereQroveeery| 


Figure 5.27 Problem 5.18 


‘When the mass is at position (x, y), the lengths of the two springs are /, and [>, where 


2 
h= a raP ey aa(14 + 
a 


wa 1+3(2+24")-2 
2\a te 3 


Figure $5.18 


Here, in passing from the first to the second line, I have used the Taylor expansion (1 + €)!/? = 
1+ Je — fe? +++, dropping all terms of third degree in x or y, but being careful to keep all terms 
of second degree. The PE of spring | is therefore 


Uy = $k, — = $kU@ =.) +x + 7/20 
= fel@ 1.) + 2(@ Ix +37 + (= L/a)y") 
where, again, I have dropped terms of degree three in x or y. To find U2, we have only to replace x 


by —x, and for the total PE we just add U and U3. When we do this, the terms linear in x cancel, 
leaving 


U =U, +0, =kbe? + (1 = 1,/a)y"} + const 


which has the form (5.104), apart from the unimportant constant. 
Ifa <[,, the coefficient of y? is negative and the equilibrium at the origin O is unstable. This 

is because, with a </,, the springs are in compression at O. When the mass moves a little from O 

along the y axis, the compression in the springs forces it further away, causing the instability. 


5.19 «8 Consider the mass attached to four identical springs, as shown in Figure 5.7(b). Each spring 
has force constant & and unstretched length /,, and the length of each spring when the mass is at 
its equilibrium at the origin is a (not necessarily the same as /,). When the mass is displaced a 
small distance to the point (x, y), show that its potential energy has the form 4&'r? appropriate to 
an isotropic harmonic oscillator. What is the constant k’ in terms of k? Give an expression for the 
corresponding force. 


‘The simplest way to find the total PE of all four springs is treat them two at a time. The two springs 
anchored on the x axis constitute the system of Problem 5.18, for which we found that 


U, + U2 = kb? + (= b/a) 


(See the solution to Problem 5.18, included above. I've dropped an uninteresting constant here.) In 
exactly the same way, the PE of the two springs anchored on the y axis is 


Us + Us= Ky? + (1 e/a)? 
Adding these, we find for the total PE of all four springs 


U =U, + Up + Us + Us = ki? + y? + (1-1, Jay? +) 


where I’ve used the fact that x? + y? = r?. This has the advertised form U = }X’r? with an effective 
spring constant k’ = 2k(2a —I,)/a. The corresponding force is F = —VU = ~K’r, 


SECTION 5.4 Damped Oscillations 


5.21 # Verify that the function (5.43), x(t) = re~*, is indeed a second solution of the equation of 
motion (5.28) for a critically damped oscillator (6 


Ifx =e", then 


(Bt — 2B)e"P", 


— pe" =0 


— 28) + 2B(L — Br) + ot] eM = 


if (and only if) 8 = cy. That is, x = re~P! does satisfy Eq. (5.28) if the damping is critical 


5.234 A damped oscillator satisfies the equation (5.24), where Fim = —bi is the damping force. 
Find the rate of change of the energy E = jmi? + kx? (by straightforward differentiation), and, 
with the help of (5.24), show that dE /dt is (minus) the rate at which energy is dissipated by Fainp- 


Because E = jmi? + 


& = mik + kxk = (mi + kx) = ¥(—bi) = OF amy 
it 
where, for the third equality, I used the differential equation (5.24). Since v Fimp is the rate at which 
Fay does work on the oscillator, this is the requested result. 


5.25 +» Consider a damped oscillator with 6 <«,. There is a litle difficulty defining the “period’ 
11 since the motion (5.38) is not periodic. However, a definition that makes sense is that t; is the time 
between successive maxima of x(t). (a) Make a sketch of x(t) against r and indicate this definition 
of t, on your graph. Show that r, = 2 /«. (b) Show that an equivalent definition is that z, is twice 
the time between successive zeros of x(t). Show this one on your sketch. (¢) If f = «4/2, by what 
factor does the amplitude shrink in one period? 
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aA | 
1 


Figure $5.25 


(a) Because x(t) = Ae~* cos(ct — 5), its derivative is dx /dt = —Ae™*"[B cos(-+-) + 0 
‘The maxima and minima of x(t) occur when this derivative vanishes, that is, when tan(«t ~ 6 
—B/e. Because tand is -periodic, the zeroes of dx /dt are equally spaced, with separation x /a. 
The zeroes of the derivatives correspond alternately to maxima and minima, so the maxima are 
separated by a time ry = 2 /a. 

(b) The zeroes of x(1) occur when cos(yt ~ 5) = 0. Thus they are regularly spaced with separation 
of x /«, which equals 1/2. 

(©) With 6 = 9/2, the amplitude shrinks by a factor 


d 


(This is much more shrinkage than in the picture, for which f was chosen to be @,/10 and the 
shrinkage factor is about 0.53). 


5.27 #* Asthe damping on an oscillator is increased there comes a point when the name “oscillator” 
seems barely appropriate. (a) To illustrate this, prove that a critically damped oscillator can never 
pass through the origin x = 0 more than once. (b) Prove the same for an overdamped oscillator. 


‘The question is: How many times can the function x(t) vanish? If the oscillator is weakly damped 
(B < a). then according to Eq. (5.38) x(t) contains a factor cos(ct ~ 5), which vanishes infinitely 
‘many times as it oscillates. 

(a) Ifthe oscillator is critically damped (# = «2,), then, according to (5.44), x(t) = e-'(C, + Cyt). 
This vanishes if and only if = ~C,/ Co; therefore, x(t) vanishes at most once. (Itmay never vanish— 
for example, if the motion starts at ¢ = 0 and —C,/C2 <0.) 

(b) If the oscillator is overdamped ( > «,), then according to (5.40), 


x(t) = eP(Cye + Coe) = eFC, + Cye™) 


where A = ,/p? ‘This vanishes if and only if e~?*" 
function (always decreasing), this happens at most once. 


C,/C>, and, since e~™' is a monotonic 


5.29 ** Anundamped oscillator has period r, = Isecond. When weak damping is added, it is found 
that the amplitude of oscillation drops by 50% in one period 1). (The period of the damped oscillations 
is defined as the time between successive maxima, r, = 27/o. See Problem 5.25.) How big is 
compared to «,? What is t;? 


After one period, the amplitude has shrunk bya factor e~#" = 0.5. Therefore Br, =In2. Meanwhile, 
because 1) = 2 /any = 21/y/2 — 6°, it follows that Br, = 27//(@,/B)* — 1. Equating these two 
expressions for ft, and solving, we find B/ox, = 1/4/T-+ (2x/In2)? = 0.1097. That is, B = 0.1105. 
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‘Therefore r; = 1.006 s. 


5.31 ** [Computer] Consider a cart on a spring with natural frequency «, 
from restat x, = Land r = 0. Using appropriate graphing software, plot the position x(1) for 0 <1 <2 
and for damping constants f = 0, 1, 2,4,6, 2, 10, nd 20. [Remember that x (0) is given by different 
formulas for B < oy, B =o, and B > | 


Starting with 6 <@,, we know that x(¢) has the form (5. 
eP(Acosat + B sin t), where, as usual, «, 
we can solve for A and B and find 


|, which we can rewrite as x(t 
2. Given that x(0) = 1 and £0) = 0, 


x=em (cost 1+ F since ) ; (852) 
A] 

Given that «, = 2:7, we can use this to plot x(0) for any value of  < @y. You can also use it for 

B > wy. The only complication is that «, is now imaginary. co, = i,/B? —w2 = id), say. If your 

plotting software is happy to work with complex numbers, you can continue to use exactly the form 

(S5.2), but it may be safer to rewrite it in terms of real functions as 


x(t) =e (cosmo + e sino) . (S5.3) 
* 


Finally for 6 = ey, you almost certainly need to use (5.44) which, for the given initial conditions 
has the form x(r) = e~*'(1 + Br). The results are shown below. 
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Figure $5.31 


SECTION 5.5 Driven Damped Oscillations 


5.33 * The solution for x(t) for a driven, underdamped oscillator is most conveniently found in the 
form (5.69). Solve that equation and the corresponding expression for #, to give the coefficients B, 
and B) in terms of A, 6, and the initial position and velocity x, and v,. Verify the expressions given 
in (5.70). 
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According to Eq. (5.69), x(t) = A cos(wt — 5) + e~F'[B, cosa t) + By sin(«,1)]. Setting t = 0, we 
obtain 

Xo =x(0) = Acosé +B, => By =x5— Acosd. 
Similarly, differentiating x(¢) and then setting 1 = 0, we find 


(0) = Awsind — BB, + 0B) => By=—(vy- Awsind + 6B) 
o 


Y% 


as in Eq, (5.70). 


§.35 ** This problem is to refresh your memory about some properties of complex numbers needed 
‘at several points in this chapter, but especially in deriving the resonance formula (5.64). (a) Prove 
that any complex number z = x + iy (with x and y real) can be written as z = re" where r and 6 
are the polar coordinates of z in the complex plane. (Remember Euler's formula.) (b) Prove that the 
absolute value of z, defined as |z| =r, is also given by |z|? = z2*, where z* denotes the complex 
conjugate of z, defined as z* =x ~ iy. (€) Prove that :* = re. (d) Prove that (zw)* = z*w* and 
1/z*. (e) Deduce that if z = a/(b + ic), witha, b, and c real, then |z/? = a2/(b? +c), 


0) = r(cos@ + isin) = re”, 


(A) = re“ 
se7l@4e) 


ly = rcos@ — i(rsin®) = r[cos(—) + is 
re'® and w = se'*, then zw = rse®*®, Therefore, (zw) 

tw". If z= re, then 1/2 = I/(re") = (I/r)e“, so (1/2) 
(re) = (Ire = (1/2)* 


@lfz= 


re'")(sen!®) 
V/r)el®. Finally, 1/2" = 1/ 


__4 ( a y= Sa wt 
b+ic \b+ic btic bic P+ 


5.37 #* [Computer] Repeat the calculations of Example 5.3 (page 185) but with the following 
Parameters 


2m, ay =0.250, B=. fy = 1000 


and with the initial conditions x = 0 and v = 0. Plot x(t) for 0 < 1 < 12 and compare with the plot 
of Example 5.3. Explain the similarities and differences. (It will help your explanation if you plot 
the homogeneous solution as well as the complete solution — homogeneous plus particular.) 


With the help of Eqs. (5.64), (5.65), and (5.70) we find that A= 26.9, § = 3.04, By = 26.7, and 
By = ~6.18. The corresponding motion is shown by the solid curve, while the dashed curve is the 
transient alone. 


Figure $5.37 
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‘The most obvious difference between the present case and that of Example 5.3 is that here @, < @, 80 
that the transient imposes a slow rise and fall on the driven oscillations. In Fig.5.15 of Example 5.3, 
where @, > ©, the transient superposes a rapid oscillation on the driven motion. A subtler difference 
is that in Fig.5.15 where «, > « the phase shift 5 is close to zero and the motion is in step with the 
driving force. Here, with @, < «, 5 ~ 2 and the motion is nearly 180° out of phase with the driving 
force. [The driving force has maxima at integer values of ¢ whereas x(¢) has minima.] 


5.39 ** [Computer] To get some practice at solving differential equations numerically, repeat the 
calculations of Example 5.3 (page 185), but instead of finding all the various coefficients just use 
appropriate software (for example, the NDSolve command of Mathematica) to solve the differential 
equation (5.48) with the boundary conditions x, = v, = 0. Make sure your graph agrees with Figure 
5.15. 


See Figure 5.15. 


SECTION 5.6 Resonance 


S.41 + We know that if the driving frequency « is varied, the maximum response (A) of a driven 
damped oscillator occurs ate ~ 0%, (if the natural frequency is, and the damping constant f < 0). 
Show that A? is equal to half its maximum value when « ~ wy  B. so that the full width at half 
maximum is just 28. [Hint: Be careful with your approximations. For instance, it’s fine to say 
© + a © 2oy, but you certainly mustn't say @ — a, * 0.) 


Provided # is significantly less that «,, the maximum of A? comes when @ * «, and, at this point, 
the denominator of Eq. (5.71) is approximately 4872. Thus A? is equal to half its maximum when 
equal to 8872, or when (w* — @2)? = 487e2. This simplifies to (@ — w)(w + 


0g) = £2Barg. Since (w + 4) * 2o%y, this says that the half maximum occurs at w = + 6 


5.43 ** When a cardrives along a““washboard” road, the regular bumps cause the wheels to oscillate 
on the springs. (What actually oscillates is each axle assembly, comprising the axle and its two 
wheels.) Find the speed of my car at which this oscillation resonates, given the following information: 
(a) When four 80-kg men climb into my car, the body sinks by a couple of centimeters. Use this to 
estimate the spring constant k of each of the four springs. (b) If an axle assembly (axle plus two 
wheels) has total mass 50 kg, what is the natural frequency f of the assembly oscillating on its two 
springs? (e) Ifthe bumps on a road are 80 cm apart, at about what speed would these oscillations go 
into resonance? 


(a) Assuming that the weight of the four men is evenly distributed among the four springs, we 
can substitute m = 80 kg and x = 2 cm into the equation mg = kx for any one spring. This gives 
k= mg/x = 80 x 9.8/0.02 = 4 x 10 Nim. 

(b) Each axle assembly is attached to two springs, so the effective spring constant of its support is 
2k and its natural frequency is, 


gab Pad XOX re 
2aVm = 2a 50 


(©) If the distance between bumps is d, then v = fd = 6 x 0.8~ 5 mis or roughly 10 mish. 
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5.45 #+* Consider a damped oscillator, with natural frequency @, and damping constant £ both 
fixed, that is driven by a force F(t) = F, cos(ot). (a) Find the rate P(t) at which F(¢) does work 
‘and show that the average rate (P) over any number of complete cycles is mw" A?. (b) Verify that 
this is the same as the average rate at which energy is lost to the resistive force. (€) Show that as «is 
varied (P) is maximum when = cy; that is, the resonance of the power occurs at @ = @, (exactly). 


‘The key relationships we need are 
F(t) = F,cos(wt) (5.56), x(t) = Acos(wr — 4) (5.66) 
and 
A=(Fo/m/(o2 oP + 4fo? (3.64), tan =2fw/(o2 0) (5.65). 
(a) The rate at which the driving force F does work is 


P= Fi 


—FwA cos(ot) sin(ot — 8) = $AF,[sind — sinQwr —6)| (85.4) 


‘where, in the last equality I used the trig identity for cos 0 sin @. The average power over any number 
‘of complete cycles is just (P) = (1/r) fy Pdr. When we integrate the square bracket of (S5.4), the 
first term gives us r sin and the second gives zero. Therefore, (P) = {wA F,sin6. Finally, if you 


- you'll see that sind = 28e/,/(a2 — w®? + 4p?w?. So 


look at Fig, 


2po 
|(o2 =)? + 4p?a? 


where, in the last equality, I used (5.64) to replace F and the large square root by mA. 
(b) The damping force Fimp has magnitude 2mv in the opposite direction to the velocity, so the 
rate of loss of energy iS Piogs = Figg = 2mBv? = 2mBa A? sin?(cr — 5). When we average this 
over a cycle, the integration of the sin? term gives r/2 [use the appropriate trig identity to write 
sin’@ = }(1 — cos2)], and we find that (Pi...) = mBw?A?, which is equal to the average power 
delivered, as found in part (a). 

(©) Using (SS.5) and (5.64), we can write (P) in the form (P) = KQ/{(2 — w2)? + 46?Q), where I 
have introduced the temporary shorthand & = «”. Now, to maximize (P) is the same as to minimize 
1/(P) = K'[4B? + (2 — @2)?/Q). The derivative of the latter is proportional to (Q — 2) (times 
4 positive function). Thus the derivative vanishes when 2 = «2. As you can check, the second 
derivative is positive, so 1/(P) has a minimum, and (P) the expected maximum, when @ = a. 


= joAF,, = mpo? A? (85.5) 


SECTION 5.7 Fourier Series 


5.47 #* In order to prove the crucial formulas (5.83)~(5.85) for the Fourier coefficients 4, and b,,, 
‘you must first prove the following: 


2 nae 
[i exsinan cosimoryar = {57 man #0 (5.105) 
ap 0 ifmén. 

(This integral is obviously x if m 


sines, and finally 


).) There is an identical result with all cosines replaced by 


<2 
f cos(not) sin(mot)dt =0 forall integers n and m, (5.106) 


«2 
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where as usual « = 2:r/r. Prove these. [Hint: Use trig identities to replace cos(#) cos(@) by terms 
like cos(@ + ) and so on.) 


To treat the integrals involving two cosines, we need the trig identity cos @ cos 
cos(@ — $)]. For the case n =m #0, this gives 


[cos(@ + 6) + 


2, ay 
f cos*(neot dt = f [cos(2nwt) + Idt = $x 
rp rp 


because the first integral is zero [because sin(2not) is r-periodic] and the second gives just r. For 
the case m 4 1,, we find 


a 2 
cos(nost)costmon)dt = [ [eosin + mo + cosin ~ myor\dt 
<2 a2 


2 


Mt; [= tm)or , sine aut) 
“Ww LO nem n-m din 
because both sine functions are r periodic. Using the corresponding trig identities for sin sin g and 
cos@ sin p, you can prove the corresponding results for two sine functions and for one sine and one 


cosine, 


5.49 +++ [Computer] Find the Fourier coefficients, and b, for the function shown in Figure 5.28(a). 
Make a plot similar to Figure 5.23, comparing the function itself with the first couple of terms in the 
Fourier series, and another forthe first six or so terms. Take figax = 1. 


at " 


@ (0) 
Figure 5.28 (a) Problem 5.49, (b) Problem 5.50 


The given function is even, f(—1) = +f (0). Therefore, sin(mort) f(t) is odd and all of the integrals 
(5.84) for the coeflicients by, are zero. Since cos(mert) f(t) is even, the coefficients dy, are not 
necessarily zero. Bearing in mind that r = 2, so w = 2, we find that 


e/2 f, 
3 [som = 


while for m > 1. 


aA 1 
Om = ‘f costment) f(idt = fan f cos(mzt)(I— dt. 
zh, lo 


This integral can be evaluated (using integration by parts), and we find that 


0 Im even] 


= —2fox 1 
Om = — Gey COM la = 1 4 Fagg / nat)? fm odd] 


‘The left picture shows the sum of the first two terms (constant term plus first cosine) and the sawtooth 
function itself in gray. The right picture shows the first six terms; these follow the sawtooth so closely 
that it is hard to tell them apart except at the comers. 


1 2tems terms 
a 1 
a 0 ta + 0 4 2 30 
Figure $5.49 


SECTION 5.8 Fourier Series Solution for the Driven Oscillator 


5.51 ** You can make the Fourier series solution for a periodically driven oscillator a bit tidierif you 
don’t mind using complex numbers. Obviously the periodic force of Equation (5.90) can be written 
as f =Re(g), where the complex function g is 


sO=> fe. 
= 


‘Show that the real solution for the oscillator’s motion can likewise be written as x = Re(z), where 


2) = Cy" 
= 


and 


Su 


2 — Wa? + ipo” 


This solution avoids our having to worry about the real amplitude A, and phase shift 5, separately. 
(Of course A,, and §,, are hidden inside the complex number C,.) 


Ifthe real force is f(1) = CF f, cosinor), and we define the complex function g(t) = > fye!™. 
then itis obviously true that f(r) = Re{g(t)]. (A major advantage of using complex functions is that 
by allowing the coefficients in the series for g(t) to be complex, we can include the cosines and sines 
of the general Fourier series, but we'll continue to discuss a force that contains only cosine terms.) 
We can now try to solve the complex equation 


Dz=2+2fi+o2z=g(0), (85.6) 
Before we solve this, notice that, if we succeed, then it is obvious that x(1) = Re[z(1)] satisfies 
Dx = f. Thatis, the real part of 2(r) satisfies the actual equation of motion for the actual physical 
problem. To solve the complex equation ($5.6), we can try a function of the formz(r) = Dg" C,e'"™". 


If we substitute this function into Eq. ($5.6), we obtain 
Dz = 0C,(—n? a? + 2iBnewo + w2 ye" = \> free". 
° 7 


‘This equation is satisfied if and only if the separate coefficients on the left are equal to the corre- 
sponding coefficients on the right, that is, 


a 
Tae + Dina 
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By choosing the coefficients according to this equation, we obtain a complex solution, z, whose real 
part, x =Re(2), isa real solution of the actual real problem. Needless to say, this is the same solution 
‘we got before, just in a slightly tidier form. 


5.53 ++ [Computer] An oscillator is driven by the periodic force of Problem 5.49 [Figure 5.28(a)], 
which has period r = 2. (a) Find the long-term motion (1), assuming the following parameters: 
natural period ry = 2 (that is, «2, = 7x), damping parameter 6 = 0.1, and maximum drive strength 
fax = |. Find the coefficients in the Fourier series for x(t) and plot the sum of the first four terms 
in the series for 0 <1 < 6. (b) Repeat, except with natural period equal to 3. 


From Problem 5.49, we know that the Fourier series for f(t) contains only 
Jo = 4, while f, = 4/(nx)* for n odd, but zero for n even. It follows that 


ine terms and that 


x(t) = Ag + > A, cos(not ~ 3,) 
rot 


where, according to (5.92) and (5.93), Ag = 1/2«2, 8 = 0, while for n > 1, 


——— 
/ nwo? + (2Bnw)? 


(a) With r, = 2nd @, = 7, the first four coefficients A,, (n = 0, 1,2, 3) are 0.0507, 0.6450, 0, and 
0.0006. (Note the large value of A, because this term is on resonance.) 


x(t) x) 
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0. 0. 
t 123465 6t 
-0.5 -0: 
@ o 


Figure $5.53 


and 


(b) With r, = 3 and «, = 2/3, the first four coefficients A,, (n = 0, 1,2, 3) are 0.1140, 0.0734, 0, 
and 0.0005. (Notice that here the constant term Ag is certainly not negligible compared to the others 
and it throws the oscillations off center.) 


SECTION 5.9 The RMS Displacement; Parseval’s Theorem 


5.55 ** To prove the Parseval relation (5.100), one must first prove the result (5.99) for the integral 
of a product of cosines. Prove this result, and then use it to prove the Parseval relation. 


Using the trig identity for cos@ cos ¢ (inside front cover), we find for the integrand of Eq. (5.99) 
cos(not — 5,) cos(mot — 3m) = 4 cos[(n + mot — Bq + 5n)] + 4 cos[(n — myoot — (by — bn)] 


Let us denote by Jy, the integral of Eq, (5.99). If n =m = 0, this becomes [note that according to 
(5.93) 8) = 0] 
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Ifn =m 0, then 


<P 
i. -1f [cos(2net — 25,) + 1dr = 1/2 


a2 


because the first integral is zero. Finally ifm #m, 


we 
] 0 

m dap 

because both sines are r-periodic. This completes the proof of (5.99). 
With a little rearrangement, (5.98) becomes 


LL A, wt cos(neot — 8,) cos(mot ~ by) dt. 


By the previous result, the integral here is zero unless m =n. Thus the double sum reduces to a single 
sum with m =n. The remaining integrals are t (for n = 0) and r/2 (for n > 0), so we're left with 
(x?) = A} + | DP A}, which is the Parseval relation. 


5.57 ** [Computer] Repeat the calculations that led to Figure 5.26, using all the same parameters 
except taking # = 0.1. Plot your results and compare your plot with Figure 5.26. 


The left picture shows the data for this problem; the right shows the data of Figure 5.26 (though 
drawn here (o a slightly different scale). Notice that the resonances with = 0.1 are twice as high 
and half as wide as those for f= 0.2. 
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CHAPTER 6 


Calculus of Variations 


PROBLEMS AND SOLUTIONS 


SECTION 6.1 Two Examples 


6.1 The shortest path between two points on a curved surface, such as the surface of a sphere, is 
called a geodesic. To find a geodesic, one has first to set up an integral that gives the length of a 
path on the surface in question. This will always be similar to the integral (6.2) but may be more 
complicated (depending on the nature of the surface) and may involve different coordinates than x 
and y. To illustrate this, use spherical polar coordinates (r, 0, @) to show that the length of a path 
joining two points on a sphere of radius R is 


arf” / 1+ sin? 6'(0)2d0 (6.41) 


if (0, 1) and (83, #3) specify the two points and we assume that the path is expressed as g = (0). 
You will find how to minimize this length in Problem 6.16.) 


Imagine first an infinitesimal section of path on the sphere, in which @ increases by d@ and ¢ by dd. 
This carries us a distance R d@ to the “south,” and R sind dé to the “east.” The distance ds along 
the path is therefore 


ds = J (Rd0? + (Rsin@ do? = Ry 1 + sin’ 9'(0)? dd. 
1+ sin?@ 9'(0? 8, as claimed. 


‘Therefore, the total path length is R f 
i 


6.3+* Consider a ray of light traveling in a vacuum from point P; to P; by way of the point Q ona 
plane mirror, as in Figure 6.8. Show that Fermat's principle implies that, on the actual path followed, 
@ lies in the same vertical plane as P, and P; and obeys the law of reflection, that 6, = 6). [Hints: 
Let the mirror lie in the xz plane, and let P, lie on the y axis at (0, yj.) and P, in the xy plane at 
(x3, ¥2,0). Finally let @ = (x, 0, =). Calculate the time for the light to traverse the path P)Q P, and 


show that it is minimum when Q has z = 0 and satisfies the law of reflection.] 


1 


Figure 6.8 Problem 6.3 


We already know that the actual path is a straight line within one medium, Therefore the seg- 
ments from Pj to Q and from Q to P2 are straight and the corresponding distances are P,Q = 


/x? + yp + 22 and QP, = \/(e — x2)? + yf + 2°. Therefore the total time for the joumey P)QP; 


is 
= ( Jett ypt+e2tyr—myPty P+2)je. 
To find the position of Q = (x, 0, 2) for which this is minimum we must differentiate with respect 
to and x and set the derivatives equal to zero: 
ar z 
aE += 
a Of 


which says that Q must lie in the same vertical plane as P, and Py, and 


sind, =sinéy or 6, 


6.5» Fermat's principle is often stated as “the travel time of a ray of light, moving from point A 
to B, is minimum along the actual path.” Strictly speaking it should say thatthe time is stationary, 
‘not minimum. In fact one can construct for which the time is maximum along the actual 
path. Here is one: Consider the concave, hemispherical mirror shown in Figure 6.10, with A and B 
at opposite ends of a diameter. Consider a ray of light traveling in a vacuum from A to B with one 
reflection at P, in the same vertical plane as A and B. According to the law of reflection, the actual 
path goes via point P, at the bottom of the hemisphere (@ = 0). Find the time of travel along the path 
APB as a function of @ and show that it is maximum at P = P,. This shows the time is maximum 
with respect to paths of the form APB with just two straight segments. It is easy to see that it is 
‘minimum for other kinds of path, so the correct general statement is that itis stationary for arbitrary 
variations of the path. 


Po 
Figure 6.10 Problem 6.5 
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The distance from A to P is AP =2R sin{(90° — 6)/2], where R is the radius of the mirror. 
(To see this, drop a perpendicular from the center of the mirror to the line AP.) Similarly PB = 
2R sin[(90° + 6)/2}. Thus the total distance AP B is 


APB=AP+PB=2R (sin 


=4Rsin45°cos 2 
2 


which is maximum when 6 = 0. 


SECTION 6.3 Applications of the Euler-Lagrange Equation 


6.7 * Consider a right circular cylinder of radius R centered on the z axis. Find the equation giving g 
as a function of z for the geodesic (shortest path) on the cylinder between two points with cylindrical 
polar coordinates (R, $,, 21) and (R, >, 22). Describe the geodesic. Is it unique? By imagining the 
surface of the cylinder unwrapped and laid out flat, explain why the geodesic has the form it does. 


‘The length of a small arc on the surface of the cylinder is ds = //R2dg? + dz? = (R29? + ldz, 


‘where the last expression results from thinking of ¢ = (2) as a function of 2. Thus the integrand of 
the integral fds = [ fdz is f = R297 + 1, and the Euler-Lagrange equation 


-onst. 


If you solve this last for @’ you will see that ¢’ = const (a different constant), from which we deduce 
that = az + b, with a and b chosen so that the path passes through the given points. This equation. 
defines a path which spirals around the cylinder from (¢y, 21) to (>, 22), with the angle @ changing 
linearly with 2, 

The geodesic connecting points 1 and 2 is certainly not unique. First, we can spiral from 1 
to 2 going either way (clockwise or counter-clockwise) around the cylinder, making less than one 
complete revolution. Further, we could spiral less steeply, making one or more complete revolutions 
before arriving at point 2. Generally there is a unique shortest path, namely the spiral on which 
changes by less than 2, but if @; and $5 differ by exactly 77, there are two shortest paths with equal 
lengths. If you unwrap and flatten the cylinder, the spiral paths become straight lines, which are well, 
known to be the shortest paths on a flat surface. 


6.9+ Find the equation of the path joining the origin O to the point P(I, 1) in the xy plane that 
makes the integral [3 (y? + yy’ + y*) dx stationary. 


‘The integrand is f = y? + yy’ + y?, so its derivatives are 3f/y = y’ + 2y and af/ay’ = 2y' + y 
and the Euler-Lagrange equation (6.13) is 


y +2) 


2y"+y => 


the general solution of which is y(x) = A sinh(x) + Bcosh(x). Since y(0) = 0 and y(1) = 1, we 
see that B = 0 and A = 1/sinh(1), so the solution is y(x) = sinh(x)/ sinh(1) 


6.11 #* Find and describe the path y (3) forwhichtheintegral f VEVI+ yds isstationary. 


vivir y?. 


ince thi 


independent of y, af/y = 0 and the Buler- 


Lagrange equation (6.13) implies simply that 3f/4y” is aconstant; that is, Jr y'// T+ y? =k. This 
can be solved for y’ to give y’ =k/V/x —F°, which imegrates to give y = 2kVx —F + D, where 


)? /44>, wh 


). Rearranging we find that x = k? + (y 
D. 


Dis aconstant of integrati 
with it's axis along the line y 


isa parabola 


6.13 + In relativity theory, velocities can be represented by points in a certain “rapidity space” in 
which the distance between two neighboring points is ds = [2/(1 — r2)]Vdr? + r= d¢?, where r and 
@ are polar coordinates, and we consider just a two-dimensional space. (An expression like this for 
the distance ina non-Euclidean space is often called the metric of the space.) Use the Euler-Lagrange 
equation to show that the shortest path from the origin to any other point is a straight line. 


If we write the path as @ = $(r), the distance from O to P is fj ds =o’ fdr, where f = 
[2/1 = r°)]V1+ 792 Since 4f/4 = 0, the Euler-Lagrange equation (6.13) implies simply that 
Af /4¢' is a constant; that is, [2/(1 — r?)y76'//1 + 126? = k. Because the path passes through the 
origin, r = 0, the constant k must in fact be zero, and we find that ¢’ = 0. This defines a straight line 
through the origin. 


6.15 ** Consider again the brachistochrone problem of Example 6.2 (page 222) but suppose that the 
car is launched from point 1 with initial speed ug. Show that the path of minimum time to the fixed 
point 2 is still a cycloid, but with its cusp (the top point of the curve) a height u2/2g above point 1. 


‘The analysis for the case that the car is launched from point | with fixed speed vis very similar to the 
0, except that, by conservation of energy, the car's speed at height y is 
= J2gy. If we make the change of variables from y to = y + v2/2g, 
the analysis goes through exactly as before and we get the same answer as in Eq (6.26) except that 
itis now ¥ that is equal to a(1 — cos). Therefore y = a(1 — cos) ~ »2/2g (with x as before plus 
constant), and the curve is the same cycloid except that it is shifted upward and sideways. 


6.17 ** Find the geodesics on the cone whose equation in cylindrical polar coordinates is z = Ap. 
{Let the required curve have the form # = #(p).] Check your result for the case that 2 —> 0. 


‘The length of an element of path in cylindrical coordinates is 


ds = dp? + pdg? + dz? = (1+ 2)dp? + p-dg? = (1+ 22) + 9°62 dp 


where in the second equality I used the fact that dz = dp on the cone, and in the last I assumed 
that the path was written as @ = $(p). Thus the path length has the standard form L = f fdp, with 
S =F. 6, p) = VIF 2 + p°O™. Because 8/34 = 0, the Euler-Lagrange equation reduces to 


af ro »_ KVIFR 
Ye _ee whence a te", 
ag 1422 + pg? ple — KP 


‘This can be integrated (make the subtitution K /p = cos u) to give 


<i AR uncial |p) er pae—— = _——_— 
cos (6 — 4)/VTFH] 
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This is not easily recognized as any simple curve, but in the limit that 2 + 0 the cone approaches 
the plane = = 0 and the geodesic approaches the curve p = K/cos(q — @,), which you can show is, 
a straight line perpendicular to the direction @ = @, a distance K from the origin. 


6.19 ** A surface of revolution is generated as follows: Two fixed points (x; 
‘x,y plane are joined by a curve y = y(x). [Actually you'll make life easier 
this as x =.x(y).] The whole curve is now rotated about the x axis to generate a surface. Show that 
the curve for which the area of the surface is stationary has the form y = y, cosh{(x — Xq)/yoh Where 
xp and yg are constants. (This is often called the soap-bubble problem, since the resulting surface is 
usually the shape of a soap bubble held by two coaxial rings of radii yy and y.) 


‘The area of the surface of revolution is A = [2x yds = 2x [. y/1+ x7dy, which we can write 
as A=2n f fdy where f = yVT+ x7. Because 4/3x = 0, the Euler-Lagrange equation reads 


‘cosh u, you can integrate this to give 
rocosh[ (x — X9)/Yol- 


—Xo= 


yotifecosh(y/yq) (Where x is another constant) 01 


6.21 +* In Example 6.2 (page 222) we found the brachistochrone by exchanging the variables x and 
yy. Here is a method that avoids that exchange: Write the time as in Equation (6.19) but using. as 
the variable of integration. Your integrand should have the form f(y, »’,x) = Vy? + D/y. Since 
this is independent of x, you can invoke the “first integral” (6.43) of Problem 6.20. Show that this 
differential equation leads you to the same integral for x as in Equation (6,23) and hence to the same 
curve as before. 


‘The time for the car to go from 1 to 2 is t = fyds/v. As usual, ds = 1+ y? dex, and, as before, 


v = J3gy. Therefore, t = (1//g) f f dx, where f = (1+ y®)/y. Because f does not depend 
explicitly on x (that is, f/x = 0), we can use the first integral (6.43) from Problem 6.20 and obtain 


Solving for y’ we find 


dy 


dx 


if we rename k? = 1/(2a). Separating the variables x and y and integrating gives x = f /y/@a — y) 
dy, which is precisely the result (6.23). From here on, the derivation of the brachistochrone is exactly 
the same as in Example 6.2. 


6.23 *#* An aircraft whose airspeed is v, has to fly from town O (at the origin) to town P, which 
is a distance D due east. There is a steady gentle wind shear, such that Ving = Vy, where x and y 
‘are measured east and north respectively. Find the path, ), Which the plane should follow to 
‘minimize its fight time, as follows: (a) Find the plane's ground speed in terms of v., V, g (the angle 
by which the plane heads to the north of east), and the plane’s position. (b) Write down the time of 
‘light as an integral of the form fj” fd.x. Show that if we assume that y’ and both remain small (as 
is certainly reasonable if the wind speed is not too large). then the integrand f takes the approximate 
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form f = (1+ $y)/(1 + ky) (times an uninteresting constant) where k = V/v,. (e) Write down 
the Euler-Lagrange equation that determines the best path. To solve it, make the intelligent guess 
that y(x) = Ax(D — x), which clearly passes through the two towns. Show that it satisfies the Euler— 
Lagrange equation, provided 2 = (/4 + 2K=D? — 2)/(kD?). How far north does this path take the 
plane, if D = 2000 miles, vy, = 500 mph, and the wind shear is V = 0.5 mph/mi? How much time 
does the plane save by following this path? [You'll probably want to use a computer to do this 
imtegral.] 


(a) If the plane is at position (x, y) and is heading at an angle ¢ north of east, its velocity relative 
to the air is (v,cos@, v, sing), while the wind’s velocity is (Vy, 0). The plane's velocity relative to 
the ground is the sum of these two vectors, so its ground speed is 


v= (tucosd + Vy)? + (sing)? = y/e2 + 20,Vycosd + V2y2 ~ uy + Vy= Uy(I+ ky) 


where I have made the approximations that Vy <u and cos@ ~ 1 (assuming that ¢ is always small) 
and where k = V/v.. 
(b) The time of flight is 


i= ['#= He eves 


. 


D 
fdx (6.1) 
0 


where I used the binomial approximation in the numerator (assuming y’ is always small) and where 
f= (1+ fy? + ky). 
(c) With a little algebra, you can show that the Euler-Lagrange equation is 


yi" + ky) = fky? +k =0. 


If you substitute the proposed guess, 
kD?A? + 4 — 2k = 0, of which the relevant solution 
solution is negative which makes no sense.) 

‘The maximum displacement o the north is Vinay = 4D?/4, which, if we put in the given numbers, 
{8 Ymuax = 366 miles. If we put the same numbers in Eq. ($6.1) and do the integral numerically, we 
find for the time of flight r = 3.556 hours. The time along the direct path would be 4 hours, so the 
saving is 0.444 hours or 27 minutes. 


Ax(D — x), this becomes (after a little more algebra) 
(V4 + 2D? — 2)/(kD*).(The second 


6.25 +#* Consider a single loop of the cycloid (6.26) with a fixed value of a, as shown in Figure 6.11. 
A car is released from rest at a point P, anywhere on the track between O and the lowest point P 
(that is, Pa has parameter 0 < @ < 7). Show that the time for the cart to roll from P, to P is given 


by the integral 
time(P, > y= Ef tenes tp 
8 Ja, ¥ 6080, — cos0 


0. x 


P 


Figure 6.11 Problem 6.25 
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and prove that this time is equal to x /a7g. Since this is independent of the position of P,, the cart 
takes the same time to roll from P, to P, whether P, is at O, or anywhere between O and P, even 
infinitesimally close to P. Explain qualitatively how this surprising result can possibly be true. [Hint: 
‘Todo the mathematics, you have to make some cunning changes of variables. One route is this: Write 
@ = 7 — 2c and then use the relevant trig identities to replace the cosines of @ by sines of «. Now 
substitute sina = w and do the remaining integral] 


The parametric equation (6.26) of the cycloid is 
we find the derivatives x’ = a(1 ~ cos@) and y 


=a(@ —sin8), y =a(1 — cos), from which 
sin@. Therefore, the element of path length is 


ds = Vax? + dy? = x? + y2d0 = ay((1 — cos)? + sin®9 d0 = a2 — cos) dd. 
‘The speed of the cart is given by conservation of energy as 


/2ga(cos®, — cos8). 


‘Therefore the required time is 


i [4- a2 cos) 
r, vIn, /2ga(cost, = 6088) 


If we make the substitution @ = 


do. 


2a and use a couple of trig identti 


Ef Le ig. 
840 fintay 


Finally, the substitutions sin or = w and then u/u. 


reduce this to 


which is independent of 6,. 

‘The higher the starting point P,, the further the car has to go, but the steeper the initial slope and. 
the faster the car goes. On a cycloid, these two effects perfectly cancel, so that the time to reach P 
is independent of the position of P,. 


SECTION 6.4 More than Two Variables 


6.27 +* Prove that the shortest path between two points in three dimensions isa straight line. Write 
the path in the parametric form 


x=x(u), =yw), and 


zu) 


and then use the three Euler-Lagrange equations corresponding to (6.34). 


The element of path length is ds = Jax? + dy? + dz? = x? + y? +27 du. Thus the total path 
lengthis L = f f du where f = /x? + y? + 2?. There are three Euler-Lagrange equations, which 
involve the following six derivatives: 


of of 
ax ay 


af 
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Since the first three derivatives are zero, the Euler-Lagrange equations imply simply that each of the 
last three is constant. This means that the ratios, x’ : y’: 2” are constant, which implies in turn that as 
we move along the curve the ratios dx : dy : dz are constant. In other words, the curve is a straight 
line, 


CHAPTER 7 


Lagrange’s Equations 
PROBLEMS AND SOLUTIONS 


SECTION 7.1 Lagrange’s Equations for Unconstrained Motion 


7.1 * Write down the Lagrangian fora projectile (subject to no air resistance) in terms of its Cartesian 
coordinates (x, y, 2), withz measured vertically upward, Find the three Lagrange equations and show 
that they are exactly what you would expect for the equations of motion, 


‘The kinetic and potential energies are 


Therefore 


—mgz 


O=mi, and —mg 


which are just the three components of the equation F = ma for a projectile 


7.3 Consider a mass m moving in two dimensions with potential energy U(x, y) = $ 
=x? + y*, Write down the Lagrangian, using coordinates x and y, and find the two Lagrange 
equations of motion. Describe their solutions. (This is the potential energy of an ion in an “ion trap.” 
which can be used to study the properties of individual atomic ions.) 


£ = $i? + 52) — 4k(x? + y*) and the two Lagrange equations are —kx = mi and ky = m3. 
In the general solution, x and y oscillate with the same angular frequency w = ./K7m and the point 
(x, y) moves around an ellipse. 


7.5* Find the components of V f(r, 6) in two-dimensional polar coordinates, [Hint: Remember that 
the change in the scalar f as a result of an infinitesimal displacement dr is df = Wf + dr.] 


If we make a small displacement from r to r + dr, we know from (4.35) that the change in f(r) is 
df =Vf «dr. Intwo-dimensional polars, dr = (dr, r dg). Therefore, 


df =(Vf),dr+ (WV figrdd. 
79 
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On the other hand, we know from two-variable calculus that 
af af 
df = dr +d. 
Pas tage 
Both of these are valid for arbitrary (small) values of dr and d@, so we can compare coefficients to 
give 


af laf 
VA, = wyatt, 
(P= Sr and (Wig = 


7.6+ Consider two particles moving unconstrained in three dimensions, with potential energy 
U(r1, r2). (a) Write down the six equations of motion obtained by applying Newton's second law 
to each particle. (b) Write down the Lagrangian £(r1, 12, 


Lagrange equations are the same as the six Newtonian equations of part (a). This establishes the 
validity of Lagrange’s equations in rectangular coordinates, which in tum establishes Hamilton's 
principle. Since the latter is independent of coordinates, this proves Lagrange’s equations in any 
coordinate system. 


7.7 * Do Problem 7.6, but for N particles moving unconstrained in three dimensions (in which case 
there are 3N equations of motion). 


(a) Newton’s second law gives the N’ vector equations (or 3N scalar equations) 


F, =-V,U =m, (s7.) 
(b) The Lagrangian is 
Ley sty) 
and the 3N’ Lagrange equations are 


ae 


= -dU/axy =m, 
ax, 


and so on. These are just the 3/V components of the N Newtonian equations (S7.1). 


SECTION 7.3 Constrained Systems in General 


7.9 Consider a bead that is threaded on a rigid circular hoop of radius R lying in the xy plane with 
its center at O, and use the angle ¢ of two-dimensional polar coordinates as the one generalized co- 
ordinate to describe the bead’s position. Write down the equations that give the Cartesian coordinates 
(x, y) in terms of and the equation that gives the generalized coordinate ¢ in terms of (1x, y). 


‘The requested equations are just the standard equations for two-dimensional polar coordinates, with 
the radius fixed at that of the hoop, r= R, namely x = Reosg, y = Ring and, in the other 
direction, $ = arctan(y/-x) with chosen to lie in the right quadrant. 
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7.11 * Consider the pendulum of Figure 7.4, suspended inside a railroad car, but suppose that the 
car is oscillating back and forth, so that the point of suspension has position x, = A cosa, 
Use the angle @ asthe generalized coordinate and write down the equations that give the Cartesian 
coordinates of the bob in terms of @ and vice versa, 


X=, +1 sing = Acoswt) +1 sing, and y 
arctan[(x — A cos wt)/y]. 


¥, + Leos @ = Icos @. In the other direction, ¢ = 


SECTION 7.4 Proof of Lagrange’s Equations with Constraints 


7.13 «* In Section 7.4 [Equations (7.41) through (7.51)], I proved Lagrange’s equations for a 
single particle constrained to move on a two-dimensional surface. Go through the same steps to 
prove Lagrange’s equations for a system consisting of two particles subject to various unspecified 
‘constraints, [Hint: The net force on particle | is the sum of the total constraint force Fj" and the 
total nonconstraint force F , and likewise for particle 2. The constraint forces come in many guises 
(the normal force of a surface, the tension force of a string tied between the particles, etc.), but it is 
always true that the net work done by all constraint forces in any displacement consistent with the 
constraints is zero — this isthe defining property of constraint forces. Meanwhile, we take for granted 
that the nonconstraint forces are derivable from a potential energy U(r, "3, 1); that is, F) = —V\U 
and likewise for particle 2. Write down the difference 5S between the action integral for the right 
path given by r)(r) and r3(t) and any nearby wrong path given by Fy(t) + €(t) and 3(0) + (0). 
Paralleling the steps of Section 7.4, you can show that 8 is given by an integral analogous to (7.49), 
and this is zero by the defining property of constraint forces.) 


The Lagrangian is £ = jmyt? + Sony 1), Suppose that in the actual motion the two 
articles follow the “right” path r= ry(r) and r= r3(t), and we'll compare the action along this 
path with that on the “wrong” one Ry(t) = y(t) + €(1) and Ry(t) = y(t) + €(0). The difference 
between the Lagrangians on these two paths is 


$L = £(Ry, Ro, Ry. Ro. 1) ~ L(t). Fa, Fre Pas) 


= ley + &)? = FF + nally + &)? - FF- UO) + $.) — UE) 
SS myby + & + maka» & — E+ VU — + VU. 


‘Therefore, the difference between the two action integrals is 


8S = | SLdt=— lem 
f fue 


= [lect be Fe. 


+ VW) +e2+Km 


+V2U)Mt 


(In the first line I used integration by parts to move a time derivative from each é to the corresponding, 
F, and in the second I used Newton's second law.) The integral on the second line is the work done 
by the constraint forces in the displacement from r, tor; + €; and from F) to r2 + €. Provided 
this displacement is consistent with the constraints, this work is zero. Thus we have proved that the 
action integral is stationary for any displacement of path consistent with the constraints. If we now 
introduce generalized coordinates q+ . qq. then any variation of gy, +--+, qy is consistent with the 
constraints. Therefore the action integral S= f £(qy.-++. qq. Gie***+4ust)dt is stationary for any 
variations of q), --+ , qq. and the correct path must satisfy the » Euler-Lagrange equations (7.52). 
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SECTION 7.5 Examples of Lagrange’s Equations 


7.15 * A mass m, rests on a frictionless horizontal table and is attached to a massless string. The 
string runs horizontally to the edge of the table, where it passes over a massless, frictionless pulley 
and then hangs vertically down. A second mass m, is now attached to the bottom end of the string. 
Write down the Lagrangian for the system. Find the Lagrange equation of motion, and solve it for 
the acceleration of the blocks. For your generalized coordinate, use the distance x of the second mass 
below the tabletop. 


Since both masses have the same speed i the total KE is 
to the second mass alone, U = —m gx. Therefore, 


= {(m, + m2), whereas the PE is due 


L=T—U = $(m + mi? + mz: 


‘The Lagrange equation is mag = (my +m; 


from which it follows i = gma/(m, +m). 


7.17 + Use the Lagrangian method to find the acceleration of the Atwood machine of Example 7.3 
(page 255) including the effect of the pulley’s having moment of inertia 1. (The kinetic energy of the 
pulley is 4 /@*, where a is its angular velocity.) 


‘The KE of rotation of the pulley is {/a* = $14/R? since w = £/R. Therefore, the total KE is 
Py —(m, — m3)gx as before. Thus the Lagrangian is 


(my + my + 1/R?)X? + (my = mg)gx 


and the Lagrange equation is 
(ony = mg)g = (my + my + 1/R?)X 


‘That is, ¥ = (my — mg)g/(my + m2 + 1/R?). 


7.19 + In Example 7.5 (page 258) the two accelerations are given by Equations (7.66) and (7.67). 
Check that the acceleration of the block is given correctly in the limit M —> 0, [You need to find the 
components of this acceleration relative to the table.| 


With its mass M = 0, the presence of the wedge should be irrelevant; that is, the block should fall 
straight down with acceleration g, pushing the massless wedge aside as it goes. To verify this, note 
that the position of the block relative to the table is r = (q + q, cosar,q, sina) (with axes chosen 
as in Figure 7.8). Therefore the acceleration is 


([! - wg) sina) (87.2) 


where in the last expression I have replaced 3 using Equation (7.66). As M —> 0, the x component 
approaches zero, as expected. To see what happens to the y component, we use (7.67) for 4, WI 
in the limit that M = 0, gives 


Ss 
costa sina’ 


Inserting this into Eq. (S7.2). we find that, when M = 0, the y component of ais just g, as anticipated. 
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7.21 « The center of a long frictionless rod is pivoted at the origin, and the rod is forced to rotate in 
a horizontal plane with constant angular velocity «. Write down the Lagrangian for a bead of mass 
‘m threaded on the rod, using r as your generalized coordinate, where r, # are the polar coordinates 
of the bead. (Notice that @ is not an independent variable since itis fixed by the rotation of the rod 
tobe ¢ = or.) Solve Lagrange’s equation for r(r). What happens if the bead is initially at rest at the 
origin? If it is released from any point, > 0, show that r(r) eventually grows exponentially, Explain 
‘your results in terms of the centrifugal force may?r. 


If we use two-dimensional polar coordinates, the bead’s velocity is v = (7,7) = (F, rw), where 
is the fixed angular velocity with which the rod is forced to rotate. Thus & = T — U = jmv? = 
m(F? + ra). (U is a constant, which we may as well take to be zero.) The Lagrange equation is 
Pr, the general solution of which is r(t) = Ae“ + Be~**. If r(0) = (0) =0, then A = B =0 
and the bead stays put; that is, r = 0 is an equilibrium point (though unstable, as we'll see). If 
1(0) =r, #0, but F(0) = 0, then A = B =r,/2 and 


r(t) = yrole™ +e) + Free 


‘asf + 00. As seen in the rotating frame of the rod, there is an ouward “centrifugal force” mw*r. This 
ccauses the bead to accelerate outward, and as r increases, the acceleration increases in proportion— 
hence the exponential growth of r. 


7.23 A small cart (mass m) is mounted on rails inside a large cart, The two are attached by a spring 
(force constant k) in such a way that the small cart is in equilibrium at the midpoint of the large. The 
distance of the small cart from its equilibrium is denoted x and that of the large one from a fixed 
point on the ground is X, as shown in Figure 7.13. The large cart is now forced to oscillate such that 
X = Acosat, with both A and o fixed. Set up the Lagrangian for the motion of the small cart and 
show that the Lagrange equation has the form 


¥+o; 


= Booswt 


X——t— 


roe 


Figure 7.13 Problem 7.23 


where oy is the natural frequency «, = JE7m and B is a constant. This is the form assumed in 
Section 5.5, Equation (5.57), for driven oscillations (except that we are here ignoring damping). 
‘Thus the system described here would be one way to realize the motion discussed there. (We could 
fill the large cart with molasses to provide some damping.) 

‘The small cart’s KE is T= fmv? = $m(i + X)? = Ibi — Awsiner)?, and U = $kx?. Thus 
a /ak = m(i — Awsineot) and Lagrange’s equation reads 


F—mAe? coset or ¥+ 02x =Beoswt 


where I have replaced k/m by w2 and renamed Aw? as B. 


7.25 Prove that the potential energy of a central force F = —kr"é (with n # —1) is U =kr"*!/ 
(1+ 1) if we choose the zero of U appropriately. In particular, ifm = 1, then F=—kr and U = $kr?, 
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If F = —kr"é, then U(r) 
can choose to be zero). 


= JE Fe’) «det = ff krdr’ = kr"*1/(n + 1) (plus a constant that we 


7.27 «* Consider a double Atwood machine constructed as follows: A mass 4m is suspended from a 
string that passes overa massless pulley on frictionless bearings. The other end of this string supports 
a second similar pulley, over which passes a second string supporting a mass of 3m at one end and m 
atthe other. Using two suitable generalized coordinates, set up the Lagrangian and use the Lagrange 
equations to find the acceleration of the mass 4m when the system is released, Explain why the top 
pulley rotates even though it carries equal weights on each side. 


Let x be the distance from the top pulley down to the lower one and y that from the lower pulley to 
the mass 3m. Then 


3 + 


glax + (y — x) — 3x + y)] 


b+ 5°) + Imgy. 


‘The x equation is 0 = and the y equation is ¢ = + 
is, the mass 4m accelerates down at g/7. 

If the top pulley were stationary, then the same would be true of the mass 4m. Thus the tension 
in the top string would be 4mg. This would mean that the net force on the system consisting of the 
ower pulley and its two masses would be zero, and hence that its CM could not be accelerating. But 
with the upper string stationary, the lower string would behave just like a single Atwood machine 
and the CM of the two masses m and 3m would clearly accelerate down. This is a contradiction, so 
the top pulley has to move (and, in fact, accelerate). 


=8/7. That 


7.29 + Figure7.14 showsa simple pendulum (massm, length!) whose point of support P isattached 
to the edge of a wheel (center O, radius R) that is forced to rotate ata fixed angular velocity a. At 
1 =0, the point P is level with O on the right. Write down the Lagrangian and find the equation of 
motion for the angle ¢. (Hint: Be careful writing down the kinetic energy 7. A safe way to get the 
velocity right is to write down the position of the bob at time f, and then differentiate.] Check that 
your answer makes sense in the special case that « = 0. 


PRS 


Figure 7.14 Problem 7.29 


Because the angle between the line OP and the horizontal is wt, the position of P is (R cost, 
Rsinoot). Therefore the position of the pendulum’s bob is 
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(Reoset +1sing, Rsinet — Icos ) 


and its velocity is 


where I have used a couple of trig identities to combine various terms (and omitted a constant). The 
two derivatives of £ are 


ae 


: ae 
jg TMORBI cos — ox) —mglsing — and >> 


z=" m{gl? + oRI sing — wt) 


and the Lagrange equation, after a couple of cancellations, is 


16 = —gsing +07 R cos — wt). 


As @— 0, this becomes 1 = —g sin @, the equation for an ordinary simple pendulum, 


7.31 + A simple pendulum (mass M and length L) is suspended from a cart (mass m) that can 
oscillate on the end ofa spring of force constant k, as shown in Figure 7.15. (a) Write the Lagrangian 
in terms of the two generalized coordinates x and @, where «x is the extension of the spring from its 
equilibrium length. (Read the hint in Problem 7.29.) Find the two Lagrange equations, (Waming: 
‘They're pretty ugly!) (b) Simplify the equations to the case that both x and ¢ are small. (They're still 
pretty ugly, and note, in particular, that they are still coupled; that is, each equation involves both 
variables. Nonetheless, we shall see how to solve these equations in Chapter 11 — see particularly 
Problem 11.19.) 


Figure 7.15 Problem 7.31 


(a) The position and hence velocity of the mass M are 
ty = (e+ Lsing,Loosd) and vy = itn, i) = (i + Locos, —Lo sing). 
‘Therefore the Lagrangian is 
L = $(mv2 + Mug) + Mayy — $k? 


+ M)i? + {M(L76? + 2414 cos) + MgLcosg — 


and the two Lagrange equations are (after a little tidying up) 


ed Lim + Nk + ML cose — MLE? sing = kx 
ax dt ax 
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and 


aL 


dk zie 2 
Bp 7 drag 7 Lb + Fem = —esing 


(b) If @ remains small, we can write cos @ * | and sin @ * @ and ignore powers of ¢ or ¢ higher 
than second to give 


(m+M)i+MLOG=-kx and Lo+¥=-gg. 


7.33 ** A bar of soap (mass m) is at rest on a frictionless rectangular plate that rests on a horizontal 
table. At time r= 0, I start raising one edge of the plate so that the plate pivots about the opposite edge 
with constant angular velocity «, and the soap starts to slide toward the downhill edge. Show that the 
equation of motion for the soap has the form i — @?x = —g sin wt, where x is the soap's distance 
from the downhill edge. Solve this for x(t), given that x (0) = x9, [You'll need to use the method used 
to solve Equation (5.48). You can easily solve the homogeneous equation; for a particular solution 
ty x = Asinot and solve for A.] 


‘The soap's height above the table is y 
and.x« normal to the slope. Therefore, 


sin(wr), and the velocity has component i up the slope 


£ = 4mv* — mg) 2 4x70) — mgx sin(or) 


and the Lagrange equation is 


e 


— gsin(wt). 


‘The homogencous equation # = ox hasasits general solution xy, = C cosh(ot) + D sinh(wt). Itwe 
substitute the suggested particular solution x = A sin(wr) into the equation of motion, we find that 
the equation is satisfied if A = g/2«*. Therefore the general solution is x(t) = (g /2w*) sin(wt) + 
Ccosh(wt) + D sinh(wr). Using the initial conditions that x(0) = x, and £(0) = 0, we see that 
C =x, and D = —g/2«”, so the solution is 


x(t) =xycosh(wt) + (g/20*)[sin(wr) — sinh(wr)}. 


A 


Figure 7.16 Problem 7.35 


7.35 +» Figure 7.16 is a bird's-eye view of a smooth horizontal wire hoop that is forced to rotate at 
a fixed angular velocity @ about a vertical axis through the point A. A bead of mass m is threaded 
(on the hoop and is free to move around it, with its position specified by the angle @ that it makes at 
the center with the diameter AB. Find the Lagrangian for this system using ¢ as your generalized 
coordinate. (Read the hint in Problem 7.29.) Use the Lagrange equation of motion to show that the 
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bead oscillates about the point B exactly like a simple pendulum. What is the frequency of these 
oscillations if their amplitude is small? 


Let © be the center of the hoop. The line AO is turning with angular velocity «, so the speed of 
O relative to A is y, = Re. The line from O to the bead is turning with angular velocity ¢ + @, 
‘so the speed of the bead relative to O is vy, = R(d + @). The velocity of the bead relative to A is 
V= Vy + Vou and 


m(Vg +2 + 2g + Ve) = JmRAG + oF +07 +2G + w)wCos$] 


since @ is the angle between v, and v,. Because the hoop is horizontal, the potential energy is constant, 
and we may as well take it to be U = 0, so that £ = T. The Lagrange equation is 


a = so or —@+o)wsing = Fa +o) + wcos$] = (G — dwsing), 
where Ihave cancelled a common factor of mR?, The first term on the left cancels the second on the 
right, and we're left with ¢ = —@” sin @, which is exactly the equation of a simple pendulum with 
g/L replaced by w?, oscillating about the point ¢ = 0 (that is, B). The frequency of small oscillations 
is evidently just «. 


7.37 ##* Two equal masses, m, = mz = m, are joined by a massless string of length L that passes 
through a hole in a frictionless horizontal table, The first mass slides on the table while the second 
hangs below the table and moves up and down in a vertical line. (a) Assuming the string remains 
taut, write down the Lagrangian for the system in terms of the polar coordinates (r, ) of the mass on 
the table. (b) Find the two Lagrange equations and interpret the ¢@ equation in terms of the angular 
momentum ¢ of the first mass. (¢) Express ¢ in terms of € and eliminate @ from the r equation. 
Now use the r equation to find the value r = rq at which the first mass can move in a circular path, 
Interpret your answer in Newtonian terms. (d) Suppose the first mass is moving in this circular path 
and is given a small radial nudge. Write r(t) = ry + €(t) and rewrite the r equation in terms of ¢(1) 
dropping all powers of €() higher than linear. Show that the circular path is stable and that r(1) 
oscillates sinusoidally about r. What is the frequency of its oscillations? 


(a) The hanging mass is a distance L —r below the table. Thus it's KE is jm? and its PE is 
—mg(L — 1), or just mgr, if we drop an uninteresting constant. The mass on the table has KE = 
}m(? + 724?) and PE which is constant and we may as welll take to be zero. Thus 


L=mi? + $mr7g? — mgr. 
(b) The two Lagrange equations are 
nid? me Stak 


and 


‘The ¢ equation says simply that the angular momentum ¢ = mr?¢ is constant. 
(©) Clearly $ = €/mr?, and the r equation can be rewritten as 


(87.3) 
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‘The length r can remain constant if and only if # = 0. This requires that /mr,3 = mg. (This 
condition says that the centripetal force needed to keep the upper mass in a circular path must equal 
the tension needed to hold the lower mass at a fixed height.) Therefore, r, = [€2/(m?g)]" 
(a) Ifr =r, +, then (S7.3) becomes 

) = me 


where, to get the final expression, I used the binomial approximation. The first and last terms in the 
final expression cancel, and we are left with 2mé = —3(2/mr,4)e, which implies that € oscillates 
sinusoidally with frequency /372¢/mr,2 = \/3g/2r,, since £/m = ,/gr3. In particular, since the 
displacement € oscillates, the equilibrium at r = r, is stable. 


2mé = —*_ — m 
mry +6) 


7.39 #*4 (a) Write down the Lagrangian fora particle moving in three dimensions under the influence 
of a conservative central force with potential energy U(r), using spherical polar coordinates (r, 0, $). 
(b) Write down the three Lagrange equations and explain their significance in terms of radial 
acceleration, angular momentum, and so forth. (The @ equation is the tricky one, since you will 
find it implies that the ¢ component of € varies with time, which seems to contradict conservation 
of angular momentum. Remember, however, that £4 is the component of ¢ in a variable direction.) 
(©) Suppose that initially the motion is in the equatorial plane (that is, @, = 2/2 and 4, = 0). Deseribe 
the subsequent motion. (d) Suppose instead that the initial motion is along a line of longitude (that 
(0). Describe the subsequent motion, 


(a) The particle's velocity has spherical polar components 


‘6.1 sind }) (S7.4) 


Therefore 
= fn (i? + 176? +r? sin?9 6?) — Ur) 


(b) The r, @, and ¢ equations are 


imi = mr (6? + sin®o 6) — aU jar (s7.5) 
£ (mr28) = mr? sind cos0 6 (S76) 
4 F Z 

4 (me? sin’ ¢) =0 ($7.7) 


The first term on the right of the r equation (S7.5) can be recognized as mu, 
tangential velocity [obtained from (S7.4) by dropping the first component]. Thi 
force Fr, so the radial equation is just mi = Fug + F,. 

‘The term in parentheses in the ¢ equation (S7.7) can be recognized as ¢,. Therefore the ¢ equation 
states simply that ¢, is constant, as expected. 

‘The term in parentheses in the @ equation ($7.6) can be recognized as £4. (To see this, just evaluate 
€= mr x v in polar coordinates.) Thus the @ equation gives the rate of change of 4. This result is 
surprising at first, since we know that the vector ¢ is constant. However, as the particle moves, the 
vector $ changes; thus, £,, is the component of a fixed vector in a variable direction and does in fact 
change, as in (S7.6).. 


Lagrange’s Equations 89 


(©) Ifinitially @ = 2/2 and 4 =0, then the @ equation (S7.6) shows that the product mr24 remains 
constant, Thus 4 remains equal to zero and @ remains equal to 2/2. That is, the motion remains in 
the equatorial plane @ = 2/2, consistent with our knowledge that the motion is confined to a plane. 
(d) If initially ¢ = 0, then the $ equation (S7.7) shows that the product mr? sin?6 @ remains zero, 
Thus remains zero and ¢ is constant. Therefore, the motion is confined to the longitudinal plane 
9 = bo 


TAL *** Consider a bead of mass m sliding without friction on a wire that is bent in the shape of 
4 parabola and is being spun with constant angular velocity « about its vertical axis, as shown in 
Figure 7.17. Use cylindrical polar coordinates and let the equation of the parabola be = = kp?, Write 
down the Lagrangian in terms of p as the generalized coordinate. Find the equation of motion of 
the bead and determine whether there are positions of equilibrium, that is, values of p at which the 
bead can remain fixed, without sliding up or down the spinning wire. Discuss the stability of any 
equilibrium positions you find. 


de 


Figure 7.17 Problem 7.41 


‘The potential energy is just U = mgz = mgkp>. The kinetic energy is 


$mn( 0? + (06)? +2) = 4m(a? + p?a? + 442? 


“Therefore the Lagrangian is 


LT -U = jm(6?+ pho? 44h phi 


and the equation of motion is (after a little algebra) 


(1 + 4k2p?)f + 4k pp? = (w? — 2gk)p. ($7.8) 


A position p, is an equilibrium point if placing the bead at p, with » = 0 ensures that J = 0 
(guaranteeing that 6 remains zero and p constant). According to Eq. (S7.8) this will be true if and 
only if 


(wo — 2gk)p =0. (S7.9) 


First the system is in equilibrium if p = 0, that is, if the bead 
is exactly at the bottom of the wire. To decide whether this equilibrium is stable, we have only to 
imagine pulling the bead a small distance to one side. With p and very small Eq. (S7.8) implies 
that 


BX (@* — 2gk)p. 
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If? < 2gk, the term in parentheses is negative, and the bead accelerates back to the bottom, so the 
equilibrium is stable. If > 2gk, the term in parentheses is positive, and the bead accelerates away 
from the bottom, so the equilibrium is unstable. 

If @? = 2gk, the condition (S7.9) is satisfied for any value of p. That is, with @ = /2gk, the 
bead will be in equilibrium any where on the wire. To investigate the stability of this equilibrium, we 
imagine giving the bead a small nudge. From Eq. (S7.8), with the right side equal to zero, we see that 
Bis always negative for any positive p. Thus if we nudge the bead outward, its negative acceleration 
will slow it down, though not actually stop it. If we nudge it inward it will actually speed up. Either 
‘way it will not return to its original position. 


7.43 +++ [Computer] Consider a massless wheel of radius R mounted on a frictionless horizontal 
axis, A point mass M is glued to the edge, and a massless string is wrapped several times around 
the perimeter and hangs vertically down with a mass m suspended from its bottom end. (See Figure 
4.28.) Initially I am holding the wheel with M vertically below the axle. Att = 0, I release the 
Wheel, and m starts to fall vertically down. (a) Write down the Lagrangian £ = T — U asa function 
of the angle @ through which the wheel has turned. Find the equation of motion and show that, 
provided m <M, there is one position of stable equilibrium. (b) Assuming m < M, sketch the 
potential energy U(@) for —x < <4z and use your graph to explain the equilibrium positions 
you found. (e) Because the equation of motion cannot be solved in terms of elementary functions, 
you are going to solve it numerically. This requires that you choose numerical values for the various 
parameters. Take M = g = R = 1 (this amounts to a convenient choice of units) and m = 0.7. Before 
solving the equation make a careful plot of U(@) against @ and predict the kind of motion expected 
when M is released from rest at @ = 0. Now solve the equation of motion for 0 < 1 < 20 and verify 
your prediction, (d) Repeat part (c), but with m = 0.8, 


(a) L = j(M + m)R2¢? — Mg R(1 — cos) + mg R@, and the equation of motion is 
(M +m)RG = —Mg sing + mg. (S7.10) 


Equilibrium positions require that § = 0 or sing = m/M. Provided m < M, this has two solutions, 
 =arcsin(m/M), one with 0 <  < 2/2 and one with x/2 < @ < x. If the wheel turns alittle away 
from the first of these, it is easy to see from ($7.10) that it accelerates back and the equilibrium is 
stable. In the same way, you can see that the second is unstable. 


Figure $7.43 


(b) The stable equilibrium is the minimum at about 2/6; the unstable is the maximum at about 5z /6. 
Notice that there is actually a whole sequence of equilibriums, spaced at intervals of 27 (that is, 
differing by one or more complete revolutions). 

(©) Based on the left-hand plot of U (6) against 6 in Figure $7.43c, it is clear that when released 
from ¢ = 0, the mass M will swing out to an angle a bit bigger than 2/2, swing back to ¢ = 0, and 
continue to oscillate indefinitely, as confirmed by the right-hand picture of $(r) against r. 
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© 


Figure S7.43¢ 


(d) With m = 0.8, the maximum in U (g) just beyond ¢ = 2/2 is not high enough to stop the wheel, 
which continues to roll indefinitely. You can see in the right-hand picture that, by the time r = 20, it 
hhas made more than 9 complete revolutions. (Note the very different vertical scale.) 
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SECTION 7.8 More About Conservation Laws 


7.45 +» (a) Verify that the coefficients A,, in the important expression (7.94) for the kinetic energy of 
any “natural” system are symmetric; that is, Ajj = A,j.(b) Prove that for any 1 variables vy, ++, Uy 


[Hint: Start with the case that n = 2, for which you can write out the sums in full. Notice that you 
need the result of part (a).] This identity is useful in many areas of physics; we needed it to prove 
the expression (7.96) for the generalized momentum p 


(a) If you look at the definition (7.95) of A j,, you will see that A j, differs from Ay, only in the order 
of the two terms in the scalar product. Since the scalar product is commutative, these two expressions 
are equal. 

(b) If we consider first the case of just two variables, the sum in question is 


DAnvyy 
rm 


= Aug + Aigvies + Anw2) + Arv? 


= Ayu? + 2Aj2vy02 + Apr? 


where, in the second line, I used the fact that Ay = Az. Differentiating with respect to v,, we find 
that 9$/4v, =2Aj,0, + 2Ay 202 = 2S Ayjvj, which is the claimed result for = 1. The case i = 2 
‘works in the same way. 

If there are n variables, then, before differentiating with respect to v,, it helps to separate out the 
terms that depend on v from those that do not: 
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DY Airing + YO A jivjy; + terms not involving y; 


S= LAnre = Aji; 
im iw ia 


iv? +2) Aijuyv, + terms not involving v;. 
im 


Here, in passing to the second line, I replaced the dummy index k by j in the sum $7, and used 
the fact that Aj; = Aj; in the sum ¥>,,,;. Differentiating with respect to v; we find that 


as 
jo = 2A + raw Daw 


7.47 #* In Chapter 4 (at the end of Section 4.7) I claimed that, for a system with one degree of 
freedom, positions of stable equilibrium “normally” correspond to minima of the potential energy 
U(q). Using Lagrangian mechanics, you can now prove this claim. (a) Consider a one-degree 
system of NV particles with positions ry = Fa(q). where q is the one generalized coordinate and 
the transformation between r and q does not depend on time; that is, q is what we have now agreed 
to call “natural.” (This is the meaning of the qualification “normally” in the statement of the claim. If 
the transformation depends on time, then the claim is not necessarily true.) Prove that the KE has the 
form T = | Ag?, where A = A(q) > 0 may depend on q but not on g. [This corresponds exactly to 
the result (7.94) for n degrees of freedom. If you have trouble with the proof here, review the proof 
there.] Show that the Lagrange equation of motion has the form 

au 


dq 


dA 
dq 


(b) A point qo is an equilibrium point if, when the system is placed at qo with q = 0, it remains 
there, Show that q, is an equilibrium point if and only if dU /dq = 0. (¢) Show that the equilibrium 
is stable if and only if U is minimum at q. (d) If you did Problem 7.30, show that the pendulum of 
that problem does not satisfy the conditions of this problem and that the result proved here is false 
for that system. 


Fa(q)s it follows that fy = 4 (dry /dq). Therefore 


2 dry dita 
4A(q)q? where A(q) = Lae . or >0 
U(q). the two derivatives of £ are 
Laan re er? ac : 
— A'(g)g* — U"( and — = Alq) 
ag A os @ 3g 7 44 
and the Lagrange equation is (after a little algebra) A(q)j = —U"(q) — $4'(q)4?. 
(b) If qq is an equilibrium point and if the system is placed at q, with g = 0, then the system stays put, 


so j = 0. By the Lagrange equation this implies that U’(q.) must be 0. Conversely, if U’(qo 
then when the system is placed at qq with 4 = 0, = O and the system stays put. 

(©) Suppose that q, is stable and the system is placed at rest close to gq at qq + € with € > 0, Because 
do is stable, the system accelerates back toward qa, So must be negative. Inspecting the Lagrange 
equation, we sce that U’ must be positive, which implies that U is at a minimum at gg. Running the 
argument backward, we see that if U is minimum, then the equilibrium is stable. 

(@) In Problem 7.30, the relation between the position r of the pendulum and the generalized 
coordinate ¢ is time-dependent. The PE is minimum at ¢ =0, whereas the equilibrium occurs at 


0, 
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SECTION 7.9 Lagrange’s Equations for Magnetic Forces 


7.49 «* Consider a particle of mass m and charge g moving ina uniform constant magnetic field B in 
the = direction. (a) Prove that B can be written as B= V x A with A = {B x r. Prove equivalently 
that in cylindrical polar coordinates, A = {Bp §. (b) Write the Lagrangian (7.103) in cylindrical 
polar coordinates and find the three corresponding Lagrange equations. (€) Describe in detail those 
solutions of the Lagrange equations in which p is a constant. 


(A= iB xr Bex — B,z, By — Byx),then 


(Vx Ay 


(Remember that B is uniform and constant.) Since the y and components work the same way, we 
conclude that B = V x A. In polar coordinates, B = BZ and r = pp + 22, so 


since # x p= . 
(b) Since there is no electric field, V = 0, and since F = Ap + pod + 22, 


m(p? + po? +2) + 4qBp*d. 


‘The three Lagrange equations are 


and 


p= mod? +qBeb. (me? + 3480" 


(©) In any case, the solution of the = equation is = = zy + Uz; that is, the particle moves uniformly 
in the direction of B. If p = constant, the p equation reduces to md + q Bd = 0. Therefore, either 
 =0 (in which case the particle moves straight along a field line) or ¢ = —qB/m. In this second 
cease, the particle moves clockwise around the = axis (assuming q is positive) at the same time it 
moves in the = direction with constant velocity; this results in the helical motion described in Section 
2.7, with angular velocity equal to the cyclotron freqency » = qB/m. 


SECTION 7.10 Lagrange Multipliers and Constraint Forces 


7.51 * Write down the Lagrangian for the simple pendulum of Figure 7.2 in terms of the rectangular 
coordinates x and y. These coordinates are constrained to satisfy the constraint equation f(x, y) 

V2 + y? = 1. (a) Write down the two modified Lagrange equations (7.118) and (7.119). Comparing 
these with the two components of Newton’s second law, show that the Lagrange multiplier is 
(minus) the tension in the rod. Verify Equation (7.122) and the corresponding equation in y. (b) The 
constraint equation can be written in many different ways. For example we could have written 
S(x,y) =x? + y? =P. Check that using this function would have given the same physical results. 


L(x, y) = fi? + 9) + mgy. 
(a) With the constraint f(x, y) = V7 + y = I. the two modified Lagrange equations are 


¥. 
nd mg + > 
ai e+ hy 


If F* denotes the tension in the rod, the two Newtonian equations are: 


-F'sing=—-F'2=mi and mg — Ficos@ =mg — FF (s7.1), 


1 
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Comparing corresponding equations we see that 2 
satisfied for both x and y components: 


F', Perhaps more important, (7.122) is 


F'sing 


and likewise for the y component. 
(b) If instead we use the constraint equation f’(x, y) =x? + y’ 
equations are 


?, the two modified Lagrange 


22x=mi and mg + X2y = m5. 


Comparing with the two Newtonian equations ($7.11), we find that in this case 2’ = — F'/21, but 
again (7.122) is satisfied: 


NS =NQx)= Faleose) 


and likewise for the y component. 


CHAPTER 8 


Two-Body Central-Force Problems 
PROBLEMS AND SOLUTIONS 


SECTION 8.2. CM and Relative Coordinates; Reduced Mass 


8.1 Verify that the positions of two particles can be writen in terms of the CM and relative positions 
as, =R + myt/M and ry = R — myr/M. Hence confirm that the total KE of the two particles can 
be expressed as T = MR? + §#, where x denotes the reduced mass j= mym/M. 


You can regard Eqs. (8.4) and (8.7) as two simultaneous equations to be solved for r, and r. If you 
multiply (8.4) by m2/M and add to (8.7), this gives r, = R + (m2/M)r. Similarly, if you multiply 
(8a) by m,/M and subtract from (8.7), this gives r) = R — (m,/M)r. If you differentiate these 
results with respect to, the required expression for T follows exactly as in (8.10). 


8.2* Although the main topic of this chapter is the motion of two particles subject to no external 
forces, many of the ideas {for example, the splitting of the Lagrangian £ into two independent pieces 
L£ = Lem + Lye as in Equation (8.13)] extend easily to more general situations. To illustrate this, 
consider the following: Two masses mj and m» move in a uniform gravitational field g and interact 
via a potential energy U(r). (a) Show that the Lagrangian can be decomposed as in (8.13). (b) Write 
down Lagrange’s equations for the three CM coordinates X,Y, Z and describe the motion of the 
CM. Write down the three Lagrange equations for the relative coordinates and show clearly that the 
motion of ris the same as that ofa single particle of mass equal to the reduced mass s, with position 
rand potential energy U(r). 


8.3+* Two particles of masses m, and m are joined by a massless spring of natural length L and 
force constant k. Initially 1am holding both masses (one in each hand), with m, a distance L vertically 
above m3. Att = 0, I throw m, vertically up with speed vat the same time releasing m, (at rest). 
Find the positions of the two masses at any subsequent time 1 and describe the motion. [Hints: See 
Problem 8.2. Assume that v, is small enough that the two masses never collide.} 


‘The motion is obviously confined to a vertical line, so we can treat it as a one-dimensional problem 
with coordinates y, and y measured vertically up from the initial position of m. The Lagrangian is 
£ = $MY? — MgY + 34s? — $k(y — L)?, where M and jz are the total and reduced masses, and 
Y and y are the CM and relative positions. The two Lagrange equations are 


K(y = L), 


with solutions ¥ = ¥, + ¥,t — {gt? (where Y, = Lm,/M and ¥, = vyn,/M) and y = L + Asin ot 
(where @ = /E7j and A = v,/e). That is, the CM moves up then down like a body in free fall, while 
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the relative position oscillates in SHM. Using Eq. (8.9), we can find the individual positions 


SECTION 8.3 The Equations of Motion 


85+ The momentum p conjugate tothe relative position F is defined with components p, = AL /Ai 
and so on, Prove that p = jz. Prove also that in the CM frame, p is the same as p, the momentum 
of particle 1 (and also ~ 


Because £ = {MR? + ji? — U(r), we find p, = 9L/Ai 
sponding results for the y and z components, we find p = 
Since r =r — rp, the last result implies that 


myn 


i) = 


m+m may omg PE Pa) 


‘This last result is true in any frame, but in the CM frame, p: 
In the CM frame, the relative momentum is the same as pj. 


py, 80 the result becomes p =p). 


8.7 +» (a) Using elementary Newtonian mechanics find the period of a mass mm in a circular orbit 
of radius r around a fixed mass my. (b) Using the separation into CM and relative motions, find the 
corresponding period for the case that > is not fixed and the masses circle each other a constant 
distance r apart. Discuss the limit ofthis result if m3 — 00. (€) What would be the orbital period if 
the earth were replaced by a star of mass equal to the solar mass, in a circular orbit, with the distance 
between the sun and star equal to the present earth-sun distance? (‘The mass of the sun is more than 
300,000 times that of the earth.) 


(a) Newton's second law in the form ma = F, with a equal to the centripetal acceleration (magnitude 
Pr), implies that m yor? = Gm yny/r?. Substituting « = 22/r and solving for the period r, we find 
t = 2ar//,/Gm3, (Note how the mass m, cancels out.) 

(b) The equation of motion, 4i = F, for the relative motion (with j equal to the reduced mass 
mym/M) implies that ar = Gm ymy/r?. This is the same as before, except that the mass on the 
left is now the reduced mass 1 instead of m). This no longer cancels the factor m on the right, so 
the final answer contains m ym2/y4 instead of my: 


2a? _ xr? 
JGmymz/u SGM 
If my > my, then M ~ m3 and (S8.1) approaches the answer of part (a). 


(©) If my = my, then M = 2m, and the period (S8.1) is 1//2 times that in part (a), of, for the case 
at hand, 0.71 years. 


($8.1) 


8.94 Consider two particles of equal masses, m, = m>, attached to each other by a light straight 
spring (force constant k, natural length L) and free to slide over a frictionless horizontal table. (a) 
Write down the Lagrangian in terms of the coordinates r, and r, and rewrite it in terms of the CM 
and relative positions, Rand r, using polar coordinates (r,$) for r. (b) Write down and solve the 
Lagrange equations for the CM coordinates X, Y.(e) Write down the Lagrange equations for r and 
@. Solve these for the two special cases that r remains constant and that ¢ remains constant. Describe 
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the corresponding motions. In particular, show that the frequency of oscillations in the second case 
iso = /2k]m,. 


(a) 


je} + 


= $k (inj) - 2) 


MR? + Lyi? — $k(r — LP? 


SMX? + ¥?) + 


(b) The equations are MX = 0 and MY = 0, with solutions R = R, + R,t. That is, the CM moves. 


like a free particle. 
(6) The r and @ equations are 
wF=pr¢?—kr—L) and pr? = const. 
Ifr = const, the equation tells us that ¢ = const = «, say, and the r equation becomes k(r — L) 


ere, which says that the spring force supplies the centripetal acceleration ra”, The two particles 
circle each other at fixed radius. 

If@ isconstant, the r equation becomes i? = —k(r — L), which implies that r = L + A cos(wt — 
5), where w = Jk] = 2k] my. The arrangement doesn't rotate, but undergoes radial oscillations 
with angular frequency /2k/m). 


8.11 ** Consider two particles interacting by a Hooke’s law potential energy, U = {kr?, where r 
is their relative position r =r — r2, and subject to no external forces, Show that r(t) describes an 
ellipse. Hence show that both particles move on similar ellipses around their common CM. [This 
surprisingly awkward. Perhaps the simplest procedure is to choose the xy plane as the plane of 
the orbit and then solve the equation of motion (8.15) for x and y. Your solution will have the form: 
x = Acosot + B sinwt, witha similar expression for y. If you solve these for sin ct and cos wt and 
remember that sin? + cos? = 1, you can put the orbital equation in the form ax? + 2bxy + cy? =k 
where k isa positive constant, Now invoke the standard result that if a and c are positive and ac > b®, 
this equation defines an ellipse.] 


From the Lagrangian £ = {MR? + $i? — kr? we find the equation of motion yi = —kr. Since 
angular momentum is conserved, the vector F remains in a plane [see the argument below equation 
(8.19)], which we can take to be the xy plane. The equation of motion then implies that 


x=Acosot+Bsinot and y = Ceoswt + Dsinat. 


From these there follows 


Cx —Ay=(BC~ DA)sinot and Dx ~ By = ~(BC ~ DA) cosa. 
‘Squaring both of these and adding, we find that ax? + 2bxy + ey? =k, where 


a=C?+D, b=-(CA+DB), and c= A? +B? 


(BC — DA)? > 0. We are promised that this equation defines an ellipse provided a and 
are positive (which they certainly are) and ac > b, So let us examine the quantity 


ac — b? = (C? + D?)(A? + B°) — (CA + DB)? = (BC — DAY > 0. (88.2) 
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‘Therefore r moves around an ellipse. In the CM frame, r= (m>/M)r andr = —(m,/M)r, so both 


particles move around similar ellipses at opposite ends of a line through the CM. [In Eq. (S8.2), 
‘ac — B? can actually be zero. In this case, the ellipse collapses to a straight line.] 


SECTION 8.4 The Equivalent One-Dimensional Problem 


8.13 ++ Two particles whose reduced mass is 1 interact via a potential energy U = }kr?, where r 
is the distance between them. 

(a) Make a sketch showing U(r), the centrifugal potential energy Uce(r), and the effective potential 
energy Uzi(r). (Treat the angular momentum £ as a known, fixed constant.) 

(b) Find the “equilibrium” separation r,, the distance at which the two particles can circle each other 
with constant r. [Hint: This requires that dU.¢/dr be zero.) 

(©) By making a Taylor expansion of U(r) about the equilibrium point r, and neglecting all terms 
in (r ~ r.)*and higher, find the frequency of small oscillations about the circular orbit if the particles 
are disturbed a little from the separation r,. 


(a) Since U = }kr? and Uce = C/2yr?, 


shown as the thick, gray curve. 


PE 
U 
Ver 
iy 
fo 
Figure $8.13 
(b) We know from (8.29) that j1i* = U(r) (where the prime denotes differentiation with respect 


tor). Thus r can remain constant if and only if this derivative is zero. That is, 


Usglre) 


‘Therefore the “equilibrium” radius is r, = (2/ku)"/*, 
(©) The Taylor expansion of U(r) about r, gives 


Ugg) = Ugg (t9) + Ugg (tot = 10) + {U fpr) = Fo)” 


if Lignore terms higher than quadratic. The first term on the right is constant, the second is zero [by 
part (b)], and the derivative in the third is easily evaluated as Us, (r,) = 4k. If we write r — r5 = €, 
then the equation of motion (8.29) becomes jz = —4ke, and € oscillates about zero with angular 
frequency » = JI7H. 
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SECTION 8.6 The Kepler Orbits 


8.15* In deriving Kepler’s thind law (8.55) we made an approximation based on the fact that 
the sun’s mass M, is much greater than that of the planet m. Show that the law should actually 
read 1? = [412/G(M, + m)]a°, and hence that the “constant” of proportionality is actually a little 
different for different planets. Given that the mass of the heaviest planet (Jupiter) is about 2 x 1027 
kg, while M, is about 2 x 10° kg (and some planets have masses several orders of magnitude less 
than Jupiter), by what percent would you expect the “constant” in Kepler’s third law to vary among 
the planets? 


Equation (8.54) (which is exact) states that r? = ka®, where k = 42? 1/y. Because p= Myn /(M, + 
m) and y = GMym, the “constant” k is exactly k = 42?/G(M, +m). Thus k has its minimum 
value for Jupiter, kin = 472/G(M, + m)), while the maximum value (for a planet of zero mass) is 
Kmax = 4?/GM,. The fractional differen 


m; 


m 
= = 107 = 0.1%. 


(fractional difference) = ————= 
e “ ran M+m, M, 


8.17 ** If you did Problem 4.41 you met the virial theorem for a circular orbit of a particle in a 
central force with U = kr". Here is a more general form of the theorem that applies to any periodic 
orbit ofa particle. (a) Find the time derivative of the quantity G = r + pand, by integrating from time 
Oto, show that 


GO-GO) 
t 


AT) + (F +r) 


where F is the net force on the particle and (/) denotes the average over time of any quantity f 
(b) Explain why, if the particle’s orbit is periodic and ifwe make r sufficiently lange, we can make the 
lefi-hand side of this equation as small as we please. That is, the left side approaches zero as —> oo. 
(©) Use this result to prove that if F comes from the potential energy U = kr", then (T') = n(U)/2, 
if now (f) denotes the time average over a very long time. 


(a) IfG =r p.thendG/dt =i p+ 
G(t) — GO) = QT + F - dt, or, 


= mv? + F + If we integrate this from 0 to 1, we get 
viding both sides by f, 


GO= GO) _ a7) 4 Fon), (88.3) 


(b) If the motion is periodic and if K denotes the maximum value of |G] during any one cycle, then 
the numerator of the left side of this relation can never exceed 2K’. Therefore, as we let f+ 00, the 
left side approaches zero. 

(©) If U = kr", then F = —VU = —nkr"~'t, so F - r= —nkr" = —nU. Inserting this in Eq. (S8.3) 
and letting 1 > 00, we find 0 = 2(7) — (nU), if we now understand the two angle brackets () to 
denote the long-term average of whatever is between them. Therefore, (T) = n(U)/2. 


8.18 «* Ancarth satellite is observed at perigee to be 250 km above the earth’s surface and traveling 
at about 8500 m/s. Find the eccentricity of its orbit and its height above the earth at apogee. [Hint: 
‘The earth’s radius is R, * 6.4 x 10° m. You will also need to know GM,, but you can find this if 
you remember that GM,/R? = g.] 


100 


Chapter 8 


8.19 «+ The height of a satellite at perigee is 300 km above the earth’s surface and it is 3000 km at 
apogee. Find the orbit’s eccentricity. If we take the orbit to define the xy plane and the major axis in 
the x direction with the earth at the origin, what is the satellite's height when it crosses the y axis? 
{See the hint for Problem 8.18.] 


We are given the satellite's heights /igig = 300 km at perigee and ya, = 3000 km at apogee. 
‘The corresponding distances from the earth's center af Fig = Re + mig ANG Faux = Re + Fnac 
We Know from (8.50) that rigig = €/(1 + €) and rigay = €/(1 — €), from which it follows that 
€ = (Fax — Fin)/(Fmax + Fin) = 0.17. Brom this we can find ¢ = (1+ €)Fiq = 7824 km, This 
is the distance from the earth’s center when the satellite crosses the y axis, so the corresponding. 
height is ht = c— R, = 1400 km. 


8.20 ++ Consider a comet which passes through its aphelion at a distance raay from the sun, Imagine 
that, keeping rgax fixed, We somehow make the angular momentum ¢ smaller and smaller, though 
not actually zero; that is, we let € —+ 0. Use equations (8.48) and (8.50) to show that in this limit 
the eccentricity € of the elliptical orbit approaches 1 and that the distance of closest approach rnin 
approaches zero. Describe the orbit with rag fixed but € very small. What is the semimajor axis a? 


From Eq. (8.48), c= @/yp.. Therefore, as € —» 0, the length ¢ —> 0. From (8.50). rmx = ¢/(1— ©), 
80, if We Want to keep rgax fixed, € must approach 1. That is, the ellipse becomes long and thin, 
like a cigar, Albo from (8.50), Fin = ¢/(1 + €) — 0, $0 the perihelion gets very close to the sun, as 
shown. Because 24 = Fig ++ Faas in the limit a > Fyuax/2. 


= a 


8.21 see (a) If you haven't already done so, do Problem 8.20. 

(b) Use Kepler’s third law (8.55) to find the period of this orbit in terms of riyax (and G and M,). 
(©) Now consider the extreme case that the comet is released from rest at a distance ry from the 
sun, (In this case € is actually zero.) Use the technique described in connection with (4.58) to find 
how long the comet takes to reach the sun. (Take the sun's radius to be zero.) 

(@) Assuming the comet can somehow pass freely through the sun, describe its overall motion and 
find its period. 

(© Compare your answers in parts (b) and (4). 


(a) See solution to Problem 8.20 above. 

(b) For the narrow elliptical orbit, with ¢ + 0 but € #0, we've seen that @ = rmax/2. Thus, by 
Kepler's third law, (8.55), ty.) = (max) !?/ (2GM,. 

(©) With ¢ = 0, the problem is one-dimensional. When the comet is a distance r from the sun, its 
energy is mv? — y/r = E = ~y/rgax, Where, as usual y = GM,m. Therefore, as it falls toward 
the sun (segment | in the figure) its radial velocity is v, = —/2GM,/T/r — 1/rmaax- (The minus 
sign is because it is moving inward.) The time to fall from ri,,, t0 the center of the sun is 
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dr 1 fo dr Cmax)? 
v, J2GM.Jo Ji/r—Wrmx  2/2GM, 


(To do the integral, make the sustitution r/rmax = 1.) 


1 2 


4 3 
Figure $8.21 


(d) When the comet passes the center of the sun it heads straight out the other side (segment 2 in the 
picture) and moves out to the same distance rina. Next it falls back to the center (segment 3), and 
finally it passes through and moves back to its starting point (segment 4). The time to do all this is 4 
times the time 1 of part (c), so the period is 1, 2 (Fapax)/?/ /2GM 

(©) The period t,,.0) is twice as long as t,¢_,0). This is because if the comet has € small but nonzero, 
then when itreaches the sun it swings around the sun and effectively jumps from segment | tosegment 
4. IF it has € exactly zero, it doesn’t know which side to swing around and it effectively doubles its 
journey by going straight through and out on segments 2 and 3. 


8.23 #** A particle of mass m moves with angular momentum ¢ in the field of a fixed force center 
with 


Fi)= 


where k and 2 are positive. (a) Write down the transformed radial equation (8.41) and prove that the 
orbit has the form, 


© 


"O= Tyecos(BO) 


where ¢, f, and € are positive constants. (b) Find c and f in terms of the given parameters, and 
describe the orbit for the case that 0 < € < 1. (€) For what values of £ is the orbit closed? What 
happens to your results as 2 > 0? 


(a) & (b) Since F = + Au’, the transformed radial equation is 


u() 


Pu = =-p\(u—K), 


where for the third equality Ihave defined 6 = 1+ mi/€ and, forthe fourth, K = mk /(¢B)?. The 
general solution isu = K + Acos(Aq — 5), but by redefining the direction @ = Owe can makeé = 0. 
If we define € = A/K, then u = K(I + € cos Bd) and we can write r= I/u = c/(1 + €cos Bd), 
where ¢ = 1/K = @p?/mk. 

‘The denominator of r is periodic in @ with period 22/8 < 2x; if 0 < € < 1, the denominator 
never vanishes, so r oscillates between minimum and maximum values, starting out at a minimum, 
when @ = 0. Thus, the particle “tries” to follow an ellipse, but r returns to its minimum before @ has 
‘made a complete revolution 
(©) If B is a rational number, B = p/q (where p and q are integers), then the orbit will close after q 
revolutions. If is irrational, the orbit will never close. If > 0, then  —> 1 and the orbit becomes 
a Kepler ellipse. 
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8.25 «ee [Computer] Consider a particle with mass m and angular momentum ¢ in the field of a 
central force F = —k/r*/. To simplify your equations, choose units for which m = ¢ =k = 1. 
(a) Find the value r, of r at which Uzg is minimum and make a plot of Uzg(r) for 0 <r < Sr. 
(Choose your scale so that your plot shows the interesting part of the curve.) (b) Assuming now that 
the particle has energy E = —0.1, find an accurate value of rin, the particle’s distance of closest 
approach to the force center. (This will require the use of a computer program to solve the relevant 
equation numerically.) (¢) Assuming that the particle is at r = rig When @ = 0, use a computer 
program (such as “NDSolve” in Mathematica) to solve the transformed radial equation (8.41) and 
find the orbit in the form r = r(@) for 0 < @ < 7x. Plot the orbit. Does it appear to be closed? 


(a) The effective potential energy Ugg(r) is 


Ug = Ug + U = 


where the last expression results from the choice of units with m 
in the left picture below. The derivative is Ujy(r) = 1-9 + r- 
is, the effective PE is minimum at r, = 1 as indicated. 


1.This function is plotted 
and this vanishes at r = 1. That 


Figure $8.25 
(b) You can see from the left picture that if E = —0.1, the inner turning pointis at about rnin = 0.7. If 
we use this asa starting value for any equation-solving program (such as Mathematica’s FindRoot), 


we find that this root of the equation U(r) = —0.1 is actually Finn = 0.6671. 
(©) The transformed radial equation (8.41) reads u” = —u + u'/?, with the initial conditions w(0) = 
1/Frsin and w’(0) = 0. This has to be solved numerically and produces the orbit shown on the right, 
Obviously this orbit has not closed after 3.5 revolutions, and we can see that it won't close for a very 
long time: If you look closely, you can see that r has returned t0 Fxg at about g = 2.97 (actually 
2.8991 to 5 significant figures). Clearly, therefore, it cannot return to rig at an integer multiple of 
2x for at least 20,000 revolutions. (In fact, it never does, but this is harder to prove.) 


8.27 sxe At time f, a comet is observed at radius r, traveling with speed v, at an acute angle a to 
the line from the comet to the sun. Put the sun at the origin O, with the comet on the x axis (at f,) 
and its orbit in the xy plane, and then show how you could calculate the parameters of the orbital 
equation in the form r = c/{1 + € cos($ — 6)]. Do so for the case that r = 1.0 x 10! m, vp = 45 
km/s, and a = 50 degrees. [The sun’s mass is about 2.0 x 10™ kg, and G = 6.7 x 10-!! N-m?/s?] 


We are given the initial speed and radius, v, and r,, and the angle a between v, and the line from 
the comet to the sun. (And we know G and the sun's mass M.) If we denote the comet's unknown, 
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‘mass by m, then, in terms of m and the givens, we can calculate the following: 
T,= }mv2 and U,=—-GMm/r, 
and hence 
E=T,+U, C=mvg,sina, and c= €/(GMm?). 


From Eq, (8.58), 


and since r = c/[1 + € cos( ~ 5)} 
5 =arecosl(c/r — 1)/€]. 
If you look carefully, you'll see that the unknown mass m cancels from the three parameters c, €, 


and 8. (So, in practice, we may as well set m = 1.) Thus we can find the numerical values of these 
Parameters, and we've got the orbit. With the given numbers, we get 


¢=887x 10m, €=0.753, and 5 = 1.72. 


‘The figure shows distances in units of 10!! m. 


evo 
a a 


Figure $8.27 


SECTION 8.7 The Unbounded Kepler Orbits 


8.29 +» What would become of the earth's orbit (which you may consider to bea circle) ifhalfof the 
sun’s mass were suddenly to disappear? Would the earth remain bound to the sun? [Hints: Consider 
‘what happens to the earth’s KE and PE at the moment of the great disappearance. The virial theorem 
for the circular orbit (Problem 4.41) helps with this one.] Treat the sun (or what remains of it) as 
fixed. 


‘When the mass of the sun is suddenly halved, the earth’s PE is immediately halved, U = }U,. On 
the other hand, the KE is unchanged, T = T,. Therefore, the total energy becomes E = T + 
T, + {U, =0, because T, = —3U, in acircular orbit (virial theorem). Since the final orbithas E = 0, 
it is a parabola, and the earth would eventually escape from the sun. 
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8.31 s+* Consider the motion of two particles subject to a repulsive inverse-square force (for 
example, two positive charges). Show that this system has no states with E <0 (as measured in 
the CM frame), and that in all states with E > 0, the relative motion follows a hyperbola, Sketch a 
typical orbit. [Hint: You can follow closely the analysis of Sections 8.6 and 8.7 except that you must 
reverse the force; probably the simplest way to do this is to change the sign of y in (8.44) and all 
subsequent equations (so that F(r) = +y /r?) and then keep y itself positive. Assume ¢ # 0. 


Ifwe write F, = y /r? (with y positive), then E = T + U 
transformed radial equation (8.41) reads. 


+ y/r, which is never negative. The 
[Compare (8.45).] This has the solution 


rse-s-———, ($8.4) 
uw €c0s¢ — 
where c= @/yp > 0 and ¢ isa positive constant, (In general the cosine has the form cos(g — 4), 
but by redefining the zero of ¢ we can make 5 = 0.] Before showing that this is a hyperbola, we need 
to note that, as you can easily check, ¢ is related to E as in (8.58), E = (y?/20)(e? — 1). Since 
E > 0,it follows that ¢ > 1. If = 1, it is easy to check that ($8.4) defines a parabola. If € > 1, then 
multiply (S8.4) by € cos $ ~ 110 give ex ~r = c, which becomes (after some algebra) 


where a = ¢/ 
sketch, which shows the path of the relative position r = (x, y), that is, the orbit of particle 1 as seen 
from particle 2. 


SECTION 8.8 Changes of Orbit 


8.33 e+ Figure 8.13 shows a space vehicle boosting from a circular orbit I at P to a transfer orbit 2 
and then from the transfer orbit at P’ to the final circular orbit 3. Example 8.6 derived in detail 
the thrust factor required for the boost at P. Show similarly that the thrust factor required at P’ is 
2 = /(R, + RD/2R}. (Your argument should parallel closely that of Example 8.6, but you must 
account for the fact that P’ is the apogee (not perigee) of the transfer orbit. For example, the plus 
signs in (8.67) should be minus signs here.] 


The boost here occurs at P’ which is the apogee, so the continuity of the orbit implies that c2/(1— 
¢3/(1 — €) =c5, since €; = 0. If the boost factor at P’ is 2/, then €; = 2'¢3, which implies 


‘Two-Body Central-Force Problems 105 


that c = 2c). Combining these two results, we get 2? = 1/(1 — €). But we already know that 
= 22 — 1, and that 32 = 2R3/(R, + R;). Combining these, we conclude that 2/2 = 1/(2 — 2) = 
(Ry + R3)/2Rj, as claimed. 


8.35 *#* A spacecraft in a circular orbit wishes to transfer to another circular orbit of quarter the 
radius by means of a tangential thrust to move into an elliptical orbit and a second tangential thrust 
at the opposite end of the ellipse to move into the desired circular orbit. (The picture looks like 
Figure 8.13 but run backwards.) Find the thrust factors required and show that the speed in the final 
orbit is two times greater than the initial speed 


The simplest way to do this problem is to imagine Example 8.6 run backwards and to invert the 
thrust factors found there. The first thrust comes at the point P’ of Figure 8.13, and its thrust factor is, 
[compare (8.73)] 2’ = /2Rj/(R, + Ry) = V2/5 = 0.63, where R; denotes the larger radius and Ry 
the smaller, as in Figure 8.13, Similarly, the second thrust comes at P and its thrust factor is [compare 
(8.72)] A = (Ry + RD/2R; = VSB = 0.79. The speed changes during the transfer orbit, and, by 
conservation of angular momentum, v(at P) = v(at P’) Rs/ Ry. Therefore 


Yn = = 2, 


CHAPTER 9 


Mechanics in Noninertial Frames 
PROBLEMS AND SOLUTIONS 


SECTION 9.1 Acceleration without Rotation 


9.1 Be sure you understand why a pendulum in equilibrium hanging in a car that is accelerating 
forward tilts backward, and then consider the following: A helium balloon is anchored by a mas’ 
string to the floor of a car that is accelerating forward with acceleration A, Explain clearly why the 
balloon tends to tilt fonvard and find its angle of tilt in equilibrium, [Mintz Helium balloons float 
because of the buoyant Archimedean force, which results from a pressure gradient in the ait, What 
is the relation between the directions of the gravitational field and the buoyant force?) 


The bob of a pendulum at rest in an inertial frame is subject to two forces, the tension T in the 
string and the force of gravity mg. Therefore, in equilibrium T + mg = 0 or T = —mg; that is, the 
tension force must be vertically up. Since the direction of the tension force in a string is always the 
direction of the string, the string must point vertically up from the bob. That is, the pendulum must 
hang vertically down, 

We know that a pendulum in a car that is accelerating forward can be treated in the same way, 
provided we replace g with gg = g — A, which points down and backward, By the same argument, 
this means the string must point up and forward from the bob, and the pendulum as a whole tilts 
backward, 

With a pendulum it is legitimate to ignore the buoyant force Fy, of the air on the bob. With a 
helium balloon it is certainly not, since Fy is actually greater than the weight. Thus the condition for 
equilibrium of a helium balloon in a non-accelerating car is 


T=-mg+Fy). (s9.1) 


‘The direction of F,, is opposite to the pressure gradient, which is in the direction of g. (Fy pushes 
toward lower pressures.) Thus F, is vertically upward and greater in magnitude than mg, Therefore 
the right side of Eq. (S9.1) is downward, and the tension must be pulling down on the balloon. That 
is, the balloon floats vertically upward. 

If the car is accelerating forward we have only to replace g in (S9.1) with gay. Which points down 
and back. Now the buoyant force is opposite tog... 50 F,, points up and forward. Since F, is greater in 
magnitude than mg, Eq. (S9.1) implies that T must point down and back, which means the balloon 
has to be floating up and forward. The direction of the string is that of gag, So the angle of tilt is 
arctan(A/g). 


SECTION 9.2. The Tides 


9.3.» (a) Consider the tidal force (9.12) on a mass m at the position P of Figure 9.4. Write d as 
(dy — R,) = dg(1 — R,/d,) and use the binomial approximation (1 — €)~? © 1+ 2¢ to show that 
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Fig © —2GM,mR,/d,) %. Confirm the direction of the force shown in Figure 9.4 and make a 
‘numerical comparison of the tidal force with the gravitational force mg of the earth. (b) Do the 
corresponding calculations for the force at the point R. Compare this force with that of part (a) 
(magnitude and direction). 


(a) Referring to Fig.9.3, we see that, as suggested, the distance d is d = d, ~ 
at the point P, and clearly d = 4, = &. Therefore, by Eq. (9.12) 


GMym ( 1 ) ; 
foes ——__ -1)z 89.2) 
Cd 2 \a-Rjay|)™ 7) 


ls(1 = Re/d) 


Obviously this has the direction of —% as claimed. If we use the binomial approximation to write 
(1 = Re/dg)? © 1 + 2Re/do. this gives 


($9.3) 


jonal force of the earth has magnitude mg = GM.m/R2, their ratio is 


3 2 3 
&) 22 x 235% 10' «(Se i) = hx 10-7, 
5.98 x 10% (3.84 x 108 


(b) At the point R of Fig.9.4, d = dy + Re. Therefore Fy is given by Eq. (S9.2) except that the 
denominator has a plus sign instead of a minus. Clearly Fyg is now in the direction of +8. If we 
make the binomial approximation, then we get the same answer as in (S9.3) except that the minus 
sign has become a plus. That is, the tidal force at R is equal and opposite to that at P. 


9.5» Review the derivation of the tidal potential energy (9.16) of a drop of water at the point Q in 
Figure 9.5 and then give in detail the derivation of (9.17) for the tidal PE at the point P. 


Atthe point P,d = dy — R, and.x = —R. Therefore 


Usa = -GMqym (; + 
d 


@ 


_GMqm ( 1 Be) a Sitar 14 R 
d, \I-R Jd, dy dj, ae 


where in the last equality I used the binomial series to write (1 — €)~! = 1+ € + €2. 


SECTION 9.4 Time Derivatives in a Rotating Frame 


9.7 (a) Explain the relation (9.30) between the derivatives of a vector Q in two frames 8, and 8 
for the special case that Q is fixed in the frame 8. (b) Do the same for a vector Q that is fixed in the 
frame §, and compare with your answer to part (a). 


(a) If the vector Q is fixed in the frame 8, then (dQ/dr)s = 0. Thus the relation (9.30) 


(2)-(@)-#-2 
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reduces to 


(B)-22 


This is just the “useful relation’ (9.22) for the rate of change, as seen in $, of a vector Q fixed in a 
body rotating with angular velocity 2. 
(b) IF Q is fixed in §,, then (dQ/dr)s, 


0, and the relation (9.30) reduces to 


(2-20 


Again this is just the “useful relation” (9.22), except that Q is fixed in 8, and the angular velocity of 
Sq relative to 8 is —2, 


SECTION 9.5 Newton's Second Law in a Rotating Frame 


9.9% A bullet of mass m is fired with muzzle speed uv, horizontally and due north from a position 
at colatitude @. Find the direction and magnitude of the Coriolis force in terms of m, vy, @, and the 
carth’s angular velocity ©. How does the Coriolis force compare with the bullet's weight if'v, = 1000 
m/s and @ = 40 deg? 


Foo = 2mv x @ = 2mv,Qeos due east, and 


Foo _ 2oMecosd _ 2 x (1000 mvs) x (7.3 x 10 rads) x (cos40°) 


=0.0114, 
mg & 98 mis? 


9.11 ##* In this problem you will prove the equation of motion (9.34) for a rotating frame using the 
Lagrangian approach. As usual, the Lagrangian method is in many ways easier than the Newtonian 
(except that it calls for some slightly tricky vector gymnastics), but is perhaps less insightful. Let 
§ be a noninertial frame rotating with constant angular velocity @ relative to the inertial frame 8,. 
Let both frames have the same origin, O = 0’. (a) Find the Lagrangian £ = 7 — U in terms of 
the coordinates r and # of $. [Remember that you must first evaluate 7 in the inertial frame, In 
this connection, recall that v, = v + @ x r.] (b) Show that the three Lagrange equations reproduce 
(9.34) precisely. 


(a) The KE evaluated in the inertial frame 8, is T = Jmv2 = jm(v + @ x r)?, so the Lagrangian 


isL = {m+ 2x rP -U. 
(b) The derivatives of L are as follows: 
aL - a au 
Sexe + Bx 8) D2 x7) — = 
=mé+ 2x r)-0,2,,-2,) — U 
ax 
=mlé+2x 9 x 9, — 22, 
ax 


‘We can combine this with the two corresponding y and = equations, into a single vector equation 


3 = me x 2+ m(x 0) xO4F 
ir 
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Similarly 


So the three Lagrange equations are mit = F + 2m(# x 2) +m(@ x r) x @, in agreement with 
Eq, 9.34). 


SECTION 9.6 The Centrifugal Force 


9.13 + Show that the angle a between a plumb line and the direction of the earth’s center is given by 
sina = (R.Q sin 26)/(2g), where g is the observed free-fall acceleration and we assume the earth 
is perfectly spherically symmetric. Estimate the maximum and minimum values of the magnitude 
of «. 


‘The radial and tangential components of g are given by (9.45) and (9.47) as 


Brad = Bo VRsin?O~g~g —aNd——aang = N?RsinO cos = 327R sin(20) 


where I use “radial” to mean the direction of the center of the earth. From Figure 9.11, we see that 


Siang _ PR 


8nd 28 


tana = 


sin(20). 


Thus {al 
where 


is minimum at the poles and the equator, where it is zero, and maximum at latitude 45°, 
PR/2g ~0.1° as in (9.48). 


9.15 + On acertain planet, which is perfectly spherically symmetric, the free-fall acceleration has 
magnitude g = gy at the North Pole and g = Ag, at the equator (with 0 < A < 1), Find ¢(@), the 
free-fall acceleration at colatitude @ as a function of 6. 


Atthe equator, we know that g = g, — Q7R, but we are told this is Ag. Therefore Q?R = (1 = A)go. 
Now, according to (9.44), at colatitude 0, 


80 


Sof + LR sind p = —g,l# + (A — I) sinop) 


SV cos?@ + 22 sin7. 


loos 0% + 2 sin OA] 


since # = cos6z + sin@p. Therefore, (6) 


SECTION 9.7 The Coriolis Force 


9.17 * Consider the bead threaded on a circular hoop of Example 7.6 (page 260), working in a 
frame that rotates with the hoop. Find the equation of motion of the bead, and check that your result 
agrees with Equation (7.69). Usingaa free-body diagram, explain the result (7.71) for the equilibrium 
positions. 


‘As seen in a frame rotating with the hoop, there are five forces on the bead. The first three, all of which. 
act in the plane of the hoop, are the bead’s weight mg, the centrifugal force Fy = mo?R sin 0p, and 
the normal force N (actually the component of the normal force in the plane of the hoop). The other 
two are the Coriolis force Fo, and the component of the normal force normal to the hoop (neither 
of which is shown in the picture). Since these last two both act normal to the hoop, they cancel one 
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another and need not concem us further. The bead can move only in the tangential direction, and its 
equation of motion is majang = Frang OF 


mR6 = F5cos@ — mg sin @ = (mo Rsin) cos  — mg sin®, 


whence § = (w* cos — g/R) sin 8, in agreement with Eq. (7.69). 
o 


Fey 
i> 
6 


mg 
Figure $9.17 


If the bead is in equilibrium, the tangential components of the centrifugal force and the weight 
must balance, That is, F.¢cos@ = mg sin@, or cos@ = g/(@*R), since Fey = mw? R sin@. This is 
the same as Eq. (7.71). 


9.19 ++ 1am standing (wearing crampons) on a perfectly frictionless flat merry-go-round, which is 
rotating counterclockwise with angular velocity & about its vertical axis. (a) 1 am holding a puck at 
rest just above the floor (of the merry-go-round) and release it. Describe the puck’s path as seen from 
above by an observer who is looking down from a nearby tower (fixed to the ground) and also as seen 
by me on the merry-go-round. In the latter case explain what I see in terms of the centrifugal and 
Coriolis forces. (b) Answer the same questions fora puck which is released from rest by along-armed 
spectator who is standing on the ground leaning over the merry-go-round. 


(a) As seen by a ground-based observer, the puck has initial velocity QR in the tangential direction. 
Since it is subject to zero net force, it travels in a straight line at constant speed (left picture). As seen 
from the merry-go-round, the puck is subject to the two inertial forces (centrifugal and Coriolis). It 
is initially at rest, so the Coriolis force is initially zero, and the puck is accelerated outward by the 
centrifugal force. As it speeds up, the Coriolis force becomes increasingly important and the puck 
curves to the right, spiralling outward. 


ORO, 


‘View from ground from merry-go-round 
Figure $9.19 


(b) As seen from the ground, the puck is initially at rest. Since itis subject to zero net force, it remains 
at rest indefinitely. This means that, as seen from the merry-go-round, the puck describes a clockwise 
circle with angular velocity & and speed QR. This is quite a subtle result in the rotating frame. The 


112 


Chapter 9 


centrifugal force is mR outward, and the Coriolis force is 2m9?R inward; thus the net force is 
‘m2 R inward (as seen by observers on the merry-go-round), and this is just the required centripetal 
force to hold it in the circular orbit! 


stati 
a 


View from ground from merry-go-round 
Figure $9.19b 


9.21 ** When a frictionless puck slides on a rotating turntable, as in Problems 9.20 and 9.24, it can 
come instantaneously to rest. Sketch the shape of the path when this happens and explain. If you did 
Problem 9.24, comment on the relevance of this result to part (d) of that problem. 


‘Suppose that the puck comes instantaneously to rest at atime fy. Asthe puck comes to rest, the Coriolis 
force becomes less and less important, and the centrifugal force is what actually stops it. Since the 
centrifugal force is radially outward, the puck can only stop when it is headed inward, toward the 
axis of rotation O. Once it has stopped, the centrifugal force accelerates it radially outward again, 
and the orbit has the cusp shape shown. This is what happens in Problem 9.24(d). 


Figure $9.21 


9.23 #* Here is an unusual way to solve the two-dimensional isotropic oscillator — the motion of a 
particle subject to a force kr. Show that by choosing a suitable rotating reference frame, you can 
arrange that the centrifugal force exactly cancels the force —kr. Recalling the analogy between the 
Coriolis and magnetic forces, you should be able to write down the general solution for the motion 
as seen in the rotating frame. If you write your solution in the complex form of Section 2.7, then you 
can transform back to the nonrotating frame by multiplying by a suitable rotating complex number. 
‘Show that the general solution is an ellipse. [See Problem 8.11 for some guidance on this last part.) 


Let 8, be the original inertial frame and choose the plane in which the motion occurs to be the xy 
plane. Now considera frame § with the same origin and z axis as 8, and with § rotating about the 2 
axis with angular velocity ®. For any object confined to the xy plane, the centrifugal force is mS?r 
and the equation of motion (in frame 8) is 


ke $ Bop + Foe = (—k + mQ)r + Imé x D 
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If we choose @ = /E7mi (the natural frequency of the mass on the spring), the centrifugal term 
exactly cancels the spring term and we're left with mi = 2m x ©, which isexactly the equation fora 
charge q = 2m in auniform magnetic field B = & In Section 2.7, we saw that the general solution has 
the form x + ot 4 d, where c and d are any two complex constants and w = qB/m = 22. 
[See the equation between (2.79) and (2.80).] 

To translate this back to frame 8,, notice that since & is rotating counterclockwise with angular 
velocity &, the complex coordinates satisfy x, + iv, = (x + iy)e™., Therefore 


2H + dye! = ce“ + de = acos Qt + bsin Qt 


ty + i= (ce 

where a and b are two other complex constants. Taking real and imaginary parts we conclude that 
Xy=AcosQr+ BsinQr and yy = Ccos Qt + Dsin Qe 

where A, B,C, D are four arbitrary real constants. This is the same solution as was found in the 

solution to Problem 8.11, and is an ellipse for the reasons given there, 


SECTION 9.8 Free Fall and the Coriolis Force 


9.25 + A high-speed train is traveling at a constant 150 mvs (about 300 mph) on a straight, horizontal 
track across the South Pole. Find the angle between a plumb line suspended from the ceiling inside 
the train and another inside a hut on the ground. In what direction is the plumb line on the train 
deflected? 


At the south pole the centrifugal force is zero and the Coriolis force is horizontal and to the left of 
the train, with magnitude Fzge = 2mv®. There are three forces on the mass at the end of the plumb 
line: Fog. the tension T in the line, and mass’s weight mg. (See the picture, which shows the plumb 
line as seen from the rear of the train. The train’s velocity is into the page and the & is vertically 
down.) The condition for equilibrium is 


Foo + T+ mg =0. 


For the plumb line in the stationary hut, Fo, = 0. soT = —mg and the line hangs vertically, On the 
train the angle with the vertical satisfies tan = Ficg/mg = 2v/g, and the angle between the two 
ines is e = arctan(2v/g) = 0.13° with the line on the train hanging toward the left. 


Figure $9.25 
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9.27 «x In Section 9.8, we discussed the path of an object that is dropped from a very tall stepladder 
above the equator. (a) Sketch this path as seen from a tower to the north of the drop and fixed to the 
earth. Explain why the object lands to the east of its point of release. (b) Sketch the same experiment 
as seen by an inertial observer floating in space to the north of the drop. Explain clearly (from this 
point of view) why the object lands to the east of its point of release. (Hint: The object's angular 
‘momentum about the earth’s center is conserved. This means that the object's angular velocity @ 
changes as it falls. 


(a) The dominant effect as the object falls is that it acquires an increasing velocity vertically 
downward. Therefore the Coriolis force 2mv x & (with & pointing due north) points due east: The 
left picture shows the experiment as seen by someone standing north of the equator and looking 
south, 


(@) View from earth 7 (b) View from space 
Figure $9.27 


(b) As seen from space, the earth and the ladder on which the object initially rests are both rotating, 
with angular velocity ¢ = Q toward the east. When the object is released its angular momentum 
¢ = mr? must remain constant. Thus, as r gets smaller (slightly), @ gets bigger, and the object 
moves slightly ahead of the ladder from which it was released. Therefore the object lands slightly to 


the east of the ladder’s new position. 


9.29 + (a) A baseball is thrown vertically up with initial speed ug from a point on the ground at 
colatitude 8. Use the solution (9.73) of Problem 9.26 to show that the ball will return to the ground 
a distance (4Qv,° sin @)/(3g?) to the west of its launch point. (b) Estimate the size of this effect on 
the equator if vy = 40 m/s. (¢) Sketch the ball’s orbit as seen from the north (by an observer fixed 
to the earth). Compare with the orbit of a ball dropped from a point above the equator, and explain 
why the Coriolis effect moves the dropped ball to the east, but the thrown ball to the west. 


(a) With vo = Yyo = 0 and vag = vo, the trajectory given by (9.73) is 


x= -Qsino(v, — fenr, zeus 


We see that the ball does not stray in the north-south (y) direction (at least to first order in 2), 
but it does move in the east-west (x) direction. The time for the ball to return to the ground is 
found from the z equation to be fg; = 2v,/g. Substituting this value into the x equation, we find 
Xgr = —(4Qv, sin 8)/Bg?). Since this is negative, we conclude that the Coriolis effect causes the 
ball to land to the west of its point of departure. 

(b) The westerly displacement is maximum at the equator, where sin @ = 1, and the displacement is 


42v) _ 4x (7.3.x 107) x 40)> 
3 x (9.8)? 


= 0.065 m 
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or about 6 cm—not an effect that would be easy to detect. 

(©) On the upward journey, the Coriolis force accelerates the ball to the west and on the downward 
journey to the east. Thus v, starts from zero, increases (to the west) as the ball climbs, and decreases 
back to zero by the time the ball returns to the ground. Throughout the trip v, is to the west, and 
the ball lands to the west of its starting position. The dropped ball starts with v, = 0 at the top and 
its whole journey is downward, so that the Coriolis force accelerates it to the east throughout. Thus 
v, is to the east at all times, and the ball lands to the east of its initial position. In the pictures, the 
Coriolis effect is much exaggerated. 


up & down — downonly 2 (uP) 
u 
1 
< 1 
x (east) 
View from North 
Figure $9.29 


9.31 «e+ The Compton generator isabeautiful demonstration of the Coriolis force due to the earth's 
rotation, invented by the American physicist A. H. Compton (1892-1962, best known as author of 
the Compton effect) while he was still an undergraduate. A narrow glass tube in the shape of a torus 
or ring (radius R of the ring > radius of the tube) is filled with water, plus some dust particles to 
let one see any motion of the water. The ring and water are initially stationary and horizontal, but 
the ring is then spun through 180° about its east-west diameter. Explain why this should cause the 
‘water to move around the tube. Show that the speed of the water just after the 180° turn should be 
22K cos, where @ is the earth’s angular velocity, and @ is the colatitude of the experiment. What 
‘would this speed be if R ~ 1m and @ = 40°? Compton measured this speed with a microscope and 
‘got agreement within 3% 


The left picture shows the ring face-on, viewed from the north and above. The shaded segment of 
‘water has mass dm = m da/2z, where m is the total mass of water, and it experiences a Coriolis 
force dF to the east as itis swung toward the viewer. The right picture shows the ring side on, viewed 
from the west. The velocity of the shaded segment of water is v = }R sina normal to the ring. 


wa Xe\\ ves 


Figure $9.31 


The force dF is 


dF = 2dmvy x 2=2dm (GR sina)Q sin(¢ — 4) east. 
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‘This produces a torque of magnitude 
a = |r x dF| = RdF sina =2dm R°GQsin( — 6) sin’a 


tending to push the water counterclockwise as seen in the left picture. To find the total torque, we 
replace dm by m dar/2zr and integrate from a = 0 to 27. This gives 


T= [aramEesasing —). 
‘The total angular momentum given to the water is 
L= [ra =me'a f sing — O)bdt = maa sin(d — 0)dd = 2mR? Qos. 
lo 


IF V is the final speed of the water, then L = m RV, and equating these two expressions, we see that 
V =2RQcos@. With the given numbers, 


V =2 x (Im) x (7.3 x 10° radis) x (cos 40°) = 0.11 mm/s. 


SECTION 9.9. The Foucault Pendulum 


9.33 ** The general solution for the small-amplitude motion of a Foucault pendulum is given by 
(9.66). If at r= 0 the pendulum is at rest with x = A and y = 0, find the two coefficients C, and C), 
and show that because & < a, they are well approximated as C, = C= A/2, giving the solution 
(9.67). 


According to Eq. (9.66), n(t) =x + iy = e~!"(Cyel! + Cae"), The initial conditions are 
(0) = A and (0) = 0, which give us two equations for the two coefficients C, and C) 


C+Q=A and 


(Cy + Cy) + i@g(C, — Cy) =0. 


‘These are easily solved to give 


i> 


) A 
2) 4 
@) ~2 


here the approximations follow because 2. /ox, < 10-4. (The period of a Foucault pendulum is of 
order 10 s, while that of the earth’s spinning is 1 day ~ 105 s.) 


CHAPTER 10 


Rotational Motion of Rigid Bodies 
PROBLEMS AND SOLUTIONS 


SECTION 10.1 Properties of the Center of Mass 


10.1 + The result (10.7), that > mgt, = 0, can be paraphrased to say that the position vector of the 
CM relative to the CM is zero, and, in this form, is nearly obvious. Nevertheless, to be sure you 
understand the result, prove it by solving (10.4) for r, and substituting into the sum concerned. 


From (10.4), 11, = ty — R,so 


Dine, = Dinero - mR 


Now, by the definition (10.1) of the CM position, the first sum on the right is just MR, and, by 
factoring the R from the second sum, you can see that the second term is the same. Therefore, the 
two terms on the right cancel, and the sum on the left is zero. 


10.3 + Five equal point masses are placed at the five comers of a square pyramid whose square base 
is centered on the origin in the xy plane, with side L, and whose apex is on the z axis at a height H 
above the origin. Find the CM of the five-mass system. 


If we choose the x axis parallel to one of the base’s edges, the positions of the five masses are 
HLL.O), $(L,-L,0),  $(-L.L,0), $(-L,-2,0), and 0,0, H) 


‘Therefore 


and 


10.4 #* The calculation of centers of mass or moments of inertia usually involves doing an integral, 
most often a volume integral, and such integrals are often best done in spherical polar coordinates 
(defined back in Figure 4.16). Prove that 


favie= J Par [snoao fas (78.0). 
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[Think about the small volumedV enclosed between r and + dr, 6 and@ + d6, and g and ¢ + d@.] 
If the volume integral on the left runs over all space, what are the limits of the three integrals on the 
right? 


10.5 +* A uniform solid hemisphere of radius R has its flat base in the xy plane, with its center at the 
origin. Use the result of Problem 10.4 to find the center of mass. [Comment: This and the next two 
problems are intended to reactivate your skills at finding centers of mass by integration. In all cases, 
you will need to use the integral form of the definition (10.1) of the CM. If the mass is distributed 
through a volume (as here), the integral will be a volume integral with dm = dV.] 


The x and y coordinates are easy: For instance, X = (1/M) foxdV. Since every point (x, y, 2) in 
the hemisphere can be paired with a point (—x, y,2) and the contributions from these two points 
exactly cancel, we conclude that X = 0. Similarly ¥ = 0. Finally 


1 e pts, f 2n 
Zz pf eav=2 [rar f sineao [ dor cos 


1 phy. pre oy 
= if r ur [ sind cosoad f do = 
Vio 'o 


where, in passing to the final result, I used the fact that V = 32 R°. 


10.7 ** A “rounded cone” is made by cutting out of a uniform sphere of radius R the volume with 
6 <0, where 0 is the usual angle measured from the polar axis and , is a constant between 0 and 
x. (a) Describe this cone and use the result of Problem 10.4 to find its volume. (b) Find its CM and 
comment on your results for the cases that 8, = x and @, —> 0. 


(a) The “rounded cone” is like an icecream cone that has been licked down until the top surface is 
nearly flat, but is actually part of a sphere centered on the bottom (apex) of the cone. Its volume is 


i 
ve fave [uf 
te 


If 8, = 7, the “cone” is a sphere and our answer becomes the familiar V = 47 3, When 8, > 0 
the rounded top of the cone becomes flat and, with cos@, ~ 1 ~ 02/2, our answer becomes 
4 R°02 = Yxr?R where r = RO, is the radius of the top of the cone; this is the correct expression 
for the volume of an ordinary cone of radius r and height R. 

(b) As in Problems 10.5 and 10.6, X = ¥Y = 0 and 


¢ f ozdV 


25 
ao dg = 3x R¥(1 — cos 0) 


o fs, fm = 
£{ Par [ ‘sinodo [ "dércose 
M Jo lo 10 


Rpt an 
=p [rte [snocosoan [Wag = Bete 
vido lo 0 16 1—cos@, 


If 8, =7 the “cone” is a sphere and our answer becomes Z = 0; that is, the CM is at the origin, as 
expected. As @, —> 0, the answer becomes Z —> 3R, which is the correct distance from the apex of 
an ordinary cone to its CM. 
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SECTION 10.2 Rotation about a Fixed Axis 


10.9 The moment of inertia of a continuous mass distribution with density @ is obtained by 
converting the sum of (10.25) into the volume integral f p? dm = [ p?e. dV. (Note the two forms of 
the Greek “rho”: p = distance from = axis, ¢ = mass density.) Find the moment of inertia of a uniform 
circular cylinder of radius R and mass M for rotation about its axis. Explain why the products of 
inertia are zero. 


Let us put the cylinder with its axis on the z axis and use cylindrical polar coordinates. The density 
is @ = M/V where V = R°h, and the clement of volume is dV = pdp dgdz. Thus 


2 ws, fe * MR 2 
tava f ptap [ag [ az=—. © an n= dr’, 
Jo 7k? | | eg ene 


‘The products of inertia J,. and /,, are zero because the cylinder is axially symmetric about the z 
axis. 


10.11 #* (a) Use the result of Problem 10.4 to find the moment of inertia of a uniform solid sphere 
(mass M, radius R) forrotation about a diameter. (b) Do the same for a uniform hollow sphere whose 
inner and outer radii are a and b. {One slick way to do this is to think of the hollow sphere as a solid 
sphere of radius b from which you have removed a sphere of the same density but radius a.) 


(a) In terms of spherical polar coordinates, the distance from the axis out to a point (1, @,) is 
p=rsin@. Therefore, for a sphere of radius R, 


k Se ee ee 
1 =o f pay -of rar [ sin'oao [ do = oR 
lo f f 15 


since 9 = M/(47R°). 
(b) If 1(b,a) denotes the moment of inertia of a hollow sphere of outer and inner radii b and a, then 
1(b, 0) is that of a solid sphere of radius b and obviously 1(b,0) = 1(b, a) + 1(a, 0). Therefore 


1(b,a) = 1(b,0) = 1a, 0) = Zou -a" 


since @ = M/V = a [$x06* -a). 


10.13 ¢* A thin rod (of width zero, but not necessarily uniform) is pivoted freely at one end about the 
horizontal z axis, being free to swing in the xy plane (x horizontal, y vertically down). Its mass is m, 
its CM isa distance a from the pivot, and its moment of inertia (about the z axis) is /. (a) Write down 
the equation of motion 2. =P and, assuming the motion is confined to small angles (measured 
from the downward vertical), find the period of this compound pendulum. ("Compound pendulum’ 
is traditionally used to mean any pendulum whose mass is distributed — as contrasted with a “simple 
pendulum,” whose mass is concentrated at a single point on a massless arm.) (b) What is the length 
of the “equivalent” simple pendulum, that is, the simple pendulum with the same period? 


(a) The equation £, = I, implies that 16 = —mga sin @ ~ —mgad. This implies SHM with angular 
frequency @ = Jmga7T and hence period « JT[imga 
(b) The period of a simple pendulum is r = 2 /T7g and these two periods are equal if L = J/(ma). 
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10.15 ** (a) Write down the integral (as in Problem 10.9) for the moment of inertia of a uniform 
cube of side a and mass M, rotating about an edge, and show that itis equal to 3 Ma?. (b) If balance 
the cube on an edge in unstable equilibrium on a rough table, it will eventually topple and rotate until 
ithits the table. By considering the energy of the cube, find its angular velocity just before it hits the 
table. (Assume the edge does not slide on the table.) 


(a) 1 = }Ma?, (See Example 10.2, Eq. (10.47)]. 

(b) The initial energy of the cube is pure PE and, since the CM is a height a/V/3 above the table, 
Eig = Mga/V2. The KE just before impactis { f~* and the PEis Mga/2. Therefore, by conservation 
of energy 


10.17 ** Write down the integral for the moment of inertia of a uniform ellipsoid (mass M) with 
surface (x/a)* + (y/b)? + (z/c)? = | for rotation about the z axis. One simple way to do the integral 
isto make achange of variables to ¢ = x /a, = y/b, and = z/c. Each of the two resulting integrals 
canbe related to the corresponding integrals for a sphere (as in Problem 10.11). Do this. Check your 
answer for the case a = b = c. 


‘The moment of inertia for rotation about the z axis is I. = @ [dx [dy [dz (x? + y?), where the 
integral runs through the interior ofthe given ellipsoid. If we make the suggested change of variables, 
then dx = a dé and so on, and the integral becomes: 


cate fag fan fae ce? + 09%) 


= abe (a? fas fan face?+0* fas fan face) ($10.1) 


where the boundary for these new integrals is the unit sphere ¢? + 9? + ¢? = 1. Each of the two 
integrals in the second line can be easily evaluated. For example, in [dé fdn [dé €? the integral 
Sdn [dg gives the area of a disk of radius 1 — €, so that 


fos fan facet=x f'aa-ee= *. 


‘The second integral in ($10.1) is the same, and we conclude that 


Im Rorabeta? +i)= pM +B) 


where I got the second equality by substituting @ = M/({abc). (If you don’t remember that the 
volume of an ellipsoid is $2 abe, you can find it by doing the integral {dV using the same changes 
of variables.) Notice that for a sphere of radius R this reduces to the familiar /.. = 3M R2. 


SECTION 10.3. Rotation about Any Axis; the Inertia Tensor 


10.19 * Verify that the components of the vector x (@ x r) are given correctly by Equation (10.35). 
Do this both by working with components and by using the so-called BAC — CAB rule, that is 
Ax (Bx C) =B(A-C) — C(A- BB). 
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(a) Because 
(y. 0,0.) and F=(x,y,2) 
it follows that 
@ XP = (0,2 —@.y, WX — 042, @Y ~ Wyk) 
and hence 


[r x @ x Py = Wey — x) — (0.x — 0,2) = (9? +P), — xy@, — xz, ($10.2) 


This is exactly the x component of Eq. (10.35), and, since the other two components work the same 
way, we've proved (10.35). 
(b) By the BAC — CAB rule, r x (w x F) = @(r +r) ~ rr + @),s0 


[rx (@ x), = 0x? + y? + 


= x(r@, + yoy + 20, 


(On the right side, the first and fourth terms cancel and the remaining four reproduce the right side of 
Eq, (S10.2). Once again the other two components work the same way, and we've proved (10.35). 


10.21 ** The definition of the inertia tensor in Equations (10.37) and (10.38) has the rather ugly 
feature that the diagonal and off-diagonal elements are defined by completely different equations. 
‘Show that the two definitions can be combined into the single equation (which is slightly less messy 
in integral form) 


fows, =rrpdVv 


ij 


where 5,, is the Kronecker delta symbol 


lisj 
by fb iad: (10.116) 


Let us start from the given expression and show that it’s elements are equal to the usual definitions 


(10.37) and (10.38). First 
= fo 


which is exactly the definition (10.37) (in integral form). The two other diagonal elements work the 
same way. Meanwhile, 


I 


xxydV = / oy? + 


hy= feo —xy)dV =— fecoav 


which is exactly the definition (10.38). The other off-diagonal elements all work the same way, and 
‘we've shown that the proposed definition agrees with the original one. 


10.23 «* Consider a rigid plane body or “lamina,” such as a flat piece of sheet metal, rotating about 
point O in the body. If we choose axes so that the lamina lies in the xy plane, which elements of 
the inertia tensor I are automatically zero? Prove that /.. = I, + yy 
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Since the whole body lies in the plane z = 0, the four products of inertia involving z are all zero, 


10.24 +* (a) If 8" denotes the moment of inertia tensor of a rigid body (mass M) about its CM, and 
the corresponding tensor about a point P displaced from the CM by A = (¢, 1, ¢). prove that 


[eg = 1S + MOP +07) and 


and so forth. (These results, wl 
in introductory physics, mean that once you know the inertia tensor for rotation about the CM, 
calculating it for any other origin is trivially easy.) (b) Confirm that the results of Example 10.2 
(page 381) fulfill the identities (10.117) [so that the calculations of part (a) of the example were 
actually unnecessary]. 


10.25 +* (a) Find all nine elements of the moment of inertia tensor with respect to the CM of a 
uniform cuboid (a rectangular brick shape) whose sides are 2a, 2b, and 2c in the x, y, and = directions 
and whose mass is M. Explain clearly why you could write down the off-diagonal elements without 
doing any integration. (b) Combine the results of part (a) and Problem 10.24 to find the moment of 
inertia tensor of the same cuboid with respect to the comer A at (a,b, €). (e) What is the angular 
‘momentum about A if the cuboid is spinning with angular velocity « around the edge through A and 
parallel to the x axis? 


(a) As in (10.45) 


f ax fay [azo +2. 
al ae 


This is the sum of two terms, each of which is easily evaluated. For example, the first term is, 


fe five [a Sabie = +MB 
Oleg deg ae ae 


‘The second term works the same way, and we conclude that /,, = 4M (b? + c?), with corresponding 
results for J,, and J... Since the plane z = 0 is a plane of reflection symmetry, it follows that the 
that involve 2 are all zero. Since the other two planes are likewise 
symmetry planes, we see that all six off-diagonal elements are zero. Thus the whole inertia tensor 
(which I'll rename IS since it is for rotation about the CM) is 


i P+ 0 ) 
m=-M/ 0 +a 0 
2 0 


four off-diagonal elements /, 


(b) The “generalized parallel axis theorem” gives the inertia tensor I with respect to axes through an 
arbitrary pivot, in terms of the tensor I°* referred to parallel axes through the CM. The displacement 
A= (€,7,¢) from the CM to the comer A is just (a,b,c). Thus, Iy, = 1" + M(B? + 2) = 
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$M (b? + c?), with similar results for the other two diagonal elements. The off-diagonal elements, 
of I™ are all zero, so J, = —Mbc, and so on. Thus the whole inertia tensor with respect to A is 


1 [4@ +e) —3ab —3ac 
Ta 5M] 3a 4? +a°) abe |. 


—3ea —3cb (a? +5) 


(©) If @ is parallel to the x axis, then @ has components «, 0, and 0 and, carrying out the indicated 
‘matrix multiplication, we find that L = Iw has components 4 M(b? + c?)w, Mabe, and — Maco. 


10,27 +» Find the inertia tensor fora uniform, thin hollow cone, such as an ice-cream cone, of mass 
-M, height hand base radius R, spinning about its pointed end. 


Let the mass density of the cone be o (mass/area) and let us use the cylindrical coordinates p and 
@ to specify positions on the cone. (We could equally use z and g, but p and @ are marginally 
more convenient.) If we imagine dividing the surface into strips as shown, and the strips into small 
increments of angle d@, then the element of area is dA = (dp/sinaz)(p d@). The moment about the 
axis is then 


pn “ 
fours dana f f pbcest . ox (s10.3) 
lo Jo sina 2sina 


aw R?/ sina. 
= M, the total 


since the @ integral is just 2 and the p integral is 4/4. The area of the cone is 
(You can check this by doing the integral A = f dA if you want.) Thus a7 R2/ 
mass. Therefore, /.. = MR?/2. 


Figure $10.27 
‘The other two moments, /,, and /,,, are equal by rotational symmetry, and 
Teg = foo +2)dA. 
‘The first term here is the same as the second term in ($10.3), where the two terms are equal (by 
rotational symmetry again). Thus the first term of J, is just half of /,,. In the second term of I, 


‘we can replace z by ph/R (by similar triangles), and we see that the second term is h?/R? times 1... 
Putting these together, we find that 


Tex = yy = (FF MYR), = {M(R? + UP), 


Finally, all ofthe off-diagonal terms are zero by rotational symmetry about the axis. Therefore 


1 [eR +20) 0 0) 
I=jM 0 (R429) 0 |. 


0 0 2k? 
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SECTION 10.4 Principal Axes of Inertia 


10,29 * Prove that if the axes Ox, Oy, and Oz are principal axes of a certain rigid body, then the 
inertia tensor (with respect to these axes) is diagonal with the principal moments down the diagonal 
as in (10.66). 


‘That Ox is a principal axis means that if @ is along O.x then L is also along O.x. If we think in 
terms of matrices, this says that if @ is a column with entries «, 0,0, then L = Ia is a column whose 
second and third entries are also zero. This requires that /,, = IL, = 0. Similarly, that Oy and Oz 
are principal axes requires that /,, = .y = Oand J,. = I,. = 0. This leaves I with I,,, fy. and Ie, 
down the diagonal and zeroes everywhere else. 


10.31 #* Consider an arbitrary rigid body with an axis of rotational symmetry, which we'll call 
2. (a) Prove that the axis of symmetry is a principal axis. (b) Prove that any two directions & and 
§ perpendicular to and each other are also principal axes. (¢) Prove that the principal moments 
corresponding to these two axes are equal: 2 = 22. 


(a) Ifthe z axis is an axis of rotational symmetry, then we saw in Example 10.1(c) that fx. = 1) 
Therefore, if @ = (0,0, 0), then L = (1,20), 1,200, I:s0) = (0, 0, I:.c) and 2 is a principal axis. 
(b) Let us choose any two perpendicular directions in the plane z = 0 as our x and y axes. Because 
2 is an axis of rotational symmetry, the xz plane is a plane of reflection symmetry, and this implies 
that /,y = 0 [Example 10.1(b)]. Therefore all off-diagonal elements of I are zero, and the x and y 
axes are principal axes. 

(©) lex = f oly? + 2)AV and by = f o(x? + 2?)dV. Now consider a rotation through 90 degrees 
about the z axis. On the one hand this interchanges y and x (but leaves z unchanged), but, because 
of the rotational symmetry, it doesn’t change the body at all. Therefore, the two integrals are equal 
and I,, = I,y; that is, Ay = Ag. 


10.33 *** Here is a good exercise in vector identities and matrices, leading to some important general 
results: (a) For a rigid body made up of particles of mass m,,. spinning about an axis through the 
origin with angular velocity , prove that its total kinetic energy can be written as 


T =4 Yom, (or,)* — (+44). 


Remember that v,, = @ x r,. Youmay find the following vector identity useful: For any two vectors 
aandb, 


(a x by =a°h? — (aby. 


(If you use the identity, please prove it.) (b) Prove that the angular momentum L of the body can be 
written as 


L= So mglor,? — ra(o + ral 


For this you will need the so-called BAC — CAB rule, that A x (B x C) = B(A- C) — C(A- B). 
(©) Combine the results of parts (a) and (b) to prove that 
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Prove both equalities. The last expression is a matrix product; @ denotes the 3 x 1 column of 
numbers @,, @,, «., the tilde on @ denotes the matrix transpose (in this case a row), and I is 
the moment of inertia tensor. This result is actually quite important; it corresponds to the much 
‘more obvious result that for a particle, T = {v - p. (d) Show that with respect to the principal axes, 
T = {Qo} + 220? + 2303), as in Equation (10.68). 


(a) First 


1Dn 


Now, for any two vectors, a-b = ab cos @ and |a x b| = absin@, so (a-b)? + (a x b)? = a2b?, 
which is the required identity. Substituting into (10.4), we get the required result 


Lomo x 4). (s10.4) 


T=} Domalo*r? — (o-ra)*} ($10.5) 


() 
L= Dnata x Va = Domate * (@ x Fy) 


= LV mlotty ty) — rer) ($10.6) 
(©) If we dot Equation ($10.6) with w we find 

OL =D melon? - (org = 27, 
as given by (S10.5). Therefore, 


($10.7) 


‘The second identity concerns the translation between vector and matrix notations. It may help to 
have a temporary notation that distinguishes between vectors and matrices. Let us agree to identify. 
matrices with an underscore. Thus if r = (x, y, 2), I shall write 


) 


‘Similarly, I shall write the inertia tensor as I and the angular momentum (column vector) as L 
To sce what the vector dot product looks like in matrix notation, consider the following (as usual, a 
tilde denotes the transpose): 


by 
weve] a,b, +a,b, + a,b, =a-b. 


In other words, the vector dot product a-is the same as the matrix product ab of the row representing 
a and the column representing b. Substituting into Eq, ($10.7), we see that T = }w-L. 
claimed. 

(@) With respect to the principal axes I is a diagonal matrix with the principal moments 2, 23, 
and A3 on the diagonal. Therefore L =I is the column with elements 20), A202, 2303 and 
T=!o-L 10} + hye} + Ayw}). 
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SECTION 10.5 Finding the Principal Axes; Eigenvalue Equations 


10,35 ** A rigid body consists of three masses fastened as follows: m at (a, 0, 0),2m at 0,4, a),and 
3m at (0, a, ~a). (a) Find the inertia tensor I. (b) Find the principal moments and a set of orthogonal 
principal axes. 


@) 
Teg = may? +22) = 0 + 2m(a@? + a) + 3m(@? +a) = 10a? 
= Domae? + x2) = mla?) + 2m(a?) + 3m(a?) = 6ma® 
Loma aa) = 0 = 2m(a) — 3m(—a) = ma® 
—LomaFera) =0+040=0=1,, 
Therefore 


(b) For convenience write the eigenvalues of I as 4 = ma?X’. Then 


(S108) 


w-7 0 0 
O) 1 6-2 


nanan 0 6-¥ 1 


‘This has determinant det(I — 41) = (ma®)(10 ~ ’)(7 ~ 2’)(5 ~ 2’). Therefore the three eigenval- 
vues (that is, the three principal moments) are 


and 43 = Sma? 


To find the comesponding principal axes, we must substitute A), 42, and A3 in tum into ($10.8) 
and solve the equation (I — 21 0. For the first eigenvalue, this gives three equations, 0 = 0, 
=4az + a3 = 0,and a3 — 4a; = 0. Therefore, a2 = a3 = Oand a = (a}, 0,0). Thus for aunit vector 
in the direction of the first principal axis we can take e, = (1,0, 0); that is, the first principal axis is 
the x axis. The other two principal axis are found in the same way to be 


= 301) and = 3(0,1,-). 


In this case, the second axis points toward the mass 2m, and the third toward the mass 3m. 


10.37 #** A thin, flat, uniform metal triangle lies in the xy plane with its comnersat (1, 0, 0), (0, 1, 0), 
and the origin. Its surface density (mass/area) is ¢ = 24. (Distances and masses are measured in 
‘unspecified units, and the number 24 was chosen to make the answer come out nicely.) (a) Find the 
triangle’s inertia tensor I. (b) What are its principal moments and the corresponding axes? 


(a) Since all mass is confined to the plane z = 0, 


1px 
tux fovaane [ds [Yay =o/t2=2 
lo Jo 
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Iyy is the same, and from Problem 10.23, we know that 


I,, and [,, are both zero, and 


y 
OM _yat-x 
x 
ro} 1.0) 
Figure $10.37 


Therefore 


2 -1 0 
I=|-1 2 0 
o 0 4 


|. If we set d= Ay 


ments are Ay = 1, 2 
three equations «, — 


and As 
0, « — 
is e, = (1, 1, 0)/V2. Setting 4 = Az and 2 = Ay in turn, we can similarly find the other two principal 


the equation (I — 2.1) = 0 implies the 
); thus, the corresponding principal direction 


directions to be ey =1,0)/¥2 and e; = (0,0, 1). 


SECTION 10.6 Precession of a Top Due to a Weak Torque 


10.39 * Consider a top consisting of a uniform cone spinning freely about its tip at 1800 rpm. If its 
height is 10 cm and its base radius 2.5 cm, at what angular velocity will it precess? 


According to Eq, (10.83), the rate of precession is & = Mg R/(A.xo), where R isthe distance from the 
tip tothe CM of the cone, R = jh, and A; s the moment of inertia about the cone's axis, A3 
{Eq. (10.59)]. Therefore Sgh/(2r?w) = 21 rad/s © 200 rpm. 


SECTION 10.7 Euler’s Equations 


10.41 +* Consider a lamina rotating freely (no torques) about a point O of the lamina. Use Euler’s 
equations to show that the component of w in the plane of the lamina has constant magnitude. [Hint: 
Use the results of Problems 10.23 and 10,30. According to Problem 10.30, if you choose the direction 
€ normal to the plane of the lamina, e3 points along a principal axis. Then what you have to prove 
is that the time derivative of ? + «? is zero.] 


Choose axes 1, 2, and 3 to be the principal axes through O. with axis 3 perpendicular to the lamina. 
(By Problem 10.30, this is a principal axis.) By Problem 10.23, the corresponding principal moments 
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satisfy Ay + 42 = 43. The component of w in the plane of the lamina has magnitude squared w? + 7. 
whose time derivative is 


(S10.9) 


Now, by Euler's equations, 
Ay, = (a — Ag )opt3 = —2 0203 
where the second equality follows from the result of Problem 10.23. Thus, 


oy, — and similarly 2 = 40x). 


Substituting into Eq. (S10.9), we conclude that 


42 


a 


oe} 


~Oyoyn; + Wyo, 


SECTION 10.8 Euler’s Equations with Zero Torque 


10.43 +* I throw a thin uniform circular disc (think of a frisbee) into the air so that it spins with 
angular velocity « about an axis which makes an angle a with the axis of the disc. (a) Show that 
the magnitude of @ is constant. [Look at Equation (10.94).] (b) Show that as seen by me, the 
disc's axis precesses around the fixed direction of the angular momentum with angular velocity 
2, = wy/4 — 3sin® a. (The results of Problems 10.23 and 10.46 will be useful.) 


(a) From (10.94) we see that 


@ = «2 cos(Qpt) + 2 sin 


since both «, and «; are constant. 
(b) From (10.94) and (10.95), we see that w, L and e; lie in a plane and, as seen in the body frame, 
@ and L precess around e, with angular frequency (10.93) 


aa-Ay 


= 


03 = cosa 


since (from Problem 10,23) 3 = 2A, and «s = « cosa. As seen by me (in the “space” frame), the 
vector L is fixed and w precesses around L with frequency 2, given by Eq, (10.118) in Problem 
10.46 


10.45 ** Because of the earth’s equatorial bulge, its moment about the polar axis is slightly greater 
thatthe other twomoments, 2 = 1,00327A, (but 4, = 2). (a) Show that the free precession described 
in Section 10.8 should have period 305 days. (As described in the text, the period of this “Chandler 
wobble” is actually more like 400 days.) (b) The angle between the polar axis and w is about 0.2 are 
seconds. Use Equation ($10.10) from Problem 10.46 (below) to show that as seen from the space 
frame the period of this wobble should be about a day. 
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(a) From Equation (10.93) the rate of precession of w about the earth’s axis €3 is 2, = 341 — 
23)/41 = 0.003275. The period of this precession is 


a 1 ee 
~~ Q, 0.00327 a 


% 306 days 


because 2x /ws = | day. This is very nearly, but not quite, the claimed 305 days. The discrepancy is 
because 27 /«s is actually 1 sidereal day (the time for one rotation of the earth relative to the stars), 
and a sidereal day is less than a solar day (what we normally consider to be a day) by about one part 
in 365. Thus 306 sidereal days are equal to about 305 solar days. 

(b) From Fig.10.9 we see that tana = @,/os. Since a is tiny (a = 0.2 arcseconds ~ 10~° rad), 
this means that «9, < and hence @ = || ~ os. Similarly from (10.95), L = |L| * Ls = Ay0s. 
‘Therefore the rate of precession of w in the space frame, as given by Eq. (10.96), is 2, 
2Ayos/hy * ey, and the corresponding period is r, = 2/2, * 2 /ay = I day. 


10.46 *** We saw in Section 10.8 that in the free precession of an axially symmetric body the three 
vectors ¢; (the body axis), #, and L lie ina plane. As seen in the body frame, ¢; is fixed, and w and L, 
precess around e; with angular velocity 2, = «(2 ~ As)/2.As seen in the space frame L is fixed 
and w and e; precess around L with angular velocity @,.In this problem you will find three equivalent 
expressions for 2. (a) Argue that 2, = 9, +. [Remember that relative angular velocities add like 
vectors.] (b) Bearing in mind that 5 is parallel to €3 prove that 2, = sin a/ sin@ where a is the 
angle between e; and w and 6 is that between es and L (see Figure 10.9). (c) Thence prove that 


oaalitt . b 


ler h ($10.10) 


10.47 #*+ Imagine that this world is perfectly rigid, uniform, and spherical and is spinning about its 
‘usual axis at its usual rate. A huge mountain of mass 10-* earth masses is now added at colatitude 
60°, causing the earth to begin the free precession described in Section 10.8. How long will it take 
the North Pole (defined as the northern end of the diameter along ) to move 100 miles from its 
current position? [Take the earth’s radius to be 4000 miles. 


‘Once the mountain has been added, the earth has only one axis of symmetry es, which goes through 
the mountain. In accordance with (10.93), the angular velocity « now precesses about the mountain 
at a rate (as seen by us on earth), where (if M denotes the mass of the earth and m = 10-8M that 
of the mountain) 


The distance d = 100 mi moved by the pole in time ris 


= (Rsina)Qyt. Therefore, 


a 2Md 
(Rsina)Q,— SmRosina cosa 


r, putting in the numbers (including « = 27: /day), t = 3.68 x 10° days © 1000 years. 
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SECTION 10.9 Euler Angles 


10.49 +* Starting from Equation (10.100) for L, verify that L, is correctly given by Equations 
(10.102) and (10.103). 


Equation (10.100) gives the angular momentum L of the top in terms of the basis vectors e,, e, and 
3. To find L, = L - 2 we need to know the scalar product of each of these three vectors with 2, These 
are easily read off from Fig.10.10 as. 


e&: 


—sine, and €3+ = cosd. 


According to (10.100) 


+AslW + doosA)es. 


L=(—Aybsin de} + 2,0 


Taking the dot product of this with 2, we get 


=L 


1G sin? + d3(H + G.c08) cos8 


which is Eq. (10.102). Finally, using (10.101) we can replace (¥ + @ cos) with L3/23 to give 
16 sin?@ + L cos, which is (10.103). 


SECTION 10.10 Motion of a Spinning Top 


10,51 * Verify that the energy of a symmetric top can be written as E = 4), 
effective potential energy is as given in (10.114). 


+ Uzys(0), where the 


From (10.105) we find 


E=T +U = 5A¢" sin’ + 6) + fAa(W + bcose)? + MgReosd 
2 22 
, = OM P 
= $a0? + Ge bacos 5 3 Mgr coso = a6? + Ue 
aoe Day sin’ CT Adee aaa ea) 
where, in moving to the second line, I used (10.104) to replace $ by (L, — L;.cos@)/(A, sin’@) and 
(10.101) to replace (yv + cos @) by L/A3. The value of Uzgy in the last expression is easily read 
off from the previous one and agrees exactly with Eq. (10.114). 


10.53 ** In the discussion of steady precession of a top in Section 10.10, the rates © at which 
steady precession can occur were determined by the quadratic equation (10.110). In particular, we 
examined this equation for the case that « is very large. In this case you can write the equation as 
aQ? + bQ +c =0 where b is very large. (a) Verify that when b is very large, the two solutions of 
this equation are approximately —c/b (which is small) and —b/a (which is large). What precisely 
does the condition “b is very large” entail? (b) Verify that these give the two solutions claimed in 
(10.111) and (10.112). 


(a) We can write Eq. (10.110) for 2 as aQ? + b2 +. = Dif we define a = 210050, b= 
and c = MgR. The two solutions for & are, of course, 


b+ VP —4ac 
= 


2303, 
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If B? > dac, the solution with the minus sign is approximately 2 © (—b — b)/2a = —b/a. The 
solution with a plus sign requires a little more care. With b? >> dac, we have VB* — 4ac = b(1 — 
4ac/b*)'/2 = b — 2ac/b, so the second solution is 2 ~ (—b + b — 2ac/b)/2a = ~c/b. The con- 
dition for the validity of these two approximate solutions is just that b? > 4ac. (If b < 0 the two 
solutions reverse roles.) 

(b) If we put back the values of a, b, and c, thetwo solutions become & = —b/a = Ays/ (A, cos) in 
agreement with (10.112) and & = —c/b = MgR/(.yo3) inagreement with (10.111). The condition 
b? > 4ac for these to be good approximations translates to 43? >> 424M R cos 0; if we assume 
‘Ay and 23 are not too different, this condition is roughly 44303 > Mg R cos 6 (I've dropped a factor 
of 2) or, even more roughly, that the KE of rotation is much greater than the gravitational PE. 


10.55 *** The analysis of the free precession of a symmetric body in Section 10.8 was based on 
Euler's equations. Obtain the same results using Euler's angles as follows: Since L is constant you 
may as well choose the space axis 2 so that L = L2. (a) Use Equation (10.98) for # to write Lin 
terms of the unit vectors e’;,€'y, and e,, (b) By comparing this expression with (10.100), obtain three 
‘equations for 6, @, and W. (¢) Hence show that @ and @ are constant, and that the rate of precession 
of the body axis about the space axis Z is , = L/2, as in (10.96). (d) Using (10.99) show that the 
angle between w and e, is constant and that the three vectors L., «, and es are always coplanar, 


(a) With 2 chosen in the direction of L and given by (10.98), 
L=Li=—Lsinde, + Leosde;. (S10.11) 


(b) Comparing this with Eq. (10.100), L = (Ad sin @)e} + Abe + As(V + dcosA)es, we find 
the following three equations: 


Ayo sind = L sind, 0, and Ag +4080) =Leosd. ($10.12) 
(©) The second of Eqs. ($10.12) implies that @ is constant. Cancelling the sin @ from the first equation, 
‘we see that @ is constant, @ = L/Ay. Since ¢ is the rate at which the body's axis precesses about the 
space axis 2, this agrees with the prediction (10.96), 2, = L /2, for that same rate. 

(d) According to (10.99) 


w= (-dsind)e,, + ( + dcosA)es. (810.13) 


‘We already know that the coefficient of e, is constant, and, by the third of Eqs. ($10.12) the coefficient 
of es is also constant. Therefore, both; and lo] are constant, and so, therefore, is the angle between 
wand ey. 

From Eqs. (S10.1 1) and ($10.13) it is clear that both L and @ lie in the plane defined by ey and 
3. Therefore, L, w, and e; are coplanar at all times. 


10.57 +##* (a) Find the Lagrangian for a symmetric top whose tip is free to slide on a frictionless, 
horizontal table. For generalized coordinates use the Euler angles (@,¢, /) plus X and ¥, where 
(X, ¥, Z) is the CM position relative to a fixed point on the table. (Note that the vertical position Z is 
not an independent coordinate, since Z = R cos.) (b) Show that the CM motion of (X, Y) separates 
completely from the rotational motion. (e) Consider the two possible rates of steady precession 
(10.111) and (10.112) (for given @ and 3). How do these differ in the present case from their 
corresponding values when the tip is held at a fixed pivot? 
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(a) Writing the KE as the sum of that of the CM plus that of the rotation about the CM, we get 


La IMP 4? +27) + LI 


in?@ + 67) + LAS + G.cos@)? — MgR cos 


where A$" and 2$" are the principal moments for rotation about the CM and Z = R6 sin. [Compare 
Eq. (10.106).] By the parallel axis theorem (Problem 10.24) the moments about the CM are related 
to those about the tip as follows: 


we and —MR. ($10.14) 


(b) Clearly the motion of X and ¥ is independent of that of @,@, and y/, and the position (X, Y) 
moves like a free particle with X and ¥ constant. 

(©) In steady precession @ is constant, so Z = 0. Therefore the angular part of the Lagrangian is 
the same as before, in (10.106), except for the replacement of the moments as in ($10.14), and the 
precession rates are given by the same formulas as before, but with the new moments, The rate of 
the fast precession is given by (10.112) as 2ayx = A303/(21 608 8). In view of the relations ($10.14), 
you can see that 23%, > OF. (for given @ and 3). That is, the fast precession is even faster when 
the tip is free to move. 


keep the next term in that approximation, we find 


ol AyMgR =| 
om 2 SEE | 1 4. MEE COSC 
wen T3005 Oso? 

(To check this, do Problem 10.53 and keep one extra term.) Thus the slow precession isa little slower 
when the tip is free to move. 
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Coupled Oscillators and Normal Modes 
PROBLEMS AND SOLUTIONS 


SECTION 11.1 Two Masses and Three Springs 


111+ In discussing the two carts of Figure 11.1, [mentioned that i is simplest to assume that when 
the two carts are in equilibrium the lengths L, La, L3 of the three springs are equal to their natural, 
unstretched lengths /,, //5. However, this assumption is not needed, and the three springs could 
all be in tension (or compression) at the equilibrium position. (a) Find the relations among these 
six lengths (and the three spring constants k,, k, ks) required for the two carts to be in equilibrium, 
(b) Show that the net force on either cart is exactly as given in Equation (1 1.2), irrespective of how 
L 4, La, Ly compare with /, 2.15, just as long as.x, and.x are measured from the carts’ equilibrium 
positions. 


(a) When the two carts are in equilibrium, the tensions in the three springs must be equal, so 
ky(Ly ~ 6) = kyl ~ &) = ky(Ly ~ 6). 


(b) The net force on cart 1 is 


F(on cart 1) = ky(xy + Ly — by) + kgleg — xy + Ly — &) = —kyxy + ky(ty — 4) 
because the term involving L; ~ ¢; cancels that involving Ly ~ €2. This is exactly the expression 
(11.1), derived on the assumption that the springs were unstretched in equilibrium. The force on cart 


2 works similarly. 


SECTION 11.2. Identical Springs and Equal Masses 


11.3 Find the normal frequencies for the system of two carts and three springs shown in Figure 
11.1, for arbitrary values of my and m2 and of k,, k2, and ks. Check that your answer is correct for 
the case that my = my and ky = ky = ky. 


Using the matrices M and K given in Eq. (11.5), we find 


ky + ky — mot why 


ce [ -h by thy—m, 


[Compare Eq. (11.14).] Hence 
det(K — @?M) = m ym eo* — [my (ky + ks) + amy (key + ka)” + (kph + Kyks + Kak) 
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This is zero when 


w= 
Imymz 


rn (ka + ks) + ma(ky +a) 


mfg + ky? + m3 hy + he)? + 2m mak — kyke — kyks — kaks)} 


‘Therefore, these are the two normal frequencies (squared). 
If my = my =m and ky = ky = ky =k, these reduce to 
Eq. (11.15). 


(k/m)(2 + 1) in agreement with 


11,5 #* (a)Find the normal frequencies, «», and», forthe twocarts shownin Figure 11.15, assuming 
that mm =m and ky = ka. (b) Find and describe the motion for each of the normal modes in turn, 


rs ry 


Figure 11.15 Problems 11.5 and 11.6. 


‘The quickest way to find the equation of motion for the system of Fig.11.15 is to set ky =0 in 
Fig. 11.1. With my = m and k, = ky as well, the mass and spring-constant matrices are given by 
Eq, (11.5) as 


If we define a, = /E7m and hence k = may2, the characteristic equation becomes 


det(K = @?M) = m(w* — 3a 207 + 0,4) = 0, 


so the normal frequencies are given by «? = w2(3 + V5)/2. 


(b) If we substitute « =o = ay (3 — V5)/2, the equation (K — «? Ma = 0 yields ay = ay(1 + 
5)/2 = 1.62a,. Thus the first normal mode has the form 


x1 = Acos(wt—3) — and x2 = L62Acos(wt — 5). 


where A and 5 are arbitrary constants. In the first mode the two carts oscillate in phase, the second 
one with the larger amplitude. Similarly, in the second mode, we find ay = a,(1 — /5)/2 = —0.62a, 
and so 


X= Acos(ont—5) and xy = ~0.62A cos(at — 5). 


where (in general) A and 5 are different constants. In this mode the two carts move 180° out of phase, 
and cart 2 has the smaller amplitude. 


11.7 «* [Computer] The most general motion of the two carts of Section 11.2 is given by (11.21), 
with the constants A,, A, 5), and 5; determined by the initial conditions. (a) Show that (11.21) can 
be rewritten as 
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x(t) = (Bycosayt + Cysine,t) [i] + (Bycosant + C2 sinert) [ bal 


This form is usually a little more convenient for matching to given initial conditions. (b) If the carts 
are released from rest at positions x,(0) = x3(0) = A, find the coefficients By, Bp, Cy, and C and 
plot.x,(¢) and x9(t). Take A = @, = Land 0 <1 < 30 for your plots. (¢) Same as part (b), except that 
(0) = A but x50) = 


(a) Since A cos(ot — 5) = Acoswt cos5 + Asinot sind = Bcoswt + Csinot, we can immedi- 
ately rewrite (11.21) in the given form. 
(b) From the given form, you can see that 


_ [Bi +B F ccs + antr 
x= [Fre and &(0) [ ] (silty 


but we are given that (0) 
(SIL.1), we find that 


x0) = A and (0) 


4i3(0) = 0. Solving for the coefficients in 


B=A and Bh =C= 


Substituting into the given form, you can sce that this solution happens to be the frst normal mode, 
a result we could have anticipated since the system started out with x, = x) and i 


4" Part (b) 4” Part (©) 


Figure $11.7 


(6) In this case the initial conditions are x (0) = A and x (0) = (0) = (0) = 0. Putting these into 
the left side of (S11.1), you will find that 


B= 


A/2 and C=C 


‘This is an equal mixture of the two normal modes and produces the graphs shown in the right-hand 
figures above. 


11.9 +* (a) Write down the equations of motion (11.2) for the equal-mass carts of Section 11.2 with 
three identical springs. Show that the change of variables to the normal coordinates &, = $(xy + x2) 
and & = (x — x9) leads to uncoupled equations for é, and £,. (b) Solve for & and é and hence 
write down the general solution for x, and x3. (Notice how very simple this procedure is, once you 
have guessed what the normal coordinates are. For a simple symmetric system like this, you can 
sometimes guess the form of ¢ and > by considering the symmetry — especially once you have 
some experience working with normal modes.) 


(a) With identical masses and springs, the two equations of motion (111.2) are 


mi, =—2kxy +key and mig = kx, — 2kxy 
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we find that m&, 


-¢. Similarly, if we 
~3kg, These 


equations for &, and & are uncoupled, as claimed. 
(b) The general solutions of the equations of motion for & and & are ¢ 
Ap.cos(o%yt — 3p), where Aj, Ap, 5, and 5 are arbitrary constants, «9 
Therefore 


Ay cos(@t — 4)) and & = 


VETm, and wo, = /3k]m. 


1 = G1 + & = Aycos(wyt — 5)) + Az cos(st — 52) 
and 
9 = G1 — &y = Ay cost — 5)) — A costont — 53) 


in agreement with Eq. (11.21), 


11.11 +** (a) Write down the equations of motion corresponding to (11.2) for the equal-mass 
cans of Section 11.2 with three identical springs, but with each cart subject to a linear resistive 
force —bv (same coefficient b for both carts) and with a driving force F(t) = Fycoswt applied 
to cart 1. (b) Show that if you change variables to the normal coordinates = }(xy + x2) and 
(xy = x2), the equations of motion for & and g> are uncoupled. (c) Using the methods of 
Section 5.5, write down the general solutions. (d) Assuming that 6 = b/2m < oo, show that & 
resonates when @ © a = /k7m and likewise & when w © V3.) Prove, on the other hand, that 
if both carts are driven in phase with the same force F,cosor, only shows a resonance. Explain, 


(a) As in Section 5.4, let us define 6 = b/2m and 


/m. Then the equations of motion are 


Hy = —2Bi — 2w2x, + w2xy + (Fy/m) cost 
(S11.2) 


¥y = -2fiy +o 2x, — 2o2xp. 
(b) If you take first the sum and then the difference of these two equations, you should get 
G+ 2ps +02 = fycosor and & + 28&, + 302k, = fycoswt, (S11.3) 


where fy = F,/(2m). These two equations for ¢, and > are uncoupled, as advertised. 
(©) The equation for is the same as Eq. (5.57) for a single driven oscillator and can be solved in the 
same way. We write ¢(t) = Re &(t) and try a solution of the form ¢(t) = Cye"*. Substituting this 
‘guess into the first of Eqs. ($11.3), we find that itis a solution provided (—« + 2iBw + 2)C\ = fy. 
‘Thus we have found a solution with C, = A,e~!® where A, is given by the resonance formula (5.64) 


a fe 


t= aaa ape Sig) 


and the phase shift 5; is given by (5.65). To this particular solution we can add any solution of the 
corresponding homogeneous equation, and the general solution has the form 


Ex(t) = Ay cos(wt — 5)) + Bye cos(et — 1) 


where B; and 3; are arbitrary constants, determined by the initial conditions, and the frequency of 
the transient is «, The second of Eqs. (S11.3) can be solved in exactly the same way 
giving an analogous expression for €(¢), the only important differences being that the amplitude of 
the particular solution is given by 
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(SIL) 


@) 1B Ko, 
from ($11.5) A has a sharp maximum close to « = 32. 
(©) If both carts are driven in phase with the same driving force, then both of the equations of motion. 
(S11.2) contain the term (F,/m) cost. Therefore the equation in ($11.3) for ¢, has the same form as 
before (except that f, = F,/m now) but the equation for £5, which comes from taking the difference 
of the two equations ($11.2), contains no driving force at all. Therefore, ¢, shows the same resonance 
as before (with twice the amplitude), but ¢> shows none. 

‘The reason for this difference is easy to see. The mode represented by ¢, has the two carts 
oscillating exactly in phase, while in that of 5 they oscillate 180° out of phase. By driving them 
in phase, we are driving mode 1 but not mode 2. 


SECTION 11.3 Two Weakly Coupled Oscillators 


11.13 +## [Computer] Consider the two carts of Section 11.3, coupled by a weak spring and subject 
to a resistive force —by (same force for each cart). (a) Write down the equations of motion for x, 
and .x) in the form (11.2) and show that if you change to the normal coordinates & = $(xy +3) and 
&2 = L(x, — 2p) the equations of motion for & and gare uncoupled. (b) Solve for (1) and g(t) 
assuming that the dissipative coefficient b is small (“underdamped motion.” as in Section 5.4), and 
hence write down the general solution for x(t) and x3(t). (¢) Suppose that cart 1 is held atx, = A 
and cart 2 at x7 = 0, and they are released from rest at ¢ = 0, Find and plot the two positions as 
functions of for < ¢ < 80, using the values A =k ke ).2, and b = 0.04. (In matching 
the initial conditions, take advantage of the fact that b < 1, and use a suitable computer program to 
make the plot.) Comment on your plots. 


(a) The two equations of motion in the form (11.2) are 


bi —(k + hyde hye) and 


=biy thx K+ k)xy. (S116) 
If we add these two equations, we find that 


me, =—biy— key or & + 288, + 06, 


where I have introduced B = b/2m as usual and w? = k/m. Similarly if we subtract the second of 
Eqs. (S11.6) from the first we get 


+2BS +07 =0 
where «/? = (k + 2k2)/m. The equations for &, and &, are visibly uncoupled. 
(b) The solutions of these two equations are given in (5.38), though they are slightly more convenient 
in the equivalent form 


=e P(Bicosmt +Cysinot) and & =e *"(B,coswot + Csinayt), 


= A/2, and hence that B, = By = A/2. The initial 
velocities area little more complicated since & (0) and é3(0) both contain two terms, one proportional 
to B (from differentiating the factor e~"). However, to the extent that 6 < ag, we can ignore these 
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factors and the initial conditions tell us simply that C, Thus 


xy (A /2)e®" (coset + coset) and xz = & — & = (A/2)e*' (cost — coswyt). 


ro 


Putting in the given numbers we get the two plots shown below, where you can see how the energy 
is transferred back and forth between the two carts and, at the same time, slowly dissipated. 


x 


t 
80 


Figure $11.13 


SECTION 11.4 Lagrangian Approach: The Double Pendulum 


11.15 #* Write down the exact Lagrangian (good for all angles) for the double pendulum of Figure 
11.9 and find the corresponding equations of motion, Show that they reduce to Equations (11.41) 
and (11.42) if both angles are small. 


Combining (11.38) and (11.37), we find 
L= JO + mL 74? + myLL2byb. c08(0, — &) + 4m.L 742 
= (my +my)gLy(1 = cos )) — mygL3(1 = cosy). 
Since 


BE ny + m3)L 344 + mph Lady c05(6) - $2) 

ag) 

the , equation is 

}2cos($i — $2) — mzL1L2b2(oi — 2) sin(r — $2) 


= —mpLLobid2 


(my + m3)L 7b, + maL Lx 


(1 — 2) — (my + ma)gL sin gy. 


Since the first term on the right cancels the second to last term on the left this simplifies slightly to 


2 c0s($1 ~ 2) + mL L267 sin(g1 — 2) 


= —(m, + mg)gLy sing. 


(my + my) 71 + mL AL: 


In the same way the > equation is 


‘mzL Ly, 60s(y — b2) + myLF9y — maL Lad; sind, — 3) 


= ~m gL sin $y. 
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Ifboth 4, and ¢ are small, then cos($; — 3) ~ Land sin @ ~ @ (for either angle), Also the last term 
‘on the left of both equations is the product of three small quantities and can be neglected. With these 
approximations, the two equations here reduce to precisely Equations (11.41) and (11.42). 


11.17 ** (a) Find the normal frequencies and modes of the double pendulum of Figure 11.9, given 
that my = 8m, mz =m, and Ly = Lz = L. (b) Find the actual motion [6,(t), 2(0)] if the pendulum. 
is released from rest with , =0 and ¢ = a. Is this motion periodic? 


(a) From (11.44) we find 
m=me[} ‘] and K=mi203 [5 J 


whence 


a2 — 0) 


(S1L7) 


Kot =mi?[ 


and det(K — @?M) = m?L¥(4o.? — 3w2)(20” ~ 32). Thus the normal frequencies are 


of =jo2 and 


If we put @ = 0 in Eq. (S117), the equation (K — @?M)a 
@ = wp, we find 3a = —ap. Thus, 


implies that 3a, = ap. If we put 


for the first mode, 


=4[3] and forte second.a = Aa]. 


where A, and A) are arbitrary complex constants. Inthe first mode the pendulums oscillate in phase 
with the amplitude of the lower one three times that of the upper. In the second mode the pendulumns 
oscillate exactly out of phase with the amplitude of the lower one three times that of the upper. 

(b) The general solution is a sum of the two modes given above. The initial conditions that (0) = 0 
while $2(0) =o and }, = ¢ =0 require that 


elef]e[SH[] tm fonfs] soe S]]-L5] 


‘Ay = «2/6. Putting in the time dependent exponentials and taking the real 


[2] sll o-[S=4 


Because «» = V2, this is not periodic. 


which imply that Ay = 
part, we conclude that 


Figure 11.18 Problem 11.19 
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11.19 #** A simple pendulum (mass M and length L) is suspended from a cart (mass m) that can 
oscillate on the end of a spring of force constant k, as shown in Figure 11.18. (a) Assuming that 
the angle ¢ remains small, write down the system’s Lagrangian and the equations of motion for x 
and @. (b) Assuming that m = = g = Land k = 2 (all in appropriate units) find the normal 
frequencies, and for each normal frequency find and describe the motion of the corresponding normal 
mode. 


(a) The PE (measured from the equilibrium positions) is 


U = $kx? + MgL(1 — cos) © hx? + 3MgLo? 


The KE is a bit trickier because the velocity of the bob M is the vector sum of the velocity ¥ of the 
support and L¢ of the bob relative to the support. In general these are in different directions, but as 
Jong as remains small they are essentially parallel, and the KE is 


T © bmi? + Mi + LG)? = fom + Mi? + MLiG + IML7G?. 


From these you can write down the Lagrangian £ and the two Lagrange equations. The x equation 
is 


(m+ Mk + MLO = —kx 
and the @ equation is 
MLi + ML2$ =—MgLo. 


‘We can write these as a single matrix equation, Mi = —Kq, if we define 


x m+M ML ik 0 
a-[3]: w= ("i ue}: =. -& [* iat] 


(b) With the given values, the matrix (K — @M) is 


k-oM= [7737 


which has determinant det (K — @?M) = 2(1 — @*)? = o 
are the zeros of this determinant and are 


¥2=077) and w= 2+ V2 =185. 


‘The motion in each corresponding mode is given by the equation (K — @”M)a = 0. For the first 
mode, this gives ay = 2a), so the cart and bob oscillate in phase (both moving to the right and then 
both moving to the left), with the bob's amplitude (of motion relative to the cart) /2 times bigger 
than the cart’s. For the second mode, a = — 2a), 50 the cart and bob oscillate exactly out of phase, 
again with the amplitude of the bob equal to /2 times that of the cart. 


— 4o? + 2. Thenormal frequencies 


ch 


SECTIONS 11.5and 11.6 The General Case & Three Coupled Pendulums 


11.21 * Verify that if U 
Kj; = Kj, then 3U/aq; 


$D) Xe Kjngiqu, where the coefficients K; are all constant and satisfy 
3, Kijq;-as claimed in Equation (11.58). 
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Let us focus our attention on a single coordinate g;..The double sum that defines U contains n® terms 
because both j and k run from 1 ton. We can divide these n? terms into four groups: first, a single 
term with j =k =i; second, (n — 1) terms with j =i but k #1; third, (m — 1) terms with j #7 
but k = i ; and finally (n — 1)? terms with both j and k not equal to i. This gives 


U=3Ky9e +4 Kuga + 40K gt 4 Kaan (11.8) 
a in ata 
= 3 Kia? +4 Ky + 4 Kya (su 
im jab 


Here, in passing from ($11.8) to ($11.9), I replaced the dummy index & in the second term on the 
right of (SI1.8) by j and used the fact that K’j; = K,, inthe third term. We can now differentiate with 
respect to g; to give [note that the whole third sum in (S11.9) is independent of qj, so its derivative 
is zero} 


ae = Kua +O Kya = Kiay- 
% ivi d 


11.23 +* Equation (11.73) gives the three normal frequencies of three coupled pendulums in natural 
units with L =m = 1. We have already seen that the value of «? in arbitrary units is g/L. Find the 
values of «} and «? in arbitrary units. [Hint: Start by considering the quantity @} — @?.) 


Equation (11.73) asserts that @? = g, 
L =m =|, that is, a system in which the unit of length is L and the unit of mas 
difference of the first two results of (11.73), we see that @? — @? = k or 


+k, and w? = g + 3k in a system of units where 
‘Taking the 


(S110) 


in a system of units where the unit of mass is m. Now, as you can easily check, the dimension of k 
is (k] = MT? while that of « is [o] = T~'. Therefore, [k/(w} — w?)] = M, and ($11.10) asserts 
that k /(@} — @?) is a mass whose value is 1 in our special units where m = 1. Therefore its value 
in any system is, 


a-4 


eo} + k/m = g/L +k/m., Similarly w? = g/L + 3k/m. 


11.25 «+ Consider a system of carts and springs like that in Figure 11.1 except that there are three 
equal-mass carts and four identical springs. Solve for the three normal frequencies, and find and 
describe the motion in the corresponding normal modes. 


‘The mass and spring constant matrices are 


from which we find 


det(K — 0? M) = m* 202 ~ 0) [2 - V2)03 - 0] [2 + V2)02 - 0°] 
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where I have introduced the shorthand, «, = /E7mi. Thus the normal frequencies are 


=e 2- V2, = 05V2, and = = @y24+ V2 


In the first mode, the eigenvector a has a; = a3 = a2/ V2, so all three carts oscillate in phase, with 
the middle cart’s amplitude ¥/2 bigger than the outer two. In the second, a) = 0, while ay = so 
the middle cart is stationary, while the first and third oscillate exactly out of phase. In the third mode, 
a, = a; = —ay/ V2, so the first and third carts oscillate in phase, while the middle one is exactly out 
of phase with amplitude /2 times bigger. 


11.27 +* Consider two carts of equal mass m on a horizontal, frictionless track. The carts are 
connected to each other by a single spring of force constant k, but are otherwise free to move freely 
along the track. (a) Write down the Lagrangian and find the normal frequencies of the system, Show 
that one of the normal frequencies is zero. (b) Find and describe the motion in the normal mode whose 
frequency isnonzero. () Do the same for the mode with zero frequency. [Hint: This one requires some 
thought. Itisn’t immediately clear what oscillations of zero frequency are. Notice that the eigenvalue 
‘equation (K — @?M)a = 0 reduces to Ka = 0 in this case. Consider a solution x(t) = a f(t), where 
J(t) is an undetermined function of ¢ and use the equation of motion, M% = —Kx, to show that 
this solution represents motion of the whole system with constant velocity. Explain why this kind of 
‘motion is possible here but not in the previous examples. 


(a) The Lagrangian is 


LaT -U = ji? + 82) = $kCxy = a9)? = fm? + 42) — Ske? = 2p +43) 


so the matrices M and K are 


(where @2 = k/m) and det(K — @M) = me? (wu? — 202). Therefore, the two normal frequencies 
are @ = 0 and w, = V2m,, 

(b) If we put = a», the equation (K — w?M)a = 0 requires that a = —a,. That 
two carts oscillate exactly out of phase while their CM remains stationary. 

(©) If we put @ = @, = 0, the equation (K — @?M)a = 0 reduces to Ka = 0, which requires that 


if (0), then 


the equation of motion MX = —Kx becomes f =0, so that f(t) = x5 + vot. In this mode the 
separation of the two carts is constant and their CM moves with constant velocity. The mode is 
possible because neither cart is attached to any fixed point, so there are no external forces; total 
momentum is conserved, and one possible motion is uniform motion of the CM with no internal 
motion. 


in mode 2, the 


ay = ay; that is, a= [ ; (times any constant). If we try a solution of the form x(t) 


11.29 #** A thin rod of length 2b and mass m is suspended by its two ends with two identical vertical 
springs (force constant k) that are attached to the horizontal ceiling. Assuming that the whole system 
is constrained to move in just the one vertical plane, find the normal frequencies and normal modes 
of small oscillations. Describe and explain the normal modes. [Hint: It is crucial to make a wise 
choice of generalized coordinates. One possibility would be r, g, and ar, where r and specify the 
position of the rod’s CM relative to an origin half way between the springs on the ceiling, and o is 
the angle of tilt of the rod. Be careful when writing down the potential energy.] 
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Figure $11.29 


Pll introduce the following notations: 
L. = unstretched length of either spring 
1r. = distance of rod below ceiling in equilibrium 
(r, @) = position of CM of rod 
‘z= angle between rod and horizontal 
For small oscillations: 
L, = (length of spring 1) ~r — bar 
Ly = (length of spring 2)  r + ber 
1 =r. + €, where ¢ is small 
In equilibrium, the total tension in the two springs must balance the weight of the rod, so 


2K(ry — Lo) = mg. (SIL) 


‘Spring 1 is stretched by the amount L — Lo, so its PE is Uy = 4k(Ly — Lo)? = k(r = Ly = ba). 
Similarly, spring 2 has PE U = 4k(L2 — Lo)’ = 4k(r — Ly + ba). Therefore, the total spring PE. 
is 


U, 


p+ Up = k(r — Ly)? + koro? 


=k(r, — Ly + ©)? + kb?a? 
=const + 2k(ry — Lee + ke? + kb?a? ($11.12) 


Meanwhile the gravitational PE is 


Us, = —mgr cos © ~mg(rg + €)(1 — 9° /2) * const — mge + mgroh*/2 (S11.13) 


where in the first approximation I set cos ~ 1 — @?/2 and in the second I dropped all terms with 
products of three or more small quantities. The total PE is found by adding Eqs. (S11.12) and 
(S11.13). By Eq. (S11.11), the terms linear in ¢ cancel, and we find 


ap + U gy = he? + Agr g? + kb*a. 


bine? + 176") + 41a? ~ 4mé? + 4mr 26? + Smb*a?. 


‘The Lagrangian is £ = T — U, as usual. 

‘The r equation is mé = —2ke. This says the rod can oscillate vertically up and down, with angular 
frequency «, = 27m. The factor of 2 is because both springs are being stretched or compressed. 

‘The ¢ equation ismr2$ = —mgr,@. This says the rod can swing sideways like a simple pendulum 
with angular frequency @ = \/g/rg- 

‘The « equation is 4mb7G = —2kb?w. This says the rod can oscillate (up on the left and down on 
the right, then vice versa), with angular frequency »; = /6k/m. Notice that because £ involves no 
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cross terms (no terms involving more than one variable) the three Lagrange equations are uncoupled 
‘That is, the three coordinates r, @ and a are already normal coordinates and oscillate independently. 


11.31 #** Consider a frictionless rigid horizontal hoop of radius R. Onto this hoop I thread three 
beads with masses 2m, m, and m, and, between the beads, three identical springs, each with force 
constant k. Solve for the three normal frequencies and find and describe the three normal modes. 


Figure $11.31 


‘The three equilibrium positions are located at 120° to one another, as indicated by the dashed lines, 
‘The three masses are m, = 2m and m = m3 = m, and their positions are their angles, and so on 
from their equilibrium positions. The total KE is 


T = $mR*(24? + 63 +2) 
and the PE is 


U = $4R° [(6, — #3) + 2 - 97° +s 0") 


‘To simplify the writing, I'll use units with m . This means, in particular, that the unit of 
frequency is «, = V/E7m, the frequency of a single mass m on a single spring. The matrices M and 
K are 


and 


‘Therefore, as you can check, det(K — @”M) 
are @ =0, o = V2, and @; = V3. (In arbitrary units the last two would be o: 
3 = V30,,) If we put @ = 0 in the equation (K — «?M)a = 0, we find that a, 
in the first mode the three masses move with constant speed around the hoop at their equilibrium 
separation. (Compare Problems 11.27 or 11.28.) If we put . we find a, = ay = —ay; thus, 
in the second mode, mass 1 oscillates one way while the other two oscillate the other. Finally, with 
© =o, We find a, = 0 and a3 = —az, and in the third mode, mass 1 is stationary, while 2 and 3 
oscillate 180° out of phase. 


2a?*(w* — 2)(c* — 3) and the normal frequencies 
V2, and 
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SECTION 11.7. Normal Coordinates 


11,33* The eigenvectors ay, and a that describe the motion in the two normal modes of the 
‘wo carts of Section 11.2 are given in (11.78). Prove that any (2.x 1) column x can be written as a 
linear combination of these two eigenvectors; that is, ay) and ajay are a basis of the space of (2 x 1) 
columns. 

x 

3 


From (11.78) aq) = [ i] and a) = [1] Ifris any 2 x I column, r= [ } then by inspection 
xt 


11.35 #* Consider the two coupled pendulums of Problem 11.14. (a) What would be a natural choice 
for the normal coordinates &, and £3? (b) Show that even if both pendulums are subject to a resisitive 
force of magnitude bu (with b small), the equations of motion for ¢ and 2 are still uncoupled. 
(c) Find and describe the motion of the two pendulums for the two modes. 


(a) The first normal mode has $, = $2 and the second has $, = ~y. Thus if we define ¢, = ) + 2 
and & = $1 ~ @ the first mode is an oscillation of €, with & remaining zero, and the second mode 
is the other way round. 

(b) The gravitational torque on either pendulum has the form Ppray = —mgL sing ~ —mgLd. The 
tension in the spring is approximately k (> ~ $,) andthe velocity of either bob has the form v = Lo. 
‘The equations of motion in the form 14 = I’ read (after alittle tidying up) 


28d, and 


k k 
+E )ark L 


pe ee oe 
s m 


where 28 = b/m. Adding these equations gives an equation for ¢, and subtracting them gives a 
separate equation for &: 
( g 
L 


, ¥ 2k "y 

=f 2m ad =~ ($+ 2) e- 208. 
7 

(©) These equations can be solved as in Section 5.4 to give 


= Aye cos(ot —5)) and & = Age cos(anyt 


&) 


where @, = (g/L) — B? and w = (g/L) + (2k/m) — B®, and Aj, 6), Az, 5 are constants de- 
termined by the initial conditions. Both modes die out exponentially with the same decay constant f. 
In mode | (£3 = 0) the two pendulums oscillate with frequency «. In mode 2 (& = 0), they oscillate 
‘out of phase with frequency «. 


PART II 


FURTHER TOPICS 


CHAPTER 12 


Nonlinear Mechanics and Chaos 
PROBLEMS AND SOLUTIONS 


Warning: Even when the motion is nonchaotic. itcan be very sensitive to tiny errors, In several of the computer 
problems you may need to increase your working precision to get satisfactory results 


SECTION 12.1 Linearity and Nonlinearity 


12.1 + Consider the nonlinear first-order equation ¢ = 2./x — 1. (a) By separating variables, find a 
solution x;(2).(b) Your solution should contain one constant of integration k, so youmight reasonably 
expect it to be the general solution. Show, however, that there is another solution, x9(t) = 1, that is 
not of the form of x(t) whatever the value of k. (e) Show that although xy(t) and x9(t) are solutions, 
neither Ax (1), nor Bx(t), nor xy(t) +.x9(t) are solutions. (That is, the superposition principle does 
not apply to this equation.) 


(a) The equation & = 2V — 1 can be separated as dx/(2Vx — 1) = dr, which can be integrated to 
give Vx — 1 =1 +. Solving for x we see that the function x)(1) = (¢ + k)? + 1 isa solution of the 
original equation for any value of the constant k. 

(b) Clearly the function x3(r) = | satisfies the original equation and, equally clearly it is not of the 
form xj(1) for any choice of the constant k. 

2AV/x1 = 1= 2A /4G/A — whichis not equal to 2x5 — unless 
B,then.é4 = 0, which is not equal to2 x4 — I unless B = 1. Finally, 


2m — 1 =2\/%s — 2, which is not equal to 2/5 — 1. 


12.3 Consider a second-order linear homogeneous equation of the form (12.6). (a) Write out a 
detailed proof of the superposition principle, that if x(F) and.x3(¢) are solutions of this equation, then 
s0 is any linear combination axy(t) + ax9(t), where a, and a3 are any two constants. (b) Consider 
now the nonlinear equation in which the third term of (12.6) is replaced by r(¢)/x(2)- Explain clearly 
why the superposition principle does not hold for this equation. 


(a) If x, and x, are solutions of (12.6), then 


Piytqiytrm=0 and pit giy trey 
If we multiply the first of these by any constant a, and the second by a, and add, we find 
Play%y + ayy) + qlayiy + ayia) + rary + a3x2) =0. 


‘That is, the function a,x, + ax is also a solution of the same differential equation, 
(b) If x and x, are solutions of the proposed nonlinear equati 


pi tqitryx=0 (si2.1) 
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then 
Pi tagitryR=0 and pit qi t+rym=0. ($12.2) 


Let us consider whether the function x = x1 +.x2 is also a solution of this same equation. To this end 
we try adding the two equations (S12.2) to give 


pit qi tri + VD ($12.3) 
‘This equation is nearly, but not quite, the proposed equation ($12.1). Unfortunately, unless either x, 
or.xp is zero, JX] + JT x VF Fy. Thus because x = xy + xy satisfies ($12.3), itdoes nor satisfy 
(12.1), and the superposition principle does not hold for the nonlinear equation ($12.1). [Another, 
slightly simpler, way to show the same thing would be to prove that ax, does not satisfy ($12.1) 
unless a =0 or 1.) 


SECTION 12.3 Some Expected Features of the DDP 


12.5 Use Euler's relation and the corresponding expression for cos (inside the front cover) to 
prove the identity (12.15). 


Because cosx = | (¢* +e), 


cost = | (eM + 3e* + SoH + eM) 


=f [se He) + Hee + eM] = flcos3x + 3e08.). 


12.6 +* [Computer] (a) Use appropriate sofware to solve the equation (12.11) numerically, fora DDP 
with the following parameters: drive strength y = 0.9, drive frequency «w = 2:r, natural frequency 
, = 1.Se, damping constant B = «,/4, and initial conditions 4 (0) = 4(0) = 0. Solve the equation 
and plot your solution for six cycles, 0 <1 <6, and verify that you get the result shown in Figure 
12.3. (b) and (¢) Solve the same equation twice more with the two different initial conditions 
(0) = +x /2—both with (0) = 0—and plot all three solutions on the same picture. Do your 
results bear out the claim that, for this drive strength, all solutions (whatever their initial conditions) 
approach the same periodic attractor? 


SECTION 12.4 The DDP: Approach to Chaos 


12,7 «+ [Computer] Do all the same calculations as in Problem 12.6 but with a drive strength 
y = 1.06 andfor0 <r < 10. In part (a) verify that your results agree with Figure 12.4. Do your results 
suggest that there is still a unique attractor to which all solutions (whatever their initial conditions) 
converge? (AC first sight the answer may appear to be “No,” but remember that values of ¢ that differ 
by 2x should be considered to be the same.) 


‘The solutions with the initial conditions (b) and (c) merge within about 3 cycles and oscillate nearly 
sinusoidally about @ = 0. The solution (a) is much slower to settle down and eventually oscillates 
about @ = 277. To check that all three solutions do really have the same long- term behavior, you could 
plot @(t) — 27 for solution (a); when this is done, all three agree perfectly (on the scale shown) after 
about ¢ = & 
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Figure $12.7 


12.8 ++ [Computer] Use a computer to find a numerical solution of the equation of motion (12.11) 
fora DDP with the following parameters: drive strength y = 1.073, drive frequency « = 27, natural 
frequency oy = 1.5, damping constant f= «9/4, and initial conditions (0) = /2 and p(0) = 0. 
(a) Solve for 0 <1 < 50, and then plot the first ten cycles, 0 <1 < 10. (b)'To be sure that the initial 
transients have died out, plot the ten cycles 40 <1 < 50, What is the period of the long-term motion 
(the attractor)? 


12.9 +* [Computer] Do the same calculationsasin Problem 12.8 with all the same parameters except 
that @(0) = 0. Plot the first 30 cycles 0 <1 < 30 and check that you agree with Figure 12,5. Plot the 
ten eycles 40 <1 < 50 and find the period of the long-term motion, 


Figure $12.9 


The left plot agrees well with Figure 12.5(a). From the right plot it is pretty clear that the period 
is 2. [Important note on precision: Although chaos has not set in, the solution is quite sensitive to 
ial conditions and hence also to rounding errors. I found the curves shown using Mathematica’s 
NDSolve function, starting with the default precision of 15 significant figures. I then increased the 
precision to 16 (WorkingPrecision —> 16), and again to 17, and on to 21 in integer steps. The curves 
for precision 15 and 16 looked quite like one another, but when I increased the precision to 17 the 
curve changed radically. From then on it made no visible change, indicating that the rounding errors 
had probably become negligible (for the range 0 <1 < 50) 


12.11 «* Testhow well the values of the thresholds y,, given in Table 12.1 fitthe Feigenbaum relation 
(12.17) as follows: (a) Assuming that the Feigenbaum relation is exactly true use it to prove that 
nat — Yo) = (1/8 — 71) and, hence, that a plot of In(y,.1— Yq) against n should be a 
straight line with slope — In 5. (b) Make this plot for the three differences of Table 12.1, How well 
do your points seem to bear out our prediction? Fit a line to your plot (either graphically or using a 
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least squares fit) and find the slope and hence the Feigenbaum number 5. [You would not expect to 
get very good agreement with the known value (12.18) for two reasons: You have only three points 
toplot and the Feigenbaum relation (12.17) is only approximate, except in the limit of large n. Under 
the circumstances, you will find the agreement is remarkable. ] 


(2 = yp). Therefore 


1 1 
(8) ust — Ya) = 5 On — Yo) = 551 — Moa) = =i 


Inn 41 — Ya) = —(n = I) Ind + InQ» — yy). 


(b) The least-squares line has slope — 1.54, giving 5 = e'** = 4,66, compared with the correct value 
4.67 


In(ynes ~ 0) 
-6 
-6 
3_n 
-74+_— 
1 2 
Figure $12.11 


SECTION 12.5 Chaos and Sensitivity to Initial Conditions 


12,13 You can see in Figure 12.13 that for y = 1.105, the separation of two identical pendulums 
with slightly different initial conditions increases exponentially. Specifically A@ starts out at 10~+ 
and by 1 = 14.5 it has reached about 1. Use this to estimate the Liapunov exponent 2 as defined in 
(12.26), A¢(t) ~ Ke. Your answer should confirm that 2 > 0 for chaotic motion, 


‘The crests in Fig. 12.13 fall pretty close toa straight line with positive slope, confirming that the crests 
of A¢ grow exponentially. From the graph we see that Ag (0) = 10-4 and Ag (14.5) ~ 1. According 
to Eq, (12.26), AG(t)/A¢(0) = e*. Therefore 


1 n( 280) = d tn( ga) = 064. 
rae) ~ 145 "\104 


12.15 #* [Computer] Numerically solve the equation of motion ( 
parameters: drive strength y = 0.3, drive frequency 
constant 6 = @,/4, and initial conditions (0) = $(0) =0. Solve for the first five drive cycles 
(<1 <5) and call your solution (1). Solve again for all the same parameters except that (0) = 1 
(that is, the initial angle is one radian) and call this solution $3(1). Let A@(1) = 2(1) — (0) and 
make a plot of log |A9(1)| against r. Does your plot confirm that A(t) goes to zero exponentially? 
Note: The exponential decay continues indefinitely, but Ag(r) eventually gets so small that it is 
smaller than the rounding errors, and the exponential decay cannot be seen. If you want to go further, 
you will probably need to crank up your precision. 


11) for aDDP with the following, 
2:r, natural frequency «, = 1.5, damping 


From = 0105, the crests of log |A¢ (1)| decrease perfectly linearly, confirming that Ag (1) decreases 
exponentially. 
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Figure $12.15 


12,17 ++ [Computer] In Figure 12.15, you can see that for y = 1.503 the DDP “tries” to execute 
1a steady rolling motion changing by 2 once each cycle, but that there is superposed an erratic 
‘wobbling and that the direction of the rolling reverses itself from time to time. For other values of 
the pendulum actually does approach a steady, periodic rolling. (a) Solve the equation of motion 
(12.11) fora drive strength y = 1.3 and all other parameters as in the first part of Problem 12.14, for 
0 <1 <8. Call your solution g(t) and plot it as a function of r. Describe the motion, (b) It is hard 
to be sure that the motion is periodic based on this graph, because of the steady rolling through —27r 
each cycle. As a better check, plot g(t) + 2711 against time. Describe what this shows. This kind of 
periodic rolling motion is sometimes described as phase-locked. 


(a) The pendulum rolls through 27 each cycle, with a regular looking oscillation superposed. 


O+2nt © 
* 


Figure $12.17 


(b) In the plot of (1) + 21, with the rolling motion subtracted out, we can see clearly that the 
oscillations become very regular after two or three cycles. 


SECTION 12.7. State-Space Orbits 


12.19 + Consider an undamped, undriven simple harmonic oscillator —a mass m on the end of a 
spring whose force constant isk. (a) Write down the general solution x(1) forthe position as afunction 
Of time f. Use this to sketch the state-space orbit, showing the motion of the point [x(1), (2)] in the 
two-dimensional state space with coordinates (x, i). Explain the direction in which the orbit is traced 
as time advances. (b) Write down the total energy of the system and use conservation of energy to 
prove that the state-space orbit is an ellipse. 


(a) The general solution is.x = A cos(ot — 8) and hence i = —wA sin(wt — 8), where @ = VE 7m, 
and A and 6 are arbitrary constants. These are the parametric equations of an ellipse in the plane 
of (x, 4). In the upper half plane (i > 0), x is increasing and the orbit moves to the right; in the 
lower half plane (¢ < 0), x is decreasing and the orbit moves to the left. Therefore, the orbit is traced 
clockwise. 
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Figure $12.19 


(b) E = jkx? + 4m.i?= const, which is the equation of an ellipse. 


SECTION 12.9 The Logistic Map 


12.21 +* Here is an iterated map that is easily studied with the help of your calculator: Let x, = 
S(s,) where f(x) = cos(x). If you choose any value for xp, you can find x4,.x2,.x3,-+» by simply 
pressing the cosine button on your calculator over and over again. (Be sure the calculator is in radians 
mode.) (a) Try this for several different choices of xo, finding the first 30 or so values of x, Describe 
‘what happens. (b) You should have found that there seems to be a single fixed attractor. What is it? 
Explain it, by examining (graphically, for instance) the equation for a fixed point f(x*) = x* and 
applying our test for stability [namely, that a fixed point x* is stable if |f’(x")| < 1]. 


(a) Here are the values of x, for three different initial values, xp = 0, 3, and 100, 


OM ayo Xs xe 9 X30 
0 = 1.00 054 0.86 065 0.793 0.7391 0.7391 0.7301 


3 0.99 055 085 0.66 0.791 0.7391 0.7391 0.7391 
1000.86 065 0.80 0.70 0.765 0.7391 0.7391 0.7391 


For all three initial values x9, the sequence converges on the attractor x = 0.7391. 
(b) The attractor must be a solution of the fixed-point equation f(x") n the present case, this 
iscos(x*) = x*, which has exactly one solution, x* = 0.739085, and this is stable since | (x*)| < 1. 


>Xx 


x" = 0.739085 gos(x) 


Figure $12.21 


12.23 ++ [Computer] Consider the sine map x, = f (x,) where f(x) =r sin(rx). The interesting 
behavior of this mapisfor0 <x < landO <r < 1, sorestrict yourattentionto these ranges. (a) Using. 
a plot analogous to Figure 12.35, discuss the fixed points of this map. Show that the map has either 
one or two fixed points, depending on the value of r. Show that when r is small there is just one fixed 
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point, which is stable. (b) At what value of r (call it rg) does the second fixed point appear? Show 
that ro is also the value of r at which the first fixed point becomes unstable. (e) As r increases, the 
second fixed point eventually becomes unstable. Find numerically the value r, at which this occurs. 


(a) and (b) The fixed points x* must satisfy x* = f(x"); that is, they are determined by the 
intersections (if any) of the line y =.x and the curve y = f(x), where, in this case, f(x) = rsin zx. 
‘As you can see from the picture, there is always a fixed point at x* = 0. Because the slope of the 
curve y = f(x) at x = is £0) =r, we see that when r < 1/7, the only fixed point is at x* = 0, 
but if we increase r until r > 1/77, then a second fixed point appears. The value of r at which this 
happens is evidently ry = 1/7. 


4 
r> a 
<n 
0 x 
0 1 


Figure $12.23 


‘The test for stability is that | f(x*)| <1. Thus the fixed point at x* = 0 is stable provided 
Jf") =m < Land unstable if ra > 1. Therefore this firs fixed point becomes unstable at the same 
value ry = 1/7 at which the second fixed point appears. 

(©) The second fixed point at x* > 0 is stable as long as |f"(x*)| < 1. As we increase r, this fixed 
point becomes unstable at the value r = r; for which f"(x*) = —1. This transition is determined by 
the two equations 


that is, rj sin(rx*) = 


and 


fe" 


1 thatis, ryt cos(rx" 


These two simultaneous equations for ry and x* can be solved numerically in several ways. (One 
straightforward method is to use Mathematica’s FindRoot,) The result is that r; = 0.71996. 


12.25 +* [Computer] The sine map of Problem 12.23 exhibits period-doubling cascades just like 
the logistic map. To illustrate this, take Xp = 0.8 and find the first twenty values x, for each of the 
following values of the parameter r: (a) r = 0.60, (b) r = 0.79, (€)r = 0.85, and (d) r = 0.865. Plot 
‘your results (as four separate plots) and comment. 


‘When r = 0.6, x, approaches a single attractor at x* = 0.58. When r = 0.79, x, is exhibiting period 
2 oscillations, bouncing between 0.49 and 0.79. By the time r = 0.85 the period has doubled again 
to period 4, and when r = 0.865 it is period 8. 


156 


Chapter 12 
44% 1=0.79 
t 0 t 
10-20 
44% 10.865 
t 0 t 
10 20 
Figure $12.25 


12.27 #* The two-cycles of the map f(x) correspond to fixed points of the second-iterate g(x 
JF(F(4). Thus the two values shown as x, and x, in Figure 12.37 are roots of the equation 


F(F(x) = x. In the case of the logistic map this is a quartic equation, which is not too hard to 
solve: (a) Verify that for the logistic function f(x) 
SUf(O) = rx (s- 4) [Pere ocr et), (1261) 
T 
Thus the fixed-point equation x — f(f(x)) =0 has four roots. The first two are x = 0 and x = 
(r ~ 1)/r. Explain these and show that the other two roots are 
VOFDE=H 
xe SIEVE DCAD. (12.62) 


a 


Explain how you know that these are the two points of a two-cycle. (b) Show that for r < 3 these 
roots are complex and hence that there is no real two-cycle. (¢) For r > 3 these two roots are real 
and there is a real two-cycle. Find the values of x,, and x, for the case r = 3.2 and verify the values 
shown in Figure 12.37. 


(a) Because f(x) = rx(— x) 


SUC = rf COU = FO) = ?x(1 = 0 = rx = 2) = rxtx? — 2rx? + (rx = 1 
‘Therefore 
x= fUF@M = ate = 278? +70 + Dx + (1-2?) 
= x(rx =r + DP? = rr + Dx tr $l) 
in agreement with (12.61). 


‘The fixed points of f[f(x)] are the zeroes of this expression. The first two are x = 0 and 
x = (r —1)/r, which are just the two known fixed points of f(x). The other two are the zeroes 
of the quadratic expression in square brackets and are 


ret DtVPr + P 4 t) _ +04 VOFDE—-D 
2n - ar 


XarXb = 
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in agreement with (12.62). Because these are fixed points of ff (x)] but not of f(x), they have to 
be the two points of a two-cycle of f(x). 

(b) It is always true that 0 <r < 4. If, in addition, r < 3, the product inside the square root is negative 
and both x, and x, are complex. Therefore there are no real two-cycles for r <3. 

(©) Putting r = 3.2 in our expressions for x, and x, we get the two values 0.51 and 0.80, in apparent 
agreement with Fig. 12.37. 


12.29 ++ [Computer] The thresholds r, for period doubling of the logistic map are given by Equation 
(12.58). These should satisfy the Feigenbaum relation (12.17), at least in the limit that  — oo (with 
Y replaced by r, of course). Test this claim as follows: (a) If you have not done Problem 12.11 
prove that the Feigenbaum relation (if exactly truc) implies that (ry. —r_) = K/3". (b) Make a 
plot of In(r,..1 — rq) against n, Find the best-fit straight line to the data and from its slope predict 
the Feigenbaum constant, How does your answer compare with the accepted value 5 = 4.67? 


(a) See solution to Problem 12.11 
(b) From the values of r, in Eq. (12.58) we can calculate the following: 


n 1 2 3 4 5 
InGn41— Tq) 0.800 2358 3.897 -5.426 -7.013 


IN(Foes — fa) 
0 2 4 6 5 
~4 
-8 
Figure $12.29 


A least-squares fit to the line In(ry.41 ~ rq) = In(K) ~ n In(5) yields In(K) = 0.7396 and In(3) = 
1.5452, whence 5 = 4.69, compared with the accepted value 5 = 4.67. The data and the best-fit line 
are plotted above. 


12.31 *#* [Computer] When the evolution of the logistic map is non-chaotic, two solutions with the 
‘same r that start out sufficiently close, will converge exponentially. (This was illustrated in Problem 
12.30.) This does not mean that any two solutions with the same r will converge. (a) Repeat Problem 
12.30(a), with all the same parameters except r = 3.5 (a value for which we know the long-term 
motion has period 4). Does x/ — x, approach zero? (b) Now do the same exercise but with the initial 
conditions x9 = 0.45 and x, = 0.5. Comment. Can you explain why, if the period is greater than 1, 
impossible that the difference x; — x, go to zero for all choices of initial conditions? 


log|x’-x| log|x'—x| 
jo 20 30 40, 


jo 20 30 40, 


-4 -4 . 
-8 8 
-12 @ 12 fo) 


Figure $12.31 
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(a) With xo = 0.4 and xj, 
oscillation. 
(b) Here with xp = 0.45 and xj, = 0.5, the difference |x/ — x,| + 0 exponentially. 

‘To understand these different behaviors, consider the case of a period-2 orbit x, with fixed points 
x, and x}. We could launch a second orbit x so that it was exactly one period out of step with the 
first. (Just take x; = xp.) Then every time the first orbit is at x,, the second is at x), and vice versa. 
‘Thus |x} — .,| will be a constant. On the other hand, if we launch the two orbits sufficiently close, 
they will eventually get into step and |x} —x,| will approach zero. 


=0.5, the difference x} 


; Femains pretty constant with a small periodic 


12,33 +** [Computer] Reproduce the logistic bifurcation diagram of Figure 12.41 for the range 
28 <r <4, Take xg = 0.1. [Hint: To make Figure 12.41 I used about 50,000 points, but you certainly 
don’t need to use that many. In any case, start by using a very small number of points, perhaps just r 
going from 2.8 to 3.4 in steps of 0.2 and r going from 51 to 54. This will let you calculate for each 
of the values of r individually, and get the feel of how things work. To make a good diagram, you 
will then need to increase the number of points (r going from 2.8 to. in steps of 0.025, and 1 from 
500 to 600, perhaps), and you will certainly need to automate the calculation of the large number of 
points.] 


See Fig.1241. 
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Hamiltonian Mechanics 
PROBLEMS AND SOLUTIONS 


SECTION 13.2 Hamilton’s Equations for One-Dimensional Systems 


13.1 » Find the Lagrangian, the generalized momentum, and the Hamiltonian fora free particle (no 
forces at all) confined to move along the x axis. (Use x as your generalized coordinate.) Find and 
solve Hamilton's equations. 


e/a 


mi, and {= pi — £ = p?/2m. The Hamilton equations are 


aX/ap=p/m and p=—aK/ax =0, 


with solutions p = pg = const, and x = xy + vf, where vy = po/m. 


13.3+ Consider the Atwood machine of Figure 13.2, but suppose that the pulley is a uniform dise 
of mass M and radius R. Using x as your generalized coordinate, write down the Lagrangian, the 
generalized momentum p, and the Hamiltonian 3 = pi — £. Find Hamilton’s equations and use 
them to find the acceleration &. 


152/R?, 
ne = 


‘The moment of inertia of a uniform disc is J = | MR, and its kinetic energy 
Therefore, L = $(my + my + 4M)? + (my — mg)gx, p= (my + my + 4M)x, and IC 
L = p?/Amy + my + 4M) — (my — my)gx. The Hamilton equations are 


&=9H/Ap =p/(m+m,+5M) and — p= IH /Ax = (m,—my)g, 


and the acceleration is ¥ = (my — mz)/(m, + mz + 4M). 


135 «+ A bead of mass m is threaded on a frictionless wire that is bent into a helix with cylindrical 
polar coordinates (p, 6, 2) satisfying z = e@ and p = R, with ¢ and R constants. The = axis points 
vertically up and gravity vertically down. Using @ as your generalized coordinate, write down the 
kinetic and potential energies, and hence the Hamiltonian as a function of @ and its conjugate 
momentum p. Write down Hamilton’s equations and solve for ¢ and hence 2. Explain your result in 
terms of Newtonian mechanics and discuss the special case that R =0. 


Since p = R is fixed and z = c@, there is just one generalized coordinate, which we can choose to 
be @. The bead’s kinetic energy is T 6?) = 4m(c? + R?)$?, the potential 
energy is U = mgz = mgc@. and the generalized momentum is p = 87/8 = m(c? + R?)d. From 
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these we find the Hamiltonian: 


H=T+U= 
+e 


and the two Hamilton equations: 


Li epas ees 
ap m(e + R) 


Combining the last two, we can find ¢ and thence 


where in the last expression I have introduced tha pitch of the helix. (The bead rises a height 2xre 
in a horizontal run of 21 R, so tana = c/R and sina = ¢/Ve + R2) 
According to Newton, we could argue that the bead’s tangential acceleration is ding = g sine (the 
well known acceleration down an incline) and its vertical component is 2 = —ayn, Sina = —g sina. 
If R =0, then a = 90°, and = ~g, as expected on a vertical wire. 


13,7 #** A roller coaster of mass m moves along a frictionless track that lies in the xy plane (x 
horizontal and y vertically up). The height of the track above the ground is given by y = h(x). 
(a) Using.x as your generalized coordinate, write down the Lagrangian, the generalized momentum p, 
and the Hamiltonian 3 = pi — £ (asa functionof x and p).(b) Find Hamilton’s equations and show 
that they agree with what you would get from the Newtonian approach, [Hint: You know from Section 
4.7 that Newton’s second law takes the form Faq, = mi, where sis the distance measured along the 
track. Rewrite this as an equation for % and show that you get the same result from Hamilton's 
equations.) 


(a) The height of the track is y = h(x). Therefore the distance traveled by the car in a small 
displacement is 


ds = dx? +dy?=VJ14h'ePdx. (S13.1) 


It follows that the car’s speed satisfies v? = (1 + 2), so the Lagrangian and generalized momen- 
tum are 


mi{L+ WGP]. (813.2) 


(b) Hamilton's equations are 


aH P “ aH ph'h” 


= = i7h’h” — gh’) (813.3) 
ap m(l+h?) . ax m(l+h?)? San , 


—mgh! 


where in the last step I used Eq. (S13.2) to replace p by p = mi(1+h?). 
Before we do anything with this Hamiltonian result, let us look at the Newtonian prediction, 


mi = Figg = —dU/ds = —mgh' //1 +h, (S13.4) 
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where, in the last step, I wrote U = mgh and I used Eq. ($13.1) to replace ds by dxV1-+ 7. To 
replace ¥ by i, note that 


ads 4 (aviv) 


aidt dt \dt 


Inserting this result into (S13.4) and solving for ¥ we find that, according to Newton, 


sees (813.5) 


14h? 


Let’s now see that we get the same result from the Hamilton equations ($13.3), From the first of 
Eqs. (S13.3) we find 


m( +h?) 


If we use the second Hamilton equation ($13.3) to eliminate j> and the second of Eqs. ($13.2) to 
climinate p, this is easily seen to be exactly the same as the Newtonian result (S13.5). 

‘There is a much simpler way to accomplish the same result, though it may seem a cheat at first 
sight. Hamilton's equations, like Lagrange’s from which we derived them, are true with respect 
to any choice of generalized coordinates. Therefore we can handle the same problem using as our 
generalized coordinate s, the distance measured along the track. If we do this, then the Lagrangian 
is & = jms? — U(s) and the generalized momentum is p = 9£ /4s = ms. Thus the Hamiltonian 
‘= p?/(2m) + U(s) and the second Hamilton equation is = -AH /s = —dU/ds or n 
dU /ds in agreement with the Newtonian result Eq. ($13.4). 


SECTION 13.3 Hamilton's Equations in Several Dimensions 


13.9 Sct up the Hamiltonian and Hamilton's equations for a projectile of mass m, moving in 
4 vertical plane and subject to gravity but no air resistance. Use as your coordinates x measured 
horizontally and y measured vertically up. Comment on each of the four equations of motion. 


‘The Lagrangian is & = T — U = jm(i? + 52) ~ mgy, and the generalized momentum has compo- 
nents p, = aL /A% = mi and py = AL/35 = m3. Therefore, the Hamiltonian is H = p+ #—£ = 
(p2 + p2)/2m + mgy. The Hamilton equations are 


and jy =—mg. 


The first two of these simply reproduce the known relations for p in terms of é. The third says that 
the x component of p is constant, and the last that p, changes at the expected rate —mg. 


13.11* The simple form 3 + U is true only if your generalized coordinates are “natural” 
(relation betweeen generalized and underlying Cartesian coordinates is independent of time). If the 
generalized coordinates are not “natural,” you must use the definition H = > p,q; — £. To illustrate 
this point, consider the following: Two children are playing catch inside a railroad car that is moving 
with varying speed V along a straight horizontal track. For generalized coordinates you can use the 
position (x, y, 2) of the balll relative to a point fixed in the car, but in setting up the Hamiltonian you 
‘must use coordinates in an inertial frame — a frame fixed to the ground. Find the Hamiltonian for 
the ball and show that it is not equal to T + U (neither as measured in the car, nor as measured in 
the ground-based frame). 
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Let’s measure x along the tracks (in the direction of travel), y crossways, and z vertically up, all 
three relative to the car. The ball’s velocity relative to the ground is (V+, §, 2), o the Lagrangian 
isL =T —U = $m[(V +)? + +27] — mgz. The generalized momentum has components. 


p= amv +s), — py=mi, and p 
ax 


(Notice that, perhaps unexpectedly, the generalized momentum is the momentum relative to the 
ground, not to the moving car.) We can solve for i = (p, — mV)/m and then 


P 
FAV + mgs: 
=~ PaV + ge. 


H= 


rd + Pyd + pz—-L& 


From this, you can derive the expected equation of motion (as you could check), but our point here is 
tonote that 3 is not equal to the energy 7 + U (neither relative to the car nor relative to the ground), 
because 


(T+ U)iretwocat) = SMG? + 3? +P) + mgz 


P 


= V + dmV? + mgz £H. 
2m 2 


and 


(T + U)eeivo ground) = zg +g: HK. 


13.13 ** Consider a particle of mass m constrained to move on a frictionless cylinder of radius R, 
given by the equation p = R in cylindrical polar coordinates (p, @, 2). The mass is subject to just 
one external force, F = —kré, where k is a positive constant, ris its distance from the origin, and # 
is the unit vector pointing away from the origin, as usual. Using z and ¢ as generalized coordinates, 
find the Hamiltonian 9¢. Write down and solve Hamilton's equations and describe the motion. 


‘The KE is T = $m(R?g? + 2), and the PE is U = jkr? = jk(R? + 22). Thus the two generalized 
‘momenta are 


and the Hamiltonian is 


These two combine to give 2 = —(k/m)z, which shows that the motion in the z direction is SHM 
with frequency @ = /K/m. The two Hamilton equations for ¢ are 


aK _ Pe ax 
= and fy=-— 
ap, mR® ag 
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‘The first of these simply repeats the relation between @ and pg. The second tells us that pg (namely, 
the z component of angular momentum) is constant and hence that the motion around the cylinder 
proceeds with constant @. 


13.15 ++ Fill in the details of the derivation of Hamilton’s 2n equations (13.25) for a system with 
n degrees of freedom, starting from Equation (13.24). You can parallel the argument that led 
from (13.14) to (13.15) and (13.16), but you have 2n different derivatives to consider and lots of 
summations from ¢ = 110 1 to contend with. 


According to Eq, (13.24) 


KS HGP = S744. 0.) ~ £4. 4.7.0.0). ($13.6) 
j= 
Differentiating with respect to g), we find 


ad ah 
oq dt Og 


where, in the second expression, I replaced 4£ /84, in the second sum by p,, so that the two sums 
cancelled, and for the third equality I used Lagrange’s equations. Differentiating ($13.6) with respect 
to p; we find 


an 
ap 


where, in the second sum of the second expression, I replaced 8£ /q, by p), so that the two sums 
cancel. 


13.17 «#* Consider the mass confined to the surface of a cone described in Example 13.4 (page 
533). We saw that there are solutions for which the mass remains at the fixed height z = 24, with 
fixed angular velocity @, say. (a) Forany chosen value of p,, use (13.34) to get an equation that gives 
the corresponding value of the height z,. (b) Use the equations of motion to show that this motion 
is stable. That is, show that if the orbit has z = =, + € with € small, then € will oscillate about zero, 
(c) Show that the angular frequency of these oscillations is @ = /34, sina, where @ is the half 
angle of the cone (tana = c where c is the constant in p = cz). (d) Find the angle a for which the 
frequency of oscillation « is equal to the orbital angular velocity 4, and describe the motion for this 
case. 


(a) From (13.32) we see that 


O if and only if p 


0, and from (13.34) that this implies that 


(b) If we combine the two equation (13.34) to give # and then put z = =, + €, we find 
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me+l) me+) 


ot 
~ me +0) 


where in passing to the second line I used the binomial approximation for 2~? and where, inthe first 
expression of the second line, the first and last terms cancelled because of the result of part (a). This 
equation implies that ¢ oscillates in SHM. 

(©) The last equation of part (b) implies that the frequency of these oscillations is 


where for the second equality I used (13.32) to replace py by mc?z2¢q and for the third I replaced 
c/ Vc + 1 by sin a where is the half-angle of the cone. 

(d) For to be equal to ¢,, it must be that sina = 1//3 or a 3°. If this is the case, the height z 
will return to its initial value in the time for one complete orbit around the cone. Therefore the orbit 
is closed and is (approximately at least) a circle, tilted at a small angle €j,4,/CZo. 


SECTION 13.4 Ignorable Coordinates 


13.19 In Example 13.3 (page 531) we saw that if we write the Hamiltonian for a two-dimensional 
central force problem in terms of polar coordinates r and ¢, then the coordinate ¢ is ignorable. Write 
down the Hamiltonian for the same problem, but using rectangular coordinates x, y. Show that, 
with this choice, neither coordinate is ignorable. [The moral of this is that the choice of generalized 
coordinates calls for some care. In particular, you must look for any symmetries in a system and try 
to choose generalized coordinates to take advantage of them.| 


The KE is T = fm(i? + 52) and the PE is U = U(r) = U( Vx + 


x= (n+ 03) +u((P+e). 


Clearly neither 3:4 /8.x nor /ay iszero(unless U isaconstant); thatis, neither x nor y isignorable, 


v2). Thus the Hamiltonian is 


13.21 #* Two masses m , and m are joined by a massless spring (force constant k and natural length 
/,) and are confined to move in a frictionless horizontal plane, with CM and relative positions R 
and r as defined in Section 8.2. (a) Write down the Hamiltonian 1 using as generalized coordinates 
X, Y.r.@, where (X,Y) are the rectangular components of R, and (r, $) are the polar coordinates 
of r, Which coordinates are ignorable and which are not? Explain. (b) Write down the 8 Hamilton 
equations of motion. (€) Solve the r equations for the special case that py = 0 and describe the 
motion. (d) Describe the motion for the case that pg # 0 and explain physically why the r equation 
is harder to solve in this case. 


+176), and the PEis U = }k(r —[,)*. 


24, so the Hamiltonian 


(a) The KEis T= }MR? + fui? = 1M(X? + ¥?) + indi 
‘The generalized momenta are R 
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132, pr», (2, 
so (P2 + P+ — [p72 +S 
ome eink 


‘The CM coordinates X and ¥ are ignorable, because there are no external forces, so that total 
‘momentum is conserved. The coordinate ¢ is ignorable because the force between the two masses 
is central, so their angular momentum is conserved. The coordinate r is not ignorable, because there 
a radial force. 

(b) The two Hamilton equations for X are 


aH _ Py ax 
on an, 
ap, M ax 


with corresponding equations for Y. These four equations say that the CM position R moves like a 
free particle, with constant velocity. The two equations for r are 


+a hh an a = 6 Kr -1), 
op, ar urs 


and the two @ equations are 


4 


which last says that p, is conserved as expected. 
(©) The two r equations combine to give the fami 


radial equation 


3 
HF = p, = —%— kr -1,). ($13.7) 
ur 


In the special case that py = 0 this shows that r executes SHM about the equilibrium length r =, 
‘The CM moves with constant velocity while the two masses oscillate toward and away from the CM. 
(@) If py #0, the radial equation ($13.7) is no longer linear and cannot be solved in terms of 
elementary functions. In this case, the two masses still oscillate in and out, but not in SHM, while 
they orbit around the CM with constant angular momentum. 


13.23 +++ Consider the modified Atwood machine shown in Figure 13.11. The two weights on the 
left have equal masses m and are connected by a massless spring of force constant k. The weight 
on the right has mass M = 2m, and the pulley is massless and frictionless. The coordinate x is the 
extension of the spring from its equilibrium length; that is, the length of the spring is /_ ++ x where le 
is the equilibrium length (with all the weights in position and M held stationary). (a) Show that the 
total potential energy (spring plus gravitational) is just kx? (plus a constant that we can take 
to be zero). (b) Find the two momenta conjugate to.x and y. Solve for ¢ and j, and write down the 
Hamiltonian. Show that the coordinate y is ignorable. (e) Write down the four Hamilton equations 
and solve them for the following initial conditions: You hold the mass M fixed with the whole system 
in equilibrium and y = y,, Still holding M fixed, you pull the lower mass m down a distance x,, and 
at t= 0 you let go of both masses. [Hint: Write down the initial values of x, y and their momenta. 
You can solve the x equations by combining them into a second-order equation for x. Once you know 
x(#), you can quickly write down the other three variables.) Describe the motion. In particular, find 
the frequency with which x oscillates. 
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}—M=2m 


+x 


Figure 13.11 Problem 13.23 


(a) The gravitational PE is Uy = Mgy —_mgy —mg(x + y) + const = —mgx if we drop the 
uninteresting constant. The spring PE is harder. If we let /, denote the spring’s natural, unloaded 
Tength, then k(/. 1.) =mg and if x’ denotes the spring’s true extension (from its unloaded length), 
then I, +3’ =f, +x 90 


mg 
+e -)=x+ 8 
x+i J=x r 


‘Thus the spring PE is 


‘momenta, 


whence 


From these we can calculate the Hamiltonian, 


2 
Kersey [S52 set]. 
2m 


Because this doesn’t depend on y, the coordinate y isi 
{otal mass on each side is the same. 
(© The Hamilton equations for x are 


an 1 
= 7-Gpx— py) and 


Pm kx (813.8) 


and those for y 
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(py— px) and ($13.9) 


a ae 
The initial conditions are that x (0) = x,, ¥(0) 0. These imply that p,(0) = 
(0) =0, and, because p, is constant, py = 0 for all time. Combining the two equations (S13.8) 
and setting p, =0, we find that ¥ = 4p, /3m = —4kx /3m. Therefore x = x, cos wt, where w 
V4K73m. Next, from the first of Eqs. ($13.8) (with p, = 0)we find that py = mi = — jax, sin ot 
and finally, from the first of Eqs. (S13.9), 5 Px/3m = {oX, SiN wt, So y = —}X_Coswt + const 
= Yo + fXo(l — cose). 


SECTION 13.5 Lagrange’s Equations vs. Hamilton's Equations 


13.25 +++ Here is another example of a canonical transformation, which is still too simple to be of 
any real use, but does nevertheless illustrate the power of these changes of coordinates. (a) Consider 
‘a system with one degree of freedom and Hamiltonian 3 = 3(q, p) and a new pair of coordinates 
@ and P defined so that 


q=V2PsinQ and = p= ¥2P cos. (13.62) 


Prove that if @/aq = — and 4H /ap = G, it automatically follows that aH /aQ = —P and 
4/4 P = Q. In other words, the Hamiltonian formalism applies just as well to the new coordinates 
as to the old. (b) Show that the Hamiltonian of a one-dimensional harmonic oscillator with mass 
m = Land force constant k = lis 1 = {(q? + p?). (¢) Show that if you rewrite this Hamiltonian in 
terms of the coordinates Q and P defined in (13.62), then Q is ignorable. (The change of coordinates 
(13.62) was cunningly chosen to produce this elegant result.] What is P? (d) Solve the Hamiltonian 
equation for Q(t) and verify that, when rewritten for q, your solution gives the expected behavior. 


(a) The new variables Q and P are defined so that 


=V2PsinQ and = p= V2P cosQ ($13.10) 


and we are promised that the old variables q and p satisfy Hamilton’s equations. So now consider 
this: 

BC OC Bg, BC Op 

30° 3930 dp ao 

1 


4 op 4g 
sZt 
tah +4 


—p(V2P cos Q) — G(/2P sin Q) 


eee a 2 
(pp + 4q qi? om O + Pain’ O) 


This proves the Hamilton equation for P. Next 


aK _ a ag | WH ap _ G ; ) i(4 ) 
SP 7 ag BF * ap ap 7 Pap sin®) +4( Zeowse 
4 GP r4(s) Pdiso Pr 


2p * 2p ~ 2p at\p)~ 2P at 2p 


Osec?Q 


Here in moving to the second line I used Eqs. ($13.10), and for the final equality I used the second 
of Eqs. ($13.10). This proves the Hamilton equation for Q. 

(b) 1 = (p?/2m) + $kq? = $(p? + q?) because m = 
WH (p> + q?) = 3(2P cos*Q + 2P sin?Q) = P. We see that Q is ignorable and that the new 
just P (so that conservation of P is just conservation of energy). 
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(d) The Hamilton equation for Q reads Q = 3{/4P = 1, which implies that Q = ( — ) where 
8 is an arbitrary constant. Substituting this into the first of Eqs. ($13.10) and putting P = E, 
we find q = V2E sin(t — 5), which correctly describes an SHO with energy E and frequency 
w= Jkjm=1. 


SECTION 13.6 Phase-Space Orbits 


13,27 #* Figure 13.6 shows some phase-space orbits for amass in freefall. The points Ag, Bo, Coy Do 
represent four different possible initial states at time 0, and A, B, C, D are the corresponding states 
at a later time, Write down the position x(t) and momentum p(t) as functions of 7 and use these to 
prove that ABC D is a parallelogram with area equal to the rectangle A,ByC.Do. [This is an example 
of Liouville’s theorem] 


The position and momentum of an object in free fall are x = x5 + (Po/m)t + $gr? and p= po + 
‘mgt. Thus the positions in phase space of the eight points in Fig. 13.6 are as follows: 


timer 
Xo Po wl rd 

Ay 0 0 A mgt 

BX (0 B mgt 

+e CC X+(P/my + 4. P+mgt 

D, +O P D (P/m)t + ig? P+mgr 


Inspecting the data in this table, you can see the heights of the two points D, and C, above the x 
axis are both equal to P, so the lines D,C, and A,B, are parallel. Since both of these lines have the 
same length (X), A,B,C, Dg is a parallelogram. (In fact it is also a rectangle,but this doesn’t matter 
here.) In the same way, the lines AB and DC are parallel and of equal length, so ABCD is also a 
parallogram. Again from the data in the table you can check that both parallograms have bases equal 
to X and heights equal to P. Thus both have area XP. In particular, their areas are the same. 


SECTION 13.7 Liouville’s Theorem* 


13.29 + Figure 13.10 shows an initially spherical volume getting stretched into an ellipsoid by the 
shearing flow (13.57). Make a similar sketch for a volume that is initially spherical and centered on 
the origin. 


Figure $13.29 


13.31 + Evaluate the three-dimensional divergence V - v for each of the following vectors: (a) v= 
kr, (b) V=K(z,x, 9), © V= Kz, ¥,2), @) ¥ = K(x, y, —22), where r= (x, y, 2) is the usual 
position vector and k is a constant. 
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(a) Ifv =k(x,) 


—22), then V+v 


13.33 +* The divergence theorem is a remarkable result, relating the surface integral that gives the 
flow of v out of a closed surface $ to the volume integral of V - v. Occasionally itis easy to evaluate 
both of these integrals and one can check the validity of the theorem. More often, one of the integrals 
is much easier to evaluate than the other, and the divergence theorem then gives one a slick way to 
evaluate a hard integral. The following exercises illustrate both of these situations. (a) Let v= kr, 
where k isa constant and let $ be a sphere of radius R centered on the origin, Evaluate the left side of 
the divergence theorem (13.56) the surface integral). Next calculate V - vand use this to evaluate the 
right side of (13.56) (the volume integral). Show that the two agree. (b) Now use the same velocity 
v, but let § be a sphere nor centered on the origin. Explain why the surface integral is now hard to 
evaluate directly, but don’t actually do it. Instead, find its value by doing the volume integral. (This 
second route should be no harder than before.) 


The divergence theorem asserts that 
foonaa= [v-vav. ($13.11) 
ls Vv 


(a) IfS is asphere of radius R centered on the origin, then the unit normal n points radially out from 
the origin, so nm = #, and the surface integral on the left side of Eq. ($13.11) is easily evaluated (with 


uns = [venda= [br-eda ma [ da= sein’. ($13.12) 
s Is Is 
Because V - v = 3k, the volume integral on the right side of Eq. (S13.11) is easily seen to be 
rus =f vevav = [ av=ai (Sra!) =arke! (S13.13) 
Vv NV 


in agreement with ($13.12). That is, this example confirms the divergence theorem. 

(b) If S is not centered on the origin, then the normal n is not the same as # and the integrand v + nin 
the LHS of Eq. (S13.11) is a somewhat complicated function of position on the sphere. This makes 
the surface integral harder to evaluate directly. On the other hand, the volume integral in the RHS 
can be evaluated exactly as before in ($13.13). Therefore, the surface integral has the same value as 
before, 47k R?. 


13.35+* A beam of particles is moving along an accelerator pipe in the z direction. The particles 
are uniformly distributed in a cylindrical volume of length L. (in the z direction) and radius R,. The 
particles have momenta uniformly distributed with p. in an interval p, + Ap and the transverse 
‘momentum p, inside a circle of radius Ap, . To increase the particles’ spatial density, the beam is, 
focused by electric and magnetic fields, so that the radius shrinks to a smaller value R. What does 
Liouville’s theorem tell you about the spread in the transverse momentum p, and the subsequent 
behavior of the radius R? (Assume that the focusing does not affect either L., or Ap..) 
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The initial volume occupied by the beam is V, = (7 R2L,){7(Ap,)?2Ap.1. This is the volume in 
phase space.) By Liouville’s theorem, this volume can’t change. Thus when R shrinks (with L., and 
Ap, fixed), Ap, has to grow. In the long run, this means that R will increase again. 


13.37 #** The general proof of the divergence theorem 


forvaa= [v-vav (13.63) 
Is v 


is fairly complicated and not especially illuminating. However, there are a few special cases where 
it is reasonably simple and quite instructive. Here is one: Consider a rectangular region bounded 
by the six planes x = X and X + A, y= Y and ¥ +B, and z = Z and Z + C, with total volume 
V = ABC. The surface $ of this region is made up of six rectangles that we can call S; (inthe plane 

= X), Sp (im the plane x = X + A), and so on. The surface integral on the left of (13.63) is then 
the sum of six integrals, one over each of the rectangles 5), S>, and so forth, (a) Consider the first 
‘wo of these integrals and show that 


Y+B  pZ4e 
fiacvaas [nevaa=[ ay f dz [u(X +A, 
Is; Is Y lz 


(b) Show that the integrand on the right can be rewritten as an integral of Ju,/Ax over x running 
from x = X to x =X + A. (€) Substitute the result of part (b) into part (a), and write down the 
corresponding results for the two remaining pairs of faces. Add these results o prove the divergence 
theorem (13.63). 


) = (X,¥4 2) J 


(a) As discussed, the surface integral on the left side of Eq. (13.63) has the form 1, + +++ + I, where 


—%, while on $3, 


ven, pz ren, pit 
f ay ff denscky.2r+ [ af dzv4(X + A,y,2) 
Y 


Yee pZzsc 
= f ay ff dz[u(X + A, y,2) — 1X y, 2h (S13.14) 
ry lz 


(b) By the fundamental theorem of calculus, f(X + A) — f(X) 


XA ap 
if ax, so the integrand 
x dx 

X+A gy, 

insta. [ Fran 


(©) Combining the results of parts (a) and (b), we see that 


Ria) pee pase ; 
hen=foa [a vf 2S = ff Seay, 
ly Ox 


Adding this to the corresponding results for the other two pairs of integrals, we conclude that the 
surface integral of (13.63) is 


av, 
frentan tet ten f (H+ Se )av= [v vdV 
Is vax” ay * az 


which is the divergence theorem. 


CHAPTER 14 


Collision Theory 
PROBLEMS AND SOLUTIONS 


SECTION 14.2. The Collision Cross Section 


14,1 + A blueberry pancake has diameter 15 cm and contains 6 large blueberries, each of diameter 
1 cm. Find the cross section « of a blueberry and the “target” density 1, (number/area) of berries 
in the pancake, as seen from above. What is the probability that a skewer, jabbed at random into the 
pancake, will hit a berry (in terms of o and rt, and then numerically)? 


‘The area of a blueberry is o = 27? = xd?/4 = 2/4 cm* = 0.79 cm*. The density of targets (num- 
ber/area) is Mae = Near/A = Nige/(x D*/4) = 0.034 cm=?, The probability of a hit in one try is 
Mao = 0.027. 


14.3 + A beam of particles is directed through a tank of liquid hydrogen, If the tank's length is 50 
em and the liquid density is 0.07 gram/em?, what is the target density (number/area) of hydrogen 
‘atoms seen by the incident particles? 


‘The density is @ = 0.07 g/cm’, the length of the tank, L = SO cm, and the mass of an H atom 
my = 1.66 x 10-77 kg. The number density (number/volume) is Q/my, so the target density 
(number/area) is 


ek 07 x 10° kg/m’) x (0.5 m) 
my 1.66 x 10-77 kg 


‘Nige = (number density) x L = = 2.1 x 10°* atoms/m? 


14.5 +* The cross section for scattering a certain nuclear particle by a nitrogen nucleus is 0.5 barns. 
If 10"' of these particles are fired through a cloud chamber of length 10 cm, containing nitrogen 
at STP, how many particles are scattered? (Use the ideal gas law and remember that each nitrogen 
molecule has two atoms. The scattering by any atomic electrons is completely negligible.) 


The target density is ma, = (number density) thickness, where in an ideal gas of nitrogen the 
number density is 2 x (6.02 x 1075)/(22.4 liters) = 5.38 x 10°5 particles/m?, (Remember that a 
mole of gas occupies 22.4 liters and that each Np molecule has two atoms.) Thus Mar = 5.38 x 10 
particles/m?. Therefore 


N, 10" x (5.38 x 10 m=) x (0.5 x 10° m*) 


.7 « 107 particles, 


NigcM eT 
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SECTION 14.4 The Differential Scattering Cross Section 


14.7 Calculate the solid angles subtended by the moon and by the sun, both as seen from the 
earth. Comment on your answers. (The radii of the moon and sun are Ry, = 1.74 x 106 m and 
R, = 6.96 x 108 m. Their distances from earth are dy, = 3.84 x 10 m and d, = 1.50 x 10!! m.) 


A sphere of radius R at a large distance d subtends a solid angle AQ ~ A/d? = 7 R?/d*. For 
the moon this gives AQ moon * 6.45 x 1075 sr, and for the sun, AQ, * 6.76 x 1075 sr, Because 
AQpoon ~ AQ un: the moon and sun appear to be about the same size. 


14.9 + Byintegrating the element of solid angle (14.15),d = sin@ d6 d¢, overall directions, verify 
that the solid angle corresponding to all directions is 47 steradians. 


2 
R= fas ={ dg | (sin@)de = 2x[-cosoy = 4x. 
bdo 


14,11 +* The differential cross section for scattering 6.5-MeV alpha particles at 120° off a silver 
nucleus is about 0.5 bams/sr. If a total of 10'° alphas impinge on a silver foil of thickness 1 jam and 
if we detect the scattered particles using a counter of area 0.1 mm? at 120° and 1 cm from the target, 
about how many scattered alphas should we expect to count? (Silver has a specific gravity of 10.5, 
and atomic mass of 108.) 


(10.5 x 10° kg/m’) x (10 m) 


= 5.86 x 107 m? 
mag 108 x (1.66 x 10-77 kg) 


and the solid angle subtended by the counter is A@ = (0.1 mm2)/(10 mm)? = 10-3 st. Therefore, 
the number of alphas scattered into A@ should be 


Nectar $2 A = (10!) x (5.86 x 107 m=?) x (0.5 x 10°78 m*/sr) x (10™3 sr) © 29. 


SECTION 14.5 Calculating the Differential Cross Section 


14,13 +* In deriving the cross section for scattering by a hard sphere, we used the “law of reflection,” 
that the angles of incidence and reflection of a particle bouncing off a hard sphere are equal, as in 
Figure 14.10, Use conservation of energy and angular momentum to prove this law. (The definition 
of “hard-sphere scattering” is that a projectile bounces with its kinetic energy unchanged. That the 
force is spherically symmetric implies, as usual, that angular momentum about the sphere’s center 
is conserved.) 


In Fig.14.10, let us temporarilly rename as a’ the second of the angles labelled a (the angle of 
reflection), and let the incoming and outgoing speeds be v and v’. That the collision is elastic implies 
that » = v’,and conservation of angular momentum implies that mv sin a = mu’ R sina’. Together, 
these imply that sina = sina’ and hence that o 


14,15 «++ [Computer] Consider a point projectile moving in a fixed, spherical force whose potential 
energy is 
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-U, @<r<R) 
Ur)= {o (R<r) (14.59) 


where Us is a positive constant. This so-called spherical well represents a projectile which moves 
freely in either of the regions r < R and R <r, but, when it crosses the boundary r = R, receives 
a radially inward impulse that changes its kinetic energy by £U, (+U, going inwanl, —U, going 
outward). (a) Sketch the orbit of a projectile that approaches the well with momentum p, and impact 
parameter b < R. (b) Use conservation of energy to find the momentum p of the projectile inside the 
well (r < R). Let ¢ denote the momentum ratio = p,/p and let d denote the projectile’s distance of 
closest approach to the origin. Use conservation of angular momentum to show that d = ¢b. (e) Use 
‘your sketch to prove that the scattering angle 6 is 


ab «tb 
o=2 (scsin jo atesin #) : (14.60) 
This gives @ asa function of b, which is what you need to get the cross section. The relation depends. 
‘on the momentum ratio £, which in tum depends on the incoming momentum p, and the well depth 
U,, Plot @ as a function of b for the case that ¢ = 0.5. (d) By differentiating @ with respect to b, find 
an expression for the differential cross section as a function of b, and make a plot of do /d@ against 
@ for the case that ¢ = 0.5. Comment. (Hint: To plot as a function of @ you don’t need to solve for b 
in terms of 6; instead, you can make a parametric plot of the point (0, do/d®) as a function of the 
parameter b running from 0 to R.] (e) By integrating da/d® over all directions, find the total cross 
section. 


(a) 


Figure $14.15 


Note that the angles shown are e = aresin(b/R) and B = arcsin(d/R), and the angle of deflection 
on entering the sphere is « — f. By symmetry the deflection on leaving the sphere is the same, so 
the total angle of deflection is @ = 2(a — ). 

(b) The projectile’s initial energy is }mv2 = p2/2m, whi 
Uz. Equating these two, we find that p = y/p2 + 2mUg. The initial angular momentum is bp, and 
that when inside the sphere is d p. Equating these we find that d = bpo/p = ¢b. 

(6) From part (a), it is clear that @ = 2(@ — f) = 2{aresin(b/R) — aresin(¢b/R)}, as in Equation 
(14.60). This is zero when b = 0 (the projectile goes straight through, undeflected). As b increases 
from 0 to R, the scattering angle @ increases steadily to a maximum, Osx = 7 — 2aresing when 
b= R, then drops abruptly to 0 and remains zero for all b > R because the projectile misses the 
target entirely. 


its energy inside the sphere is p?/2m — 


Oma 
ap 


° R R 
Figure $14.15¢ 
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(d) Differentiating (14.60), we find 


do___b wade cg fe 
dQ (sin@)d0/db db \ VRB /RP-OP 


This is good for 0 <b < R (equivalently 0 <4 <@juax); f0F 8 > Opa. do /dQ = 0. 


dod 
R 
0 e 
0 Qmax 
Figure $14.15d 
. k 
© oq = 20 [ % sinoao = 25 f ——? _ ging do m2 [bab =x 
lo aa ly Gindydojdb 5 


SECTION 14.6 Rutherford Scattering 


14.17 * Another specific prediction of Rutherford’s model of the atom was that the cross section 
should be proportional to the nuclear charge squared, that is, to Z?, where Z is the atomic number, the 
‘number of protons in the nucleus. To test this, Geiger and Marsden counted the number of scatterings 
off various different targets (holding all other variables fixed), with the following results: 


Target Gold Platinum = Tin Silver Copper Aluminum 


No B19 1217-467 420152 26 
Zz 79 8 30047 29 13 


Add a row to this table to show the ratio N../Z? and see how well Rutherford’s prediction was 
confirmed. (At the time the atomic number was not known with certainty, nor was it well understood. 
Rutherford had guessed, correctly, that the nuclear charge was roughly equal to half the atomic mass, 
and this is what they used in place of Z.) The relatively poor agreement for the case of aluminum is 
probably due to our neglect of the target recoil, which is more important for the lighter targets.) 


Target Gold Platinum = Tin Silver Copper Aluminum 


Ne: 1319 1217467420 152 26 
Zz 79 8 so 47 29 13 
No/Z: 0.21 020 «0.19 0.19 O18 0.15 


14.19 «+ An important simplification in our derivation of the Rutherford cross section was that the 
projectile’s orbit is symmetric about the direction u of closest approach. (See Figure 14.11.) Prove 
that this is true of almost any conservative central force, as follows: (a) Assume that the effective 
potential (actual plus centrifugal) behaves as in Figure 8.4: that is, it approaches zero as r —> 00 and 
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approaches +00 as r —> 0.' Use this to prove that any projectile that comes in from infinity must 
reach a minimum value rig and then move out to infinity again. (b) This implies that a projectile 
‘must visit any value of r between rig and infinity exactly twice, once on the way in and again on 
the way out. Prove that the values of # at these two points are equal and opposite, and that the values 
of y are equal (where y/ is the polar angle defined in Figure 14.11). (¢) Use these results to prove 
that the orbit is symmetric under reflection about the direction w. 


Figure $14.19 


‘The figure shows atypical orbit of a projectile. The point O is the force center, P is the point of closest 
approach, and let us choose the time 1 = 0 to be the time at which the projectile passes through P. 
‘The point Q is the projectile’s position at an arbitrary time t and Q' the position at time —1. To prove 
that the orbit is symmetric about the line O P, I shall prove that the points Q and Q’ are equidistant 
from O (that is, OQ = OQ") and make equal angles with the direction OP (that is, yr = y'). Since 
Q iis any point on the orbit, this does it. 

(a) Under the assumptions on the effective PE, the projectile must have > 0, corresponding to 
the upper dashed line in Fig.8.5. Since Ugy(r) > 00 as r —> 0, there has to be an rin at which 
E = Uca(nig)- The projectile moves steadily inward from r = oo until it reaches riniy and then 
moves steadily outward toward r = co again. The distance rnin defines the point of closest approach 
labeled P in the figure here. 

(b) Since E = $m? + Uzi (r), it follows that #? is a single-valued function of r on any one orbit. 
‘Therefore, the magnitude of # at any distance r on the inward trip is the same as that at the same 
distance r on the outward trip: #(r)ig = —# (rout It immediately follows that the time to move in 
from r 10 Fmia is the same as that to move out again from rig to r. Turning this around, if the times 
from Q’ to P and from P to Q are equal, then the distances OQ and O@ are equal. 

Using conservation of angular momentum ¢, we can prove a similar result for the angle y. 
€ = mr, it follows that ¥ is a single-valued function of r. Therefore y/ is the same at any 
and at the corresponding Q’, which in turn means that the change in y from Q’ to P is the same as 
that from P to Q. That is y = y’. 

(©) The symmetry of the orbit now follows as in the first paragraph above. 


14.20+* The derivation of the Rutherford cross section was made simpler by the fortuitous ca 
cellation of the factors of r in the integral (14.30). Here is a method of finding the cross section 
which works, in principle, for any central force field: The general appearance of the scattering orbit 


+ Although this behavior is definitely the norm, there are a few force fields for which itis not true. Ifthe actual 
potential energy is strongly attractive nearr = 0 (for example, U(r) = —1/r°), thenit dominates the centrifugal 
potential near r = 0, and the effective potential does not approach +20 as r — 0. Our argument also breaks 
down for the special case that b = 0, in which case the projectile may smash directly into the target. 
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is as shown in Figure 14.11. It is symmetric about the direction u of closest approach. (See Prob- 
Jem 14.19.) If y is the projectile’s polar angle, measured from the direction u, then y + +, as 
1 — oo and the scattering angle is @ = x — 2¥,, (See Figure 14.11 again.) The angle ¥, is equal 
to f ¥ dt taken from the time of closest approach to oo. Using the now-familiar trick you can rewrite 
this as f(y//?)dr. Next rewrite yin terms of the angular momentum ¢ and r, and rewrite in terms 
of the energy E and the effective potential Ug, defined in Equation (8.35). Having done all this you 
should be able to prove that 


ted (b[r?) dr 


hain VV (b/r PP — UE 


Provided this integral can be evaluated, it gives @ in terms of b, and hence the cross section (14.23). 
For examples of its use, see Problems 14.21, 14.22, and 14.23. 


O=x-2 (14.61) 


14.21 #* Use the general relation (14.61) from Problem 14.20 to rederive the relation (14.24) for 
scattering by a hard sphere. 


Fora hard sphere, rnin = R and, since U(r) =0 for r > R, Eq, (14.61) reduces to 


a 2 0 
OP ydr_ 4 du 
1 b/rP oye Ju 


where to get the second integral I substituted u = b/r. This is quickly solved to give b = R cos(/2) 
as in (14.24). 


O=n 


= 2aresin(b/R), 


14,23 +** Consider the scattering of a particle with energy E by a fixed, repulsive 1/r* force field, 
with potential energy U = y/r?. Use the relation (14.61) from Problem 14.20 to find @ in terms of 
bb and hence show thatthe differential cross section is, 


do _y 2-6) 


ca” Pas (14.62) 


To refresh your memory as to how to find rain You might look at Figure 8.5 (the case E > 0). You 
should be able to solve your equation for @ in terms of b to get b in terms of @ and thence the cross 
section. 


Before we use Eq. (14.61) we need to find rnig- This is determined by the condition that Ue = E 
where 


é a 
UgeU+ aah +8 


Ine? =(r+8) 5 


2m 


‘Therefore, the minimum value of r (where Uses = E) is 


[6 + y/E. 


Notice that this let’s us rewrite Uzg as Ueg = E (Fmin/)?- 
Returning to Eq. (14.61), we can write 


co 2 a 2 
ui of (bf?)dr =» drfr?___ tb _ xb 


Fis 


T=Ug@VE Sin V1— Cin? Tain VP + Y/E™ 
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y_@-6) 
E@(Qx — 6)?sind” 


| 1 ee 
18 2sin@ | de 


SECTION 14.8 Relation of the CM and Lab Scattering Angles 


14.25 ++ Using Figure 14.15, prove Equation (14.53), that 


sin Bom 
R$ COSB cm” 


tan By = (14.64) 


Consider the right triangle ADF, whose height is DF = 


sin Bom = p SiN Bem (recall that p = p') 
and whose base is AF = Ap + p COS 8cq. Therefore 


as claimed, 


Figure $14.25, 


1 in Equation (14.64) of Problem 14.25, prove that in 
equal-mass scattering, 05 = {@m- (b) Redraw Figure 14.15 for the case that 2 = 1 (my = m3) and 
explain why the maximum value of a, is x/2. 


(a) With 4 = 1, Eq. (14.64) reads 


SiN Amy __ 2 Si(Beyy/2) COS(Pemm/ 2) _Si( Bey /2) 


tan Bay = = = 
ny TCO Bem, 1+ COS*(Ozy/2) — SiN*(By,/2) COS cn /2) 


= tan Gq,/2)- 


Therefore, 5 = $8. 

(b) Compare the figure here with Figure 14.15. Here, with 4 = 1, the point A has moved out and 
coincides with E. If m, <m, (Fig. 14.15), then as 6,,, increases toward the point D moves around 
toward E and 6,., > 2. Buthere, with equal masses, as @,,, increases toward the line AD becomes 
tangent to the circle at A and 6, —> 2/2 
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Figure $14.27 


14.29 #* An elastic collision is defined as one in which the total kinetic energy of the two particles 
is the same before and after the collision. (a) Show that in the CM frame, the individual kinetic 
energies of the two particles are separately conserved in an elastic collision. (b) Explain clearly why 
the same result is obviously not true in the lab frame. (Think about the energy of the target particle.) 
(©) Let AE denote the energy gained by the target particle in the collision (and hence the energy lost 
by the projectile). Using Figure 14.15, show that the fractional energy lost by the projectile (in the 
lab frame) is 


AE 


? em /2) 
gE aa 2) 


where, as usual, 2 is the mass ratio m,/m3. (Note that in Figure 14.15 the line DC represents the 
recoil momentum of the target.) (d) For a given mass ratio A, what sort of collision gives the largest 
fractional energy loss? What value of 4 maximizes this energy loss? (Your answer is important in 
situations where one wants a particle to lose energy as quickly as possible —as in a nuclear reactor, 
for example.) 


(a) In the CM frame the total momentum is zero, so the two initial momenta are equal in magnitude, 
P= py and likewise the two final momenta, p; = py. This let's us write the conservation of kinetic 
energy (elastic collision) as 


which implies that py = 
for particle 2 

(b) In the lab frame, particle 2 is initially at rest, so that 7, = 0. If any kind of collision occurs, 
particle 2 must recoil with 7; > 0. Therefore, particle 2 gains kinetic energy. By conservation of 
energy, the projectile must lose KE, and the separate energies are definitely not conserved. 

(©) In Fig.14.15 you can see that the final momentum of particle 2 is represented by the line DC, 
which has magnitude py.) = 2p Sin(O_m/2). Therefore the energy gained by particle 2 (and lost by 
particle 1) is 


/, and hence that the KE of particle 1 is separately conserved, and likewise 


ere 
Ag = {Piss _ 2p* sin* Gem/2) 
2m mz 


This is to be compared with the original energy of particle 1, which is (in the lab frame) 


‘Therefore 
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AE _ 2p?sin?@y/2) __2my 4A sin? (@cg/2) 
E my (+aPp? a+? 


(@) For given 2 this fractional loss is greatest if @jq/2 = 90° OF Ocm = 180°—what one would 
normally expect in a direct head-on collision. Differentiating with respect to 2, you can easily check 
that the corresponding fractional loss is maximum if = 1, that is, if the two particles have equal 
masses. 


14.31 +++ [Computer] Consider the clastic scattering of a projectile that is heavier than the target, 
that is, m, > my or 2 > 1. (a) Draw the analog of Figure 14.15 for this case. Show clearly that there 
are two different values of the CM angle @,., corresponding to each value of 6,5. (b) What are the 
two CM angles that correspond to 6,,», = 0? In terms of this example, explain why there is this two- 
fold ambiguity in4.q, when m, > m.(¢) Plot A as a function of @,, for the case that. (a) Use 
‘your picture from part (a) to find an expression for the maximum possible value of @, for a given 
value of 4. Check that your answer is correct for the case that A= 1. 


ap 8 P 
Figure $14.31a 


(a) The two final CM momenta labeled p’ and p" are in different directions, but their corresponding, 
lab momenta, represented by the lines AD’ and AD” are in the same direction. 

(b) The labangle 4, is 0 if @.q, = O.and if 8.., = 27-In the case 6,q, = 0, the projectile passes the target 
tunscattered, and the same is true as seen in the lab; that is, 6, = 0. In the case Oy, = 7, the projectile 
bounces straight back (as seen in the CM frame)—typically in a head-on collision. However, in the 
lab frame, a head-on collision with m, > m3 only slows the projectile, which emerges in the forward 
direction with 4, = 0. 

(©) See figure S14 


tay (Cea) 


cm (deg) 
° 0 1 
Figure $14.31¢ 


(d) From the figure of part (a), the lab angle 6,4 is maximum when the line AD"D' is tangent to the 
circle, Therefore @,y(max) = arcsin(p/Ap) = arcsin(1/2). If = 1, this gives the known result that 
@ap(max) = 90°, 
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Special Relativity 
PROBLEMS AND SOLUTIONS 


SECTION 15.2 Galilean Relativity 


15.1 * Using arguments similar to those of Section 15.2, prove that Newton's first and third laws are 
invariant under the Galilean transformation. 


‘Suppose that the first law holds in a certain frame 5. Now consider a second frame 5’ obtained from 
$ by a Galilean transformation and suppose that the net force F’ on a body is zero as measured in $'. 
By the invariance of force, this means that F = 0 as measured in . By the first law (true in $), this 
ith V constant, it 


0. In summary, we've proved that 


(F=0) => (F=0) => 


and we've proved that the first law holds in 8’. 
Similarly, we can prove that if the third law holds in 8, then 


and the third law holds in 8. 


SECTION 15.4 The Relativity of Time; Time Dilation 


15.3» A low-flying earth satellite travels at about 8000 m/s, What is the factor y for this speed? 
‘As observed from the ground, by how much would a clock traveling at this speed differ from a 
ground-based clock after one hour (as measured by the latter)? What is the percent difference? 

ir 


‘8000 mis, then 6 = 8000/(3 x 108) = (8/3) x 10-S and 


Y 


where in the third expression I have used the binomial approximation. Since Ar = y Af, the 
difference is 


Afy ~ At = (I= y) At, * — 4? At = —G.56 x 107) x 3600s = -1.28 ps. 


where in the third expression I have used the binomial approximation for y and replaced Ar, by At, 
since the difference is extremely small. The fractional difference is just —}8? = —3.56 x 10-*%. 
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15.5 * A space explorer A sets off at a steady 0.95¢ to a distant star. After exploring the star for a 
short time, he returns atthe same speed and gets home after a total absence of 80 years (as measured 
by earth-bound observers). How long do 4’s clocks say that he was gone, and by how much has he 
aged as compared to his twin B who stayed behind on earth? 

[Note: This is the famous “twin paradox.” Itis fairly easy to get the right answer by judicious 
insertion of a factor of y in the right place, but to understand it, you need to recognize that it involves 
three inertial frames: the earth-bound frame 5, the frame 8’ of the outbound rocket, and the frame 
8” of the returning rocket. Write down the time dilation formula for the two halves of the journey 
and then add. Notice that the experiment is not symmetrical between the two twins: B stays at rest 
in the single inertial frame 8, but A occupies at least two different frames. This is what allows the 
result to be unsymmetrical.| 


With 6 = 0.95, the y factor for both the outward and return trips is y = 1//T— B? = 3.20. The 
times for the two halves of the journey satisfy 


Arg = yArs and Ares = y arte, 


so, by addition, the times for the whole journey satisfy the same relation Aty = yAtq. Therefore 
Ata = Atg/y = (80 yr)/3.20 = 25 yr, which is the amount by which twin A has aged, 


15,7 ** The muons created by cosmic rays in the upper atmosphere rain down more-or-less uni- 
formly on the earth's surface, although some of them decay on the way down, with a half-life of 
about 1.5 j.s (measured in their rest frame), A muon detector is carried in a balloon to an altitude 
of 2000 m, and in the course of an hour detects 650 muons traveling at 0.99¢ toward the earth. fan 
identical detector remains at sea level, how many muons should it register in one hour? Calculate the 
answer taking account of the relativistic time dilation and also classically. (Remember that after 2 
half-lives, 2" of the original particles survive.) Needless to say, the relativistic answer agrees with 
experiment. 


With v = 0.99, y = 7.09. The half-life (measured in the muons’ rest frame) is fyo(proper) = 1.5 
14s, and that measured in the earth frame is f,(earth) = yt,/2(proper). The time of flight measured 
in the earth frame is T (earth) = h/v, so the number of hal 


_ Teanh) hk 
tya(earth) — vyty,(proper) 


(815.1) 


Therefore, the number that survive to the ground should be about NV = N,/2" = 650/2% = 420, 
To find the classical answer, we must delete the factor of y in the expression ($15.1) forn, to give 
n(clas) = yn(rel) = 4.49 half-lives, and N (clas) = 650/2°*° ~ 29. 


15.9 «* One way to set up the system of synchronized clocks in a frame 8, as described at the 
beginning of Section 15.4, would be for the chief observer to summon all her helpers to the origin 
and synchronize their clocks there, and then have them travel to their assigned positions very slowly. 
Prove this claim as follows: Suppose a certain observer is assigned to a position P at a distance d 
from the origin. If he travels at constant speed V, when he reaches P how much will his clock differ 
from the chief's clock at 0? Show that this difference approaches 0 as V — 0. 


‘The time for the helper to reach his assigned position (as measured by the chief observer) ist, = d/V. 
Meanwhile, the time elapsed on the helper’s clock is 1, = f,/y = d/(Vy). Thus the difference is 
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5 =t.— t= (d/V)(1— I/y). We wish to sce what happens to this as V — 0, and this requires 
some care (because of the factor of V in the denominator). However, as V — 0 we can use the 
binomial expansion to give 
a 1 d 21/2) 4 Pe ad 
geZ (1-2) 2 £(i-p- ~4(1-1- 46) = 
§('-3)= 5 (1-007) = F (1-11 8) = 2 


which approaches zero as 6 —> 0. 


SECTION 15.5 Length Contraction 


15.11 As a meter stick rushes past me (with velocity v parallel to the stick), I measure its length 
to be 80 cm. What is v? 


100 cm, whereas I measure it to be / = 80 cm. Since 1 


yVi- B 


The stick’s proper length is J, 
see that y = 5/4. Because y 


Jy, we 


Thatis, v = (3/5)e. 


15.13** A meter stick is at rest in frame ,, which is traveling with speed V = 0.8c in the standard 
configuration relative to frame 8. (a) The stick lies in the x,y, plane and makes an angle 0, = 60° 
with the x, axis (as measured in $,). What is its length / as measured in $, and what is its angle 
with the x axis? [Hint: It may help to think of the stick as the hypotenuse of a 30-60-90 triangle of 
plywood.] (b) What is / if @ = 60°? What is @, in this case? 


rene Fess, Frame Frame 
ny . 4 | 
Yo e/ |y=% 1m/ ly, t/ | yay 
QD A QD 
% x=%ly % x=¥oly 
i) (>) 


Figure $15.13 


(a) With 6 = 4/5, y = 5/3. Inthe frame ,, we know the length J, = 100 cm and the angle 6, 
so we can calculate x4 = 50 em and y In the frame §, x is contracted (x = x, 
em) but y is not (y 86.6cm). Thence! = ‘y2 = 91.7em and 6 = arctan(y/x) 
(b) The angle 60° is given in the frame $, so tan 60° = y/x = y,/(x,/y) and tan@, 
(tan 60°)/y, whence @, = 46.1°. From this we find x, = 69.3 cm and y, = 72.1 cm, and from these 
we can calculate x = x,/y and y = y, and thence / = 83.2 em. 


SECTION 15.6 The Lorentz Transformation 


15.15 Solve the Lorentz transformation equations (15.20) to give x, y, 2,1 in terms of x’, y’, 2/1 
‘Verify that you get the inverse Lorentz tranformation (15.21). Observe that you could have found the 
same result by interchanging primed and unprimed variables and changing V to —V. 
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If we multiply the fourth of Eqs. (15.20) by V and add it to the first, we find that 


x’ +. Vil =yx —yV2x/e? = y(— px = V1 Px 


and hence that x = y(x’ + V1’). Inthe same way, we can eliminate x to give t = y(t’ + Vx'/c?). The 
equations y = y’ and 2 = 2’ follow trivially, and we have derived the inverse Lorentz transformation 
(15.21). 


15.17 * Consider two events that occur simultaneously at r = 0 in frame 8, both on the x axis at 
x = 0 and x =a, (a) Find the times of the two events as measured in a frame 8 traveling in the 
positive direction along the x axis with speed V. (b) Do the same for a second frame 8” traveling 
at speed V but in the negative direction along the x axis. Comment on the time ordering of the two 
events as seen in the three different frames. This startling result is discussed further in Section 15.10. 


Frame S 


x1=0, ty =0 x2=a, t2=0 
Figure $15.17 


(a) Frame 8’ has velocity V relative to 8. Therefore 

h=vly—Ar/fe)=0 and = yt — Bm/c) = -yBa/c. 
(b) Frame 8” has velocity —V relative to 8. Therefore 

H=vGt+px/o=0 and f= y(t + Bx/c) = yBa/c. 


In frame § the two events are simultaneous. In $’ event 1 is later than 2, and in 8” event | is earlier 
than 2. 


15.19 ** A travelerin a rocket of proper length 2d sets up a coordinate system 8° with its origin O' 
anchored at the exact middle of the rocket and the x’ axis along the rocket’s length, At 1' = 0 she 
ignites a flashbulb at O’. (a) Write down the coordinates xf, ff and xj, for the arrival of the light 
at the front and back of the rocket. (b) Now consider the same experiment as observed from a frame 
§ relative to which the rocket is traveling with speed V (with § and 8' in the standard configuration). 
Use the inverse Lorentz transformation to find the coordinates xp, ty and xp. tg for the arrival of the 
‘owo signals. Explain clearly in words why the two arrivals are simultaneous in 8 but not in 8. This 
phenomenon is called the relativity of simultaneity. 


x, =d, = de: x5 
(b) xp = yay + UF 
Xp = (ryt Uf) = 
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s:i| — - > 
S |e ems Y 
Figure $15.19 


Although the two events are simultaneous as measured in S’, they are nor simultaneous in S, As 
observed in S, the two signals start out from the middle of the rocket, but while they are traveling the 
rocket is also traveling to the right at speed v. Thus the front is receding from its signal, which must 
travel more than half the rocket’s length. Meanwhile the back of the rocket is approaching its signal, 
which needs to travel only a shorter distance. Therefore this signal arrives first; that is, 7» < tp. (In S” 
the signals again start from the middle of the rocket; but since the rocket is not moving they naturally 
arrive simultaneously.) 


SECTION 15.7. The Relativistic Velocity-Addition Formula 


1521+ A rocket traveling at speed ¢ relative to frame 8 shoots forward bullets traveling at speed 
Je relative to the rocket. What is the speed of the bullets relative to 8? 


Let us take our x axis in the direction of the two velocities. Then the velocity of the rocket's frame 
8’ has V = Jc and that of the bullets relative to the rocket has v! = jc, with all other components 
zero. According to the inverse of the velocity-addition formula (15.26), 


vitV ; 


T+ uve 


i+ 
143 


Sia 
Ws 


Uy 


with all other components zero. 


15.23* As scen in frame 8, two rockets are approaching one another along the x axis traveling with 
equal and opposite velocities of 0.9c. What is the velocity of the rocket on the right as measured by 
observers in the one on the left? [This and the previous two problems illustrate the general result that 
in relativity the “sum” of two velocities that are less than cis always less than c. See Problem 15.43.] 


If we let 8’ denote the rest frame of the left rocket, then the velocity of 8’ relative to $ is V = 0.9¢. 
The velocity of the right rocket relative to $ has v, = —0.9¢ and, relative to 8’, 


9c 


as = =-0. 
VJ 140.9x09 181 as 


15.25 A rocket is traveling at speed V along the x axis of frame S. It emits a signal (for example, 
a pulse of light) that travels with speed c along the y’ axis of the rocket’s rest frame 8’. What is the 
speed of the signal as measured in S$? 
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Figure $15.25 
According to the inverse velocity transformation, 


atv. 
oe 


uy uy 


As you would expect, the signal angles to the right of the y axis, as seen in 8. Its speed is given by 


Pout we +e/P=V+0-V7/A)= 


‘That is, u = c. This illustrates the general result that anything which has speed c in one frame has 
the same speed in any frame. 


15.27 +** Frame 8' travels at speed Vj along the x axis of frame & (in the standard configuration), 
Frame 8” travels at speed V» along the x’ axis of frame 5’ (also in the standard configuration). By 
applying the standard Lorentz transformation twice find the coordinates.x”, »”, 2", of any event in 
terms of x, y, 2, Show that this transformation is in fact the standard Lorentz transformation with 
velocity V given by the relativistic “sum” of V, and V3. 


Consider first the final x coordinate. This is.” = ya(x’ — Vat’), where y» is the y factor corresponding 
to the second velocity V3. The coordinates x’ and ¢’ are given by the first Lorentz transformation 
(velocity V;), and substituting these values we find that 
x” = yyyal(x — Vid) — Volt — Vyx/c?))] 
= yale + ViVo/c?) — (Vy + Vode 


=n(1+ 48) [+- (a) 


= nvr + Bibdlx — Vel (815.2) 


In the last line I have made two substitutions. In the interests of tidiness, I have replaced V,/c by 2, 
and V3/c by Bs. More important, Ihave recognized that the coefficient ofr in the previous line is the 
relativistic “sum” 


of the two separate velocities V, and V>. The form ($15.2) for x”’is very close to the standard Lorentz, 
transformation for the single velocity V. All that remains to be shown is that the product to the left 
of the square bracket is equal to the y factor for the velocity V. To show this, let’s evaluate the latter: 
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1 1 a (1+ Bib) 
T= (B, + BP /1 + BBD (+ BB. = (By + Ba? 
(+ 


‘Comparing with (S15.2) we see that indeed x” = yy(x — V1); that is, the two successive Lorentz 
transformations with velocities V, and V3 produce the same effect as a single Loren transformation 
with velocity V equal to the relativistic “sum” of V, and V3. The transformations of y and z are trivial 
(for example, y” = y' = y) and that of the time works just the same as that of x. 


SECTION 15.8 Four-Dimensional Space-Time; Four-Vectors 


15.29 (a) Find the 3 x 3 matrix R(@) that rotates three~<limensional space about the x3 axi 
that e; rotates through angle 6 toward 2. (b) Show that (R(@) = R(2#), and interpret this result, 


@ 


ee 


6 


Figure $15.29 


(a) Bearing in mind that Rjy ¢), we can read off the elements of R(@) from the picture: 


cosd sind 0 
—sin@ cosd 0 


0) o.4 


(b) Using the standard rules of matrix multiplication to multiply R(@) by 


cos’# — sin?@ 2cos@sin@ 0 cos20 sin20 0 
70 0} = =R(20) 
1 


elf, we find 


[R(@)F =| -2cosé sin@ cos? — sin% —sin26 cos20 0 
0 0 0 oo. 


This expresses the obvious result that two successive rotations of @ about a given axis produce the 
same effect as a single rotation of 26 about the same axis. 


15.30 The “angle” ¢ introduced in connection with Equation (15.40) has several useful properties. 
Forany speed v < c (with corresponding factors 6 and y) wecandefine¢ sothat y = cosh @. Defined 
in this way, is called the rapidity corresponding to v. Prove that sinh @ = By and that tanh $ = 6. 


15.31 Here is ahandy property of the rapidity introduced in Problem 15.30: Suppose that observer 
B has rapidity , as measured by A and that C has rapidity ¢ as measured by B (with both velocities 
along the x axis). That is, the speed of B relative to A has , = tanh @, and so on. Prove that the 
rapidity of C as measured by A is just $ = 6) + $3. 
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The speed v = Bc of C relative to A is given by the inverse velocity addition formula: 


Bi + Br tanh ¢; + tanh o> 


id 1+ BiB, 1+ (tanhg,)(tanh gy) 


= tanh(d; + $2) 


(In the last step I used the “well known” addition formula for the hyperbolic tangent. One way to 
prove this is to start from the corresponding formula for the more familiar trigonometric tangent.) 
‘That is, the velocity of C relative to A is given by = tanh where the rapidity @ isjust @ =; + 2. 


15,33 ** (a) By exchanging x, and x2, write down the Lorentz transformation for a boost of velocity 
V along the x2 axis and the corresponding 4 x 4 matrix Ago. (b) Write down the 4 x 4 matrices 
Aggy and Ag_ that represent rotations of the x, x2 plane through 77/2, with the angle of rotation 
measured counterclockwise. (€) Verify that Ag2 = Ag_piAgy, where Ap, is the standard boost 
along the x, axis, and interpret this result. 


@) 
yon 10 0 0 
x = y(t — Bx) Oo y 0 -y¥B 
B= whence Am=/g 9 1 0 
x, ty — Bx) 0 -yp 0 y 
) 
o1 0-10 0 
10 100 0 
Ane=) 9 0 oo 1 0 
oo ooo 1 
© 
0 -yB]TO 1 0 0 
10 -10 0 0 
An-ApiAr+=| 9 9 00 1 0 
0 0 oo 0 1 
0 o Oo o 0 0 
_|1 00 0 y 0 -yB}_ 4 
“Jo o 1 0 Oe FF 
ooo 1 -vB 0 y 


‘The rotation Ag, changes what was the y axis into the new x axis. Then the boost Ag, boosts to 
velocity V along the new x axis, and finally, the rotation Ag_ converts the new x axis back to being 
the y axis. The net effect of all three is therefore a boost along the y axis. 


15.35 +* Prove the following useful result, called the zero-component theorem: Let q be a four- 
vector, and suppose that one component of q is found to be zero in all inertial frames. (For example, 
44 = 0 inall frames.) Then all four components of q are zero in all frames. 


Suppose that q = 0 in all inertial frames. Now consider any frame $ and a second one $' related to 
S by the standard boost, so that q, = (qs — Bqi)- Since qy = qi = 0, it follows that q, = 0. But the 
frame § was arbitrary. Therefore q, = 0 in all frames. If we repeat the argument using boosts along 
the y and z axes, we can prove similarly that gp and 3 are zero in all frames. 
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SECTION 15.9 The Invariant Scalar Product 


15.37* Verify directly that x’ y for any two four-vectors x and y, where x’ and y’ are 
related to.x and y by the standard Lorentz. boost along the 2, axis. 


If x and y are four-vectors, then under the standard boost xj = (x) 
Therefore 


Bx4),x4 = xq, and 0 on, 


yy ty 


xy 


= yn — Bxay 1 — By) + x292 +4393 — Ys — Bay (va — By 


= = Bey + aay + ays — 


— Pixar 


since the cross tems involving x,y, and x,y} in the second line all cancelled. Finally, notice that 
y?(1 — B2) = 1, so the last line is just x - y, and we've proved that x’ + y= x+y. 


SECTION 15.10 The Light Cone 


15.39* Suppose that a point P in space-time with coordinates x = (x, x,) lies inside the backward 
light cone as seen in frame 8. This means that x +x <0 and x4 <0 at least in frame 8. Prove that 
these two conditions are satisfied in all frames. Since this means that all observers agree that ¢ <0, 
this justifies calling the inside of the backward light cone the absolute past. 


If.x +x <0 in frame §, then x’ + x’ < 0 in any other frame 8’, since x +x has the same value in all 
frames. The condition x «x = x? —.x2 <0 implies that |x| < [xy]. Now suppose, in addition, that 
x4 < Oin frame $ and let 8" be obtained from $ by a standard boost. Then 


x, = y(t — Bay) <0 


since || <1 and |xy| < |x| < [xg]. Thatis, xj <0 in 8’. Since x, is unchanged by any rotation, the 
‘same conclusion holds in all frames 8". 


1541+ In the proposition on page 627, it is obvious that at least one of the three statements has to 
be true. In the proof given there, I showed that if statement (1) is true, then so are statements (2) 
and (3). To complete the proof, show that (2) implies (1) and (3). [Strictly speaking you should also 
check that (3) implies (1) or (2), but this is so similar to the argument already given that you needn't 
bother.) 


‘To simplify our notation, I'll put the origin at point Q. Then statement (2) says that the point P has 
coordinates x satisfying x? > 0 and that there is a frame (call it $) in which x, = 0. We have to prove 
that there are other frames where x’, < 0 and still others where x/’ > 0. By rotating our coordinates, 
if necessary, we can arrange that x lies on the positive x, axis and x = (x), 0, 0,0), with x, > 0. Now 
consider a frame 8’ obtained from $ by a standard boost. In this frame 


x= (ts Bay) = 8x1 <0. 


Similarly, by boosting in the opposite direction we could obtaina frame 8” in which x” = +yBx, > 0. 


1543+ (a) Show that if a body has speed v <c in one inertial frame, then v <c in all frames. 
[Hint: Consider the displacement four-vector dx = (dx, cdt), where dx is the three-dimensional 
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displacement in a short time dt.] (b) Show similarly that if a signal (such as a pulse of light) has 
speed c in one frame, its speed is c in all frames. 


(a) Suppose that the body moves from x tox + dx as the time advances from tot + dt. Letdx denote 
the four-vector displacement dx = (dx, edt) = (v, c)dt and consider the following two equivalent 
statements: 


WWi<c o> dx <0. ($15.3) 
Since dx? is Lorentz invariant, the second condition, if true in one frame, must be true in all frames, 
‘The same must therefore apply to the first; that is, if |¥| < in one frame, then |v| <c in all frames. 
(b) The argument for a signal with speed c is the same except that the two conditions (S15.3) are 
replaced by |v|=¢ <=> dx? =0. 


SECTION 15.11 The Quotient Rule and Doppler Effect 


15.45 * The quotient rule derived at the start of Section 15.11 is only one of several similar quotient 
rules. Here is another. Suppose that k and .x are both known to be four-vectors and that in every 
inertial frame k is a multiple of x. That is, x in frame 8, and k’ = 2/x" in frame 8’, and so on. 
‘Then the factor 4 (the “quotient” of k and x) is in fact a four-scalar with the same value in all frames, 
2. =X. Prove this quotient rule. 


If k and x are both four-vectors, then for any two frames $ and 8’, k’ = Ak and x’ 
kody, 


Ak = Ade =hAx = dx’, 


nthe other hand, Ak = k’ = 2x’. Comparing these two expressions for Ak, we conclude that 2 = 2 
and we've proved that 2 is a four-scalar. (The only exception is if all four components of x’ are zero, 
but this case is of little interest since then x = k = 0.) 


15.47 * Consider the tale of the physicist who is ticketed for running a red light and argues that 
because he was approaching the intersection, the red light was Doppler shifted and appeared green. 
How fast would he have to have been going? (jog © 650 nm and green * 530 nm.) 


Since he had to be approaching the light head-on (or nearly so), @ = 0 and Eq. (15.64) becomes 
@ = oy / (+ B)/(l — B) (as in Problem 1.46). Solving for B we find that 


a2- se 
i 65 SF _ on. 


Bm Seal ae oF e5R 


His speed had to be about 0.20c. 


SECTION 15.12 Mass, Four-Velocity, and Four-Momentum 


15.49 * Show that the four-velocity of any object has invariant length squared u + u =~ 


Since u = y(v,c), its square is u? = y?(v? — c?} 
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1551 +* (a) Forthe collision shown in Figure 15.11, verify that all four components of the total four- 
‘momentum p, + pp with the individual momenta defined relativistically as in (15,68)] are conserved 
the frame § of part (a). (b) In two lines or less, prove that total four-momentum is conserved in the 
frame 5’ of part (b). [This problem does not, of course, prove that the law of conservation of four- 
‘momentum is generally true, but it does at least show that the law is consistent with the collision of, 
Figure 15.11.] 


(a) The two incoming particles have the same mass, m,, = my = m. Since their velocities are equal 
=v, =¥, say, they have the same value of y, that is, y= y=, say. It 
(ymy, yme) and p, = (—ymy, ymc). Therefore the total initial four-momentum 
LE Pin = 0, 2ymc). The same argument gives the same value for the final total four-momentum, 
and we've shown that > pig = Pfn in frame 8. 

(b) Since the two sides of the last equation are four-vectors, the truth of the equation in one inertial 
frame automatically assures its truth in all such frames. 


15.53 ** For any two objects a and b, show that 
Pa? Pp = ~MgEy = My Eg = —mamyc?y (eet) 


where m, is the mass of a, and E; is the energy of b in a’s rest frame, and vice versa, and te) is the 
speed of a in the rest frame of b (or vice versa). 


‘The quantity p, + pp is invariant, so can be evaluated in any conveniently chosen frame. In the rest 
frame of a, py = (0, mac) and pp = (Pp. Ep/€). $0 Pa * Py = —MaE'. Still in the same frame, the 
speed of bis vjej, So its energy is E), = y (vyer)mpc?, and py + py =—Mamyc?y (vee). Finally, working 
in the same way, but in the rest frame of b, we find that py + py = —myEq. 


18.55 +#* Since the four-velocity u = y(v,c) is a four-vector its transformation properties are 
simple. Write down the standard Lorentz boost for all four components of w. Use these to deduce the 
relativistic velocity-addition formula for v. 


Because there are three different velocities in this problem, we must be careful to distinguish 
the different corresponding factors of 6 and y. Thus I'll write u = y(v)(v, c), and the velocity 
transformation as 


wy = (Vey — BWV )uy), wy = uy sus uy = y(V)(uy = BV ug). (S154) 
‘We must now rewrite these in terms of the three-velocity v. The first gives 

vey) = VIL @)v, — BV) We] = ¥WY(V)LY, — VI (S15.5) 
and the last gives 


ye =y(V)ly@e — BV )y Wu] = y(w)y (Vell = 1 V/c7}. ($15.6) 


Dividing Eq. (S15.5) by Eq. (S15.6), we find 
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which is the first component of the velocity-addition formula. Similarly, the second of Eqs. (S15.4) 
gives y(v')v} = y (v)v and, dividing this by Eq. (S15.6), we find 


vy 


Y(V)O = v,V/c2) 


which is the second component. The third works in the same way, and we're home. 


SECTION 15.13 Energy, the Fourth Component of Momentum 


15.57 * When a radioactive nucleus of astatine 215 decays at rest, the whole atom is torn into two 
in the reaction 


25 qt Bi + “He 
‘The masses of the three atoms are (in order) 214.9986, 210.9873, and 4.0026, all in atomic mass 


units, (1 atomic mass unit = 1.66 x 10°27 kg = 931.5 MeV/c?.) What is the total kinetic energy of 
the two outcoming atoms, in joules and in MeV? 


With the initial atom at rest, conservation of energy implies that Mic? = Myc? + T;, so Ty = 


(M, = Mpc? = (mg, — mg; — mye)e? = (0.0087 u)c? = 8.1 MeV = 1.3 x 10 


15,59* Ifone defines a variable mass my, = ym, then the relativistic momentum p = ym becomes 
‘myaz¥ Which looks more like the classical definition, Show, however, that the relativistic kinetic 
energy is not equal to {tya-?. 


The correct relativistic KE is T = E ~ mc* = (y ~ 1)mc*. The question is: Could this be the same 
AS {ityed? = {ymv?? If these were the same, then it would have to be that (y — jc? = fyv? or 
y =1/(1 = 4v?/c?) which is certainly false. 


15.61 A panicle of mass 3 MeV/c? has momentum 4 MeV/c. What are its energy (in MeV) and 
speed (in units of c)? 


E = V(pe? + (me? = (4 MeV)? + GB MeV) 


B= pc/E = (4MeV)/(S MeV) = 08. Therefore v 


5 MeV. 
8c. 


15.63 * (a) What is a mass of 1 MeV/c? in kilograms? (b) What is a momentum of 1 MeV/c in 
kg-m/s? 


MeV _ _1.60 x 10-55 


i= .78 x 10-™ kg. 
ae (3.00 x 108 m/s)? bs 
13 
(by 1 MEV 60x 1078S 553 5 10-2 kg-m/s. (The final 3 here contains a rounding error 
3.00 x 10 m/s 
and should really be a4.) 


15,65 ++ The relativistic kinetic energy of a particle is T = (y — 1)mc?. Use the binomial series to 
express T as a series in powers of 6 = v/c. (a) Verify that the first term is just the nonrelativistic 
kinetic energy, and show that to lowest order in f the difference between the relativistic and 
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nonrelativistic kinetic energies is 364mc?/8. (b) Use this result to find the maximum speed at which 
the nonrelativistic value is within 1% of the correct relativistic value. 


T = me(y — 1) =me{(1 — BY? — 1 


= me?[(1+ $6? + jah + S04) - 


= me [36° + jot + oe +--] 


(a) The first term is jmc?B? = mv? 


Tyg. The difference is Tye ~ To = mC{3 8% + +++]. 
_— jg Tet Toe w HF 3.62 amici 
(b) The rational difference is “S—" ~ > = 3% andthsislessthan easlongas/ < 0.12. 
it HB 


SECTION 15.14 Collisions 


15.67 + Two balls of equal masses (m each) approach one another head-on with equal but opposite 
velocities of magnitude 0.8c. Their collision is perfectly inelastic, so they stick together and form a 
single body of mass M. What is the velocity of the final body and what is its mass M? 


With v = 0.8¢, y = 5/3. Since the initial velocities are equal and opposite, the same is true of the 
momenta. Therefore the total momentum is zero, and the final body is at rest. Thus M = Ejg/c? = 
Ejq/c? = 2ym = 3.33m. 


15.69 (a) Show that the four-momentum of any material particle (m > 0) is forward time-like. 
(b) Show that the sum of any two forward time-like vectors is itself forward time-like, and hence 
that the sum of any number of forward time-like vectors is itself forward time-like. 


(a) A four-vector q is forward time-like if and only if |q| < qs. The four-momentum of a massive 
particle is defined as p = mu = ym(v, c), and, since m > 0, |v| <c and hence |p| < ps. Therefore 
is forward time-like. 

(b) If p and q are forward time-like, |p| < py and ql < qs. It follows that |p + a] < |p| + lal < 
Ps +4. = (p+ q)s. Therefore, p + q is forward time-like. 


15.71 One way tocreate exotic heavy particles isto arrange acollision betweentwo lighter particles 
atbodtet--+g 


where d is the heavy particle of interest and ¢, ---, g are other possible particles produced in the 
reaction. (A good example of such a process is the production of the y particle in the process 
e* + €~ — W, in which there are no other particles e, ---, g.) (a) Assuming that m, is much heavier 
that any of the other particles, show that the minimum (or threshold) energy to produce this reaction 
in the CM frame is E.., ~ mc. (b) Show that the threshold energy to produce the same reaction. 
in the lab frame, where the particle b is initially at rest, is Eig) © m3c?/2my. (€) Calculate these 
‘two energies for the process e+ + e~ + yy, with m, * 0.5 MeV/c? and my * 3100 MeV/c?. Your 
answers should explain why particle physicists go to the trouble and expense of building colliding- 
beam experiments. 
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(a) The total energy needed to produce any given final set of particles must satisfy E > So mgqc?. 
‘The unique feature of the CM frame is that with pj; = 0, the final particles can all be at rest and the 
inequality can actually be an equality. Thus the threshold energy in the CM frame is > mgg¢?. If the 
particle d is much heavier than all the others, this gives Em, ~ myc? for the threshold. 

(b) In the lab frame, with particle b at rest initially, the threshold energy is given by (15.98) as 


(Lamia)? — m2 — mz» mjc 
Egy = etd a 2 we MA 
ad 2m, Com, 
where the final expression holds if particle d is much heavier than all the others. (Strictly speaking 
this is the minimum energy for the incident particle a—as opposed to the minimum total energy—but 
if my is much bigger than all other masses, this difference is unimportant.) 
my = me = 0.5 MeV/c? and my = my = 3100 MeV/c?, we find for the two threshold 


m 
2m, 


Eg © myc? = 3100 MeV whereas Ey, ~ 


= 9, 600, 000 MeV. 


15.73 ++ Consider the head-on elastic collision of Example 15.10, in which the final velocity vp, 
of particle b is given by (15.95). (a) Show that, in the special case that the masses are equal 
(m, = my). vax the initial velocity of particle a. Show that in this case the final velocity of 
a is zero. (This result for equal-mass collisions is well known in classical mechanics; you have 
now shown that it extends to relativity.  (b) Show that in the nonrelativistic limit (15.95) reduces to 
uy, = 2vym,/(m, + m,). By doing the necessary nonrelativistic calculations, show that this agrees 
with the nonrelativistic answer for elastic head-on collisions. 


(a) According to (15.95), the final velocity of bis vj, = 2Bc/(1 + A) where B is the (dimensionless) 
velocity of the CM frame relative to the lab, B = p,c/(E, + mc?) and m =m, = my. Putting these 
together, we find, after a little algebra, vj, = pyc?/Ey = Vor 

(b) In the limit that 6 > 0, 


2Be 


2p,e? 2a 
pp 7 em es oe 


Ws = 5 é 
Eq + mye” my + my 


As youcan easily check, this is the answer you would get using conservation of nonrelativistic energy 
and momentum. 


15.75 ** A particle of unknown mass M decays intotwo particles of known massesm, = 0.5 GeV/c? 
‘and m, = 1.0 GeV/c?, whose momenta are measured to be p, = 2.0 GeV/c along the x» axis and 
Pp = 1.5 GeV/c along the x, axis. (1 GeV = 10” eV.) Find the unknown mass M and its speed. 


Using the useful relation (15.85) we can find the energies of the two final particles 


J (rie)? + (myc)? = VP + (0.5)? = 2.06 GeV 


and 


V (prc? + (m: 


Vas? +P 
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Figure $15.75, 


By conservation of energy and momentum, the original particle had 


E = E, + E)=386GeV 
and 


P=P; +P: =2.5GeV/c, in the direction shown. 


Finally, M = E® = (pe)? = V3.86" — 2.5? = 2.95 GeV/c?, and f = pe/E = 2.5/386 = 0.65. 


15.77 +e Consider the elastic head-on collision of Example 15.10, in which particle a collides 
with a stationary particle b. Assuming that m,, # mp, show thatthe final kinetic energy of particle a 
satisfies 7!" < (im, ~ mp)?c?/2my, (Hint: Look at the CM frame where you can show that the four- 
vector pi" — pj? is time-like, so that (pS* — pj)? < 0.] (b) The result of part (a) implies that if 7" 
is large, almost all this incoming energy is lost to b. This is quite different from the nonrelativistic 
situation. Prove that in nonrelativistic mechanics the proportion of kinetic energy retained by a is 
fixed, independent of 7". Specifically, 7 = Ti"(m, — mj)?/(m, + my). 


(a) In the CM frame we know that the two incoming momenta are equal and opposite and that, 
in a head-on collision, they simply exchange roles. Therefore pi" = pi, and p!" — pi" = (0, 
ES" — E}")/c, which is pure time-like. Therefore (p'" — pj)? < 0. (The one exception is if my 
‘my, in which case E® = Ei, so pi — pi? = 0.) 

Now, in the lab frame (particle b initially at rest) pj? = (0, myc), so the condition (p" — pj)? <0 
can be written as 


mc? — mpc? — 2p8 « pj? = —mc? — mpc? + 2EMm, < 0. 

Ifwe write £8 = mc? + 7.8, this gives the desired result, 7" < (m, — my)°c?/2m,,. (Notice that 
if m, = mp, the corresponding result is that 7" = 0, giving a nice proof that, in this case, particle 
a comes to a dead stop.) 

(b) Using nonrelativistic mechanics, it's easy to show that vi" = vi"(m, — mp)/(mg + my), whence 
Ty" = T;"0mg — my)? [mg +m 


SECTION 15.15 Force in Relativity 


15.79 Consider an object of mass m (which you may assume is constant), acted on by a force F. 
From the definition (15.100) prove that 


Fayma+(F-v)v/c?, 
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where a = dv/dt is the object's acceleration. Notice that it is certainly not true in relativity that 
F = ma. Nor is it true that F = m,,,a, where m,,, is the variable mass m,, = ym, except in the 
special case that F happens to be perpendicular to v. In general, F and a are not even in the same 
direction. 


First, F = dp/dt = d(ymy)/dt = yma + (dy /dt)my. To evaluate dy /dr, note that y = E/me? 
and, by the work-KE theorem (15.101), dE /dt =F « v. Combining all of these, we get F = yma + 
(F + vv/e. 


15,80 A particle of mass m and charge q moves ina uniform, constant magnetic field B. Show that 
if v is perpendicular to B, the particle moves in a circle of radius 


= |p/qB\. (15.154) 


{This result agrees with the nonrelativistic result (2.81), except that p is now the relativistic momen- 
tum p= ymy.] 


1581+ An clectron (mass 0.5 MeV/c?) moves with speed 0.7c in a circular path in a magnetic 
field of 0.02 teslas. Using the relativistic result (15.154) of Problem 15.80, find the radius of the 
electron’s orbit. What would your answer have been if you used the classical definition of momentum? 
[Needless to say, the relativi 
evidence of the correctness of relativisti 


The electron mass is m * 0.5 MeV/c? © 9 x 107°! kg, and with v = 0.7, y = 


83cm. 


ae 1.4 x (9 x 10-5! kg) x (0.7 x 3 x 10% m/s) _ 
qB (16 x 10-19 C) x (0.02 T) 5 


The nonrelativistic answer is less by a factor of y, r(nonrel) = 5.9 em. 


15,83 * Starting from the definition (15.100) of the force F onan object, prove that the transformation 
of the components of F as we pass from a frame § to a second frame 8’, traveling at speed V in the 
standard configuration relative to 8, is 


a 
y(.— Buj/c) 


pia Fic BF sve | 
1 Bu/e 


A 


7 15.155) 
y(= Buje) i , 


where 6 = B(V) and y = y(V) relate to the relative speed of the two frames and v is the velocity 
of the object as measured in 8. 


‘The force in frame $ is F = dp/dt and that in 8" is F” = dp’ /dr’. To relate these we have only to use 
the Lorentz transformation: 


dp, =y(dp, ~ BdE/c), dp’; =dpr, dpy=dps, and dt’ = y(dt ~ Bdx,/c). 


In a paper in Gottingen Nachrichten, p. 143 (1901), Walter Kaufmann showed that the electron’s “apparent 
‘mass” (what we would call its variable mass) in a magnetic field seemed to increase with speed in rough accord 
‘with the relativistic formula me = y(v)m. Notice that this predated Einstein’ frst paper on relativity by some 
four years. 
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Thus 


dp, — y(dp, ~ BAE/o) —BUE/dt)/e _ F\— BF -v/c 
Vo dt y(dt = Bdxy/c) 1= Boje 1 Boye 


where in the last equality I used the work-KE theorem to replace d E /dt by F + v. Similarly 


dps 2 A 
y(dt—Bdxy/e) y(1— Bu,/c)" 


with a similar result for Fy, 


15.85 ++ We have seen that there are processes in which the mass of an object varies with time. 
(a) Starting from (15.85), prove that dm /dt, = —u + K/c?, where t, is the object's proper time, w is 
its four-velocity, and K is the four-force on the object. (b) This means that the necessary and sufficient 
condition that a force doesn’t change an object’s mass is that w+ K = 0. It is an experimental fact 
that if a charged particle is at rest in an electromagnetic field (even instantaneously) then d E /dt = 0. 
Use this to argue that electromagnetic forces do not cause a particle’s mass to change, 


(a) Differentiating the relation 


(pe)? + (me?)? we find that 


dE 
diy 


whence 


dm_p dp E dE dp dé 
oan dg mel dy” dt, dig 


=vo- < .E/o suk. 


(b) Because u + K is invariant, we can evaluate it in any frame. In particular, in the particle’s 
instantaneous rest frame u = (0, c) and K = (d/d1)(p, E/c), sou » K = dE/dt, which we have 
been told is zero. Therefore the mass of a charged particle exposed only to electromagnetic fields is 
constant. 


SECTION 15.16 Massless Particles; the Photon 


15.87* A neutral pion (Problem 15.86) is traveling with speed v when it decays into two photons, 
which are seen to emerge at equal angles @ on either side of the original velocity. Show that 
v=ccosé. 


Let’s take take the direction of the initial pion to be our x axis and the plane of the two emerging 
photons to be the xy plane. Conservation of four-momentum implies that p = p,1 + Py2. the y 
component of which says that [p,:|sin@ = |p,2| sin@. Therefore |p,s| = |p,2l and E, = Ey2 
Ip, ile (the last because the photon is massless). The x and ¢ components of momentum conservation 
now tell us that 


Iprl=2pyileos@ and EE, = 2Ey) = 2\pyaile, 


Dividing the first of these by the second we find that v, = |p,|?/E, = cos@. 
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15,89 + Show that any two zero-mass particles have a CM frame, provided their three-momenta are 
not parallel. [Hint: As you should explain, this is equivalent to showing that the sum of two forward 
light-like vectors is forward time-like, unless the spatial parts are parallel.] 


‘Two particles have a CM frame if and only if there exists a frame where their total three-momentum 
is zero, and this is the case if and only if their total four-momentum is time-like. Now, a four-vector 
p is forward time-like if and only if py > |p| (and forward light-like if and only if p = |p| > 0). 
Since our two particles are massless their four-momenta are forward light-like, 80 Py = [Pal > 0 
and pps = |Pp| > 0. Therefore their total momentum satisfies 


Ps = Pos + Pos = |Pal + IPol > IPa + Pol = IPl- 


‘This proves that p = p, + pp is forward time-like, provided the “>” sign is actually “>”. Now, 
we know for any two three-vectors A and B, that |A| + |B] > A + B| unless A and B are parallel. 
Therefore p is time-like unless p, and p,, are parallel. 


15.91 ** An excited state X* of an atom at rest drops to its ground state X by emitting a photon. In 
atomic physics it is usual to assume that the energy E,, of the photon is equal to the difference in 
energies of the two atomic states, AE = (M* — M)c?, where M and M* are the rest masses of the 
ground and excited states of the atom. This cannot be exactly true, since the recoiling atom X must 
carry away some of the energy AE. Show that in fact E, = AE[1 — AE/(2M*c?)], Given that AE 
is of order a few eV, while the lightest atom has M of order 1 GeV/c’, discuss the validity of the 
assumption that E, = AE. 


In the process X* —> X + y, the initial X* is at rest so has four-momentum p* = (0, M*c). The 
four-momentum of the outgoing photon is p, = (p,, E,/c). By conservation of four-momentum 
p* = p+ p, or p= p* ~ p,. which, if we square both sides, implies that 


Mc? = —M2 — 2p" p, +0 = —MPc? +2M"E,, 


or, solving for E,. 


(M* +M) AE 
M)c? = 1- 
aD ae ( ane) 


where in the last equality I used the fact that M = M* — AE /c*. The fractional difference between 
AE and E, is AE/(2M"c*) ~ (a few eV)/(at least 2 GeV), of order one part in a billion or less. 


15.93 +#* Consider a head-on elastic collision between a high-energy electron (energy E., and speed 
Ac) and a photon of energy E,,.. Show that the final energy E,, of the photon is 


eae ary 
°2+ (l= B)Eo/ Eye” 


[Hint: Use (15.123),] Show that E, < E,, but that if 8, > 1, then E, /E,— I; thatis, a very high- 
energy electron loses almost all its energy to the photon in a head-on collision. What fraction of its 
original energy would the electron retain if E, ~ 10 TeV and the photon was in the visible range, 
E,o 3 eV? (Remember that the mass of the electron is about 0.5 MeVic?; 1 TeV = 10!? eV.) 


‘The four-momenta of the 


jal and final electron and photon can be written as follows: 


Special Retativity 199 


initial final 
electron p, = (By, 0.0, DE,/e P 
photon P,g=(-1,0,0,DE,o/¢ py = (1,0, 0, IE, /e 


According to (15.123), p, + (Pyo ~ Py) = Pyo* Py» Which becomes 
EE yo(-Bo ~ 1) — EgEy(Bo ~ 1) = EyoEy(-1~ 0). 
Solving for E,, we get the advertised answer 


1+ Bo 


ere (15.7) 
2+ (1 Bo) Eo/ Evo 


Ey= 
‘The numerator ofthe fraction on the right of Eq. (S15.7) is clearly less than 2, while the denominator 
is greater than 2, Therefore Ey, < Eq; the energy of the outgoing photon is less than the energy of 
the incident electron. But as E,—> oo the proportion given to the photon approaches 100%. To see 
this, note that as E, —> 00, By > 1 and the numerator in ($15.7) approaches 2. The denominator 
is a bit harder, because the factor (1 — 8) approaches zero while the factor £, approaches infinity. 
However, 


2 = 
me = me |! be _, 9, (815.8) 


vi-Re2 1+ By 


‘Thus the denominator approaches 2 and the ratio E, /E, —> 1. In the limit E, > oo the proportion 
Of the electron’s energy transferred to the photon approaches 100%. 

Before we putinnumbers,let’s rewrite Eq.(S15.7)as E,, = Eq(1 + Bo)/(2 + €), whereaccording 
to Eq. (S158) 


(= B.)Ey = (= By) 


game [labo 
Eyo\ 1+ Bo 
With the given numbers, By = 1 — 1.25 x 10°! and € = 0. 


E=E,+E, 


Because both (1 — ,) and E,,./E, are much much less than , this gives (almost exactly) E/E. = 
E/(2 + €) =0.002 = 0.2%. 


SECTION 15.17 Tensors 


15.95* By making suitable choices for the n-dimensional vectors a and b, show thal 
for any choices of a and b (where C and D are n x n matrices), then C = 


The condition 4Cb = ADb is equivalent to the condition 4(C — D)b = 0. Thus what we have to 
prove is that if Eb = 0 for all vectors a and b, then E = 0. To prove this, choose a and b with the 
form below with the single nonzero entry of a in the Ath row and that of b in the /th row. Then it 
is easy to see that AEb = E,,. Since this has to be zero for any choice of k and 1, we conclude that 
E=0. 
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0 
0 

a=|1] and b=] 
0 0 

0 0 


15.97 « (a) A tensor T is said to be symmetric if 7, - Prove that if T is symmetric in one 
inertial frame, then it is symmetric in all inertial frames. (b) T is antisymmetric if 7,, 
Prove that if 7 is antisymmetric in one inertial frame, then iti antisymmetric in all inertial frames. 
(An example of the latter property is the electromagnetic field tensor, which is antisymmetric in all 
frames.) 


T. Then (T'= (ATA 
A. This shows that 7’ is also symmetric, 
-T. 


(a) Suppose that T is symmetric, that is, 
used the rules that (A B)"= BA and that (4) 
(b) By the same argument, if 7 = —T, then also (7 


15,99 +* A useful form of the quotient rule for three-dimensional vectors is this: Suppose that a 
and b are known to be three-vectors and suppose that for every orthogonal set of axes there is a 
3 x 3matrix T with the property that b = Ta for every choice ofa, then T is a tensor. (a) Prove this. 
(b) State and prove the corresponding rule for four-vectors and four-tensors. 


(a) Thata and b are vectors means that, given any two frames $ and 8’, related by arotation R, 
and b’ = Rb (or, in reverse, a = Ra’, etc.). Thus b’ = T'a’, but also b’ = Rb = RTa = RTRa’. 
sions for b’ must be equal for any choice of a’, it follows that T’ = RTR; that is, T 


(b) Suppose that p and q are known to be four-vectors and suppose that for every inertial frame 
there is a 4 x 4 matrix T with the propery that q = T + p for every choice of p, then T is a four- 
tensor. The proof parallels the three-dimensional case, except that where p’ =GAGp'. 
T’Gp’, but also q’ = Aq = AT « p= ATGp = ATG(GAGp’) 
Since these are equal for any choice of p’ we see that 7” = ATA; that is, T isa tensor. 


SECTION 15.18 Electrodynamics and Relativity 


18.101 * (a) Prove that E - B and £? — c?B? are both invariant under any Lorentz tranformation. 
[Use the transformation equations (15.146) to prove the required results for the standard boost and 
then explain why if either quantity is invariant under the standard boost then itis invariant under any 
Lorentz transformation.] Use these results to prove the following two propositions: (b) If E and B 
are perpendicular in frame $, then they are perpendicular in any other frame 8’, and (c) if E > cB 
ina frame S, then there cannot exist a frame in which E = 0. 


(a) If § is obtained from $' by the standard boost, then, according to (15.146) 


E’-B’= E,By + E,B, + E,By 


= E,By + y°(E2 — BeBs)(B2 + BEs/c) + {Es + BcB2)(Bs — BEx/c) 
= E\B, + EB) + E3B;=E-B 


[Remember that y?(1 — 6?) 


.] Similarly 
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and, as you can check, 


28? = 7P(ER+ A) + [BR + 


+ BD] - 2y7pc(E2Bs ~ E582). 
Taking the difference of these two and remembering that y2(1 — 82) = 1, we find that 
EB? - eB? = BR. 


‘We have proved that neither of the named quantities is changed by a standard boost. They are clearly 
unchanged by any rotation, so, since any Lorentz transformation can be made up from rotations and 
a standard boost, they are actually invariant under any Lorentz transformation, 

(b) If E and B are perpendicular in §, then E » B= 0, and by the invariance of E « Bthe same is true 
in any other frame. 

(©) If E > cB in8, then E® — cB? > 0, and by the invariance of E? — c?B? the same is true in any 
other frame. 


15.103* (a) Using the transformation equations (15,146), show that if E = 0 in frame 5, then 
E’ =v = B’in 8’. (b) Similarly, show that if B = 0 in frame 8, then B’ = —v x E’/c’, 


(a) If E = 0, then, according to (15.146) 


and 


vB, Ey = yPcBy = vB. 


Combining these last three (and recalling that v is along the x axis), we see that E’ = v x B’. 
(b) In exactly the same way, if B = 0, then B! = —v x E’/c?. 


15,105 ** Since J is a four-tensor it has to transform according to the rule (15.145), 3” = AFA. 
Using the form (15.143) for F and the standard Lorentz boost for A, find the matrix 5” and verity 
the transformation equations (15.146) for the electromagnetic fields. 


‘The matrices A and 5 are given in Eqs. (15.43) and (15.143). Using them you can easily check that 


0 y(B;— BE2/c) —y(B, + BE3/0) -E\/e 
rn 0 By —y (Ey — BeBs)/e 
AFA = é 0 —y(E3 + BcB,)/e 
: ) 


(1 didn’t bother to write the elements below the diagonal because we know that the matrix is 
antisymmetric.) But this must be equal to 3’, 


0 BL -By -E¥/c 


0 B -Ese 
i 0 -Ei/e 
0 


Comparing these two you can read off the transformed fields as in Eqs. (15.146). 
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15.107 *« [tis aresult well known inclassical electromagnetism that one can introduce athree-scalar 
potential ¢ and a three-vector potential A such thatthe fields E and B can be written as 


and B=VxA. (15.157) 


In relativity these potentials are combined to form a single four-potential A = (A, $/c). Prove that 


=O,Ay- DA, 


where O is the four-dimensional gradient operator defined in (15.156) of Problem 15.100. (If we 
accept that A really is a four-vector, this gives an alternative proof that J is a four tensor.) 


‘We are given that E = —V@ ~ 9A/ar, 


= V x Aand A = (A, ¢/c). I'll examine the components 


of Fin turn. First, if = 1,2, 0r3, 
ag a aay 
5, a Ay + Sh =A, 4A, 
i in ht 7, Ae 


and 


equal to 1,2,3, or 4. 


15.109 *#* Two equal charges q are moving side-by-side in the positive x direction in frame 8. The 
distance between them isr and their speed is v. Find the force on either charge due to the other in two 
‘ays: (a) Find the force in their rest frame 8’ and transform back to 8, using the force transformation 
(15.155) of Problem 15.83. Note that the force in $ is less than in the rest frame. (b) Find the electric 
and magnetic fields in 8 and thence in 8, using the field transformation (15.146). Use these fields 
(in $) to write down the Lorentz force on either charge in $. Note that in $ there is an attractive 
electric force and a repulsive magnetic force. As f —> they become nearly equal and their resultant 
approaches zero. 


(a) In 8! the two charges are at rest on the y axis a distance r apart (this transverse distance is the 

same in either frame), so F’ = (0, kq?/r?, 0). The inverse of the force transformation (15.155) gives 
the force F measured in $ as 

cit iF’ + v') F, 

ae eg Re 2_ 2. 

1+ Bui/e y+ pric) y yr? 


(b) The fields of the lower charge at the location of the upper one, as measured in 8’, are E’ 
(0, kq/r?, 0) and B’ = 0. Using the inverse field transformations, we find the fields in § to be 
E= (0, ykq/r?, 0) and B = (0, 0, yBkq/cr?). (Note well how each charge feels a magnetic field 
due to the other moving charge.) Given that the velocity of either particle in $ is v = (v, 0,0), we 
can now evaluate the foce on the upper charge as 


kg? vyBkq? — p2)kq? 2 
Fag +v xB) = YC _ bla", _ rl Lal ay 
r cr r yr 
since y(1 — 6?) = 1/y. This is the same as we found in part (a). 
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15.111 #** Two of Maxwell's four equations read 


vxp— La 


15.159) 
2a CSP) 


MoS and Ve 


where J and g are the current and charge densities that gave rise to the fields. Show that these two 
‘equations can be written as the single four-vector equation 0 - F = —.,J, where O is the four- 
dimensional gradient operator introduced in Problem 15.100, J is the four-current (J, co), and the 
scalar product O- F =OG3. 


The proposed equation + F = jtgJ is 


0 By -B -E,/c 
-B; 0 B -E,c 

B, -B, 0 -Eye 
Ele Efe Eye 0 
=[-0,B. + 8.8, +3,E,/c2,3,B, — 3.B, + 3,Ey/c*, 


O-F =OGF =[8,,8,,4,, 3/e) 


— 8, B, + 3)By + 9,E,/c*, (AE, + 9yEy + 3,E.)/C} 


= Mote Mody Mode 0/e€ol- 


Here Ihave used the abbreviations 3, = 3/2x and so on. In writing the second equality, I noted that 
AG = [0,.3,,3,,9,/e} and in the last line I used the fact that j2,¢ = I/0¢,, If you look carefully at 
the last equality, you will recognize its first three components as the first of the Maxwell equations 
(15.159) and the time component as the second. 


CHAPTER 16 


Continuum Mechanics 
PROBLEMS AND SOLUTIONS 


SECTION 16.1 Motion of a Taut String 


16.1 * Verify that the quantity c= /77j that appears in the wave equation for a string does indeed 
have the units of a speed. 


‘The SI units of the tension T and linear density are [7'] = [force]=kg-nv/s? and {je} = [mass/length] 
= kg/m. Therefore, those of ¢ = /T7p are 


ki 


ld= 
as required. 


SECTION 16.2 The Wave Equation 


16.3% Let f(¢) be an arbitrary (twice differentiable) function. Show by direct substitution that 
f(x — et) isa solution of the wave equation (16.4. 


Let f"() = df (E)/dé and likewise f"(E) = d?/(E)/dé*, By the chain rule 


2 fox) = ef = eh and (eet) Se? f(x — et) 


and 


2 fa-ay=s'0-c) and 
ax 


‘Comparing these two, we see that 


(ee) = 
sate 


which is the wave equation. 


16.5 + (a) Show that (x + ct) is a solution of the wave equation (16.4) for any twice dif- 
ferentiable function ¢(¢). (b) Argue clearly that this solution represents a disturbance that travels 
undistorted to the left. 
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(a) Let g'(E) = dg(E)/dé and likewise g”(€) = d7g(€)/dé?. By the chain rule 


Jet acgetey and Mgr tern ace’ +a) 
ar ar 
and 
a , > m 
Kae teraeixtet) and Sye(x ter) =e"(x +er). 
ax ax? 


Comparing these two, we see that 


e 
Sete 
sas ten) 


pa q 
fae $e) 


which is the wave equation, 
(b) If u(x,t) = g(x + cf), then at time zero, u(x,0) = g(x). Now suppose, for example, that the 
function g(x) has a erest (or trough, or any other feature) at the point x = x4, Then at a late 
1, u(x,t) = g(x + ct) has the same crest at the point x + ct = x5 or x = x5 ~ ct. That is, as time 
goes by, the crest moves to the left with speed c. Because the same applies to all other features, we 
conclude that the whole initial disturbance moves bodily to the left with speed c. 


16.7 ++ [Computer] Make plots of the two triangular waves of Example 16.1 (page 686) at several 
closely spaced times and then animate them. Describe the motion. For the purposes of the plot you 
may as well take the speed c, the height of the triangle at time 0, and the half width of the base all 
equal to 1, Make your plots for lots of times ranging from 1 = —4 10 4, 


In Figure $16.7 is a subset of the requested graphs. Initially (¢ < —1), the two separate triangles move 
inward from the left and right. At r= —1 they start to overlap and reinforce one another, producing. 
a truncated triangle, At t = 0 they overlap completely, producing a triangle of twice their separate 
heights, and then they start to move apart again. 


sala, tl 


-4 0 4 


ar ty 4 -4 4 
10 A A t=10 NA 
4 ° 4 “4 0 4 


as 
mN 


Figure $16.7 
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SECTION 16.3 Boundary Conditions; Waves on a Finite String 


16.9 +* The motion of a finite string, fixed at both ends, was determined by the wave equation 
(16.19) and the boundary conditions (16.20). We solved these by looking for a solution that was 
sinusoidal in time. A different, and rather more general, approach to problems of this kind is called 
separation of variables. In this approach, we seek solutions of (16.19) with the separated form 
u(x,t) = X(x)T (0), that is, solutions that are a simple product of one function of x and a second 
ofr. [As usual, there's nothing to stop us trying to find a solution of this form, In fact, there is a 
large class of problems (including this one) where this approach is known to produce solutions, and 
enough solutions to allow expansion of any solution] (a) Substitute this form into (16.19) and show 
that you can rewrite the equation in the form 7”(1)/T (1) = cX"(x)/X(x). (b) Argue that this last 
equation requires that both sides of this equation are separately equal to the same constant (call it 
K). It can be shown that K has to be negative.! Use this to show that the function 7'(1) has to be 
sinusoidal —which establishes (16.21) and we're back to the solution of Section 16.3. The method 
Of separation of variables plays an important role in several areas, notably quantum mechanics and 
electromagnetism. 


(a) We are certainly free to try for a solution of the form u(x, 1) = X(x)7 (0. If we substitute this 
into Eq. (16.19), 2 /ar? Pu/Ax?, we find X(x)T"(t) = AT (t)X"(x), from which it follows: 
that 


(S16.1) 


where, as usual, primes indicate differentiation with respect to the argument. This equation must 
hold for all ¢ and all x in the ranges of interest. If we temporarily fix.x, then Eq. (S16.1) says that 
the left side is independent of r. Similarly, if we fix 1, we see that the right side is independent of 
x, Since the two sides are equal, this implies that both sides are equal to a constant K., independent 
of f and x. As discussed in the footnote, this constant has to be negative, so we can call it ~0. 
Therefore, 7”(t) = —o?T (1), which implies that T(t) = A cos(ot — 6) and hence that u(x, 1) has 
the form (16.21). 


16.11 ++ [Computer] Make plots similar to Figure 16.8 of the wave of Example 16.2 but from 1 = 0 
to r, the period, and for more closely spaced times. Animate your pictures and describe the motion. 


Here is the story from ¢ = r/2to r, atthe same intervals as in Fig. 16.8. Atr = 1/2 the two traveling 
waves have formed a single inverted triangle. They then separate and move out toward the walls, 
where they reflect, invert, and travel inward again. By the time ¢ = r they have coalesced and the 
string is back to its original position. 


+ Actually this isn’t hard to show: Look a the equation X"(x)/X(x) = K /c®. You can show that if K > O there 
are no solutions satisfying the boundary conditions that X (0) = X(L) = 0. 
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Figure $16.11 


16.13 +* In connection with Equation (16.31), I claimed that any function on the interval 0 <x < L 
can be expanded in a Fourier series containing just sine functions. This 
since one is used to the claim that the general Fourier series requires sines and cosines. In this 
problem, you'll prove this surprising claim. Let f(x) be any function defined for 0 <.x < L, Wecan 
define a function f(x) for all x by setting it equal to the given function in the original interval and 
requiring that 


S(-« 


-f(x) and f(x + 2L) =f). (16.143) 


for all x. Prove that this defines a function which is (1) periodic with period 2, (2) odd, and (3) the 
same as the original f(x) on the original interval. Write down the ordinary Fourier expansion for this 
new f (x) and show that the coefficients of the cosine terms are all zero, This establishes the possibility 
of expanding the original function in terms of sines alone Bearing in mind that the period of the 
new function is 2L., write down the standard formula (5.84) for the expansion coefficients and show 
that your answer agrees with (16.33). The Fourier sine series is especially convenient for discussing 
functions that are zero at the end points x = 0 and L. 


‘The first condition in (16.143) defines f(x) in the interval —L <x <0, and the second condition 
then defines it forall x. The second condition guarantees that it is 2-periodic and the first condition 
that it is odd. Clearly the new f(x) coincides with the old in the original interval 0 < x < L. 
the new function is periodic with period 4 = 2L, it can be expanded in a standand Fourier series as 


FO) = DUAp coskyx + By sin ky x). 
= 


However, since we cunningly defined f(x) to be an odd function, the coefficients A,, of the cosine 
terms are all zero, and since the period is A= 2L the wave numbers k, are 2nzt/i = n/L as in 
(16.27). This establishes the claimed expansion (16.31). Finally the usual integral for the coefficients 
is B, = (2/a) [*, f sin(k,.x)dx. If we make the replacement A = 2L. the factors of 2 cancel, but we 
can then replace the integral from —L to L by twice the integral from Oto L, and we wind up with 
By = (2/L) J f sSin(k,x dx as in (16.33). 


2 But note that it has the form > B, sin(nzzx/L). The usual Fourier series has sines and cosines, but their 
argument is 2nzrx/L. Thus the new Fourier sine series has, in a sense, twice as many terms to make up for 
having only sines. 
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SECTION 16.4 The Three-Dimensional Wave Equation 


16.18 ** Let f(€) be any function with first two derivatives f"(€) and f”(é), and let n be an arbitrary 
fixed unit vector. (a) Show that V f(m - r— ct) =nf'(n + r~ct).(b) Hence show that f(n + r ~ ct) 
satisfies the three-dimensional wave equation (16.39). (c) Argue that f (n « r — ct) represents a signal 
that is constant in any plane perpendicular to m (at any fixed time ) and propagates rigidly with speed 
c in the direction of n. 


(a) By the chain rule, 
a "4 a 7 
4 finer ct) = far ct) (n+) =n, f'n r= ct). (16.2) 
ax ax 

Combining this with the two corresponding results for Af/ay and af/z, we conclude that Vf 


(n-r—ct)=nf'(n-r—ct). 
(b) Differentiating Eq. (S16.2) again we see that 


ax 


fase ct) =n2f"(a+e- at) 


and adding this to the two corresponding results for the y and = derivatives, we find that V2 f(n + r — 
ct) = f"(n +r — ct), because n2 +n? +n? = 1. On the other hand, differentiating twice with 
respect to f, we find, 


2 
© fuer 
salt ) 


ev? f(n+r—ct) 


by the previous result. This is the wave equation. 
(©) At any fixed time 1, f(m +r ~ ct) is constant provided m+ r= const; that is, f(n +r —ct) is 
constant in any plane perpendicular to n. Suppose now that (E) has a maximum (or any other 
feature) at § = G. Then f(m + r — ct) will share this feature at any point satisfying n+ r=, + ct, 
and this defines a plane perpendicular to n that travels at speed c in the direction of n. 


SECTION 16.6 Stress and Strain: the Elastic Moduli 


16.17 ** In Section 16.1 we derived the wave equation for transverse waves in a taut string, Here 
‘you will examine the possibility of longitudinal waves in the same string. Suppose that an element of 
string whose equilibrium position is.x is displaced a short distance in the x direction to.x + u(x, 1)- 
(a) Consider a short piece of string of length / and use the definition (16.55) of Young's modulus 
YM to show that the tension is F = A YM au /Ax, where A is the cross sectional area of the string. 
[if the string is already in tension in its equilibrium position, this F is the additional tension, that is, 
F = (actual — equilibrium).] (b) Now consider the forces on a short section of string dx and show 
that u obeys the wave equation with wave speed c= /YM/o where o is the density (mass/volume) 
of the string, 


(a) The increase in length of asegment of length / near position x is dl 
‘Thus, according to (16.55) the (additional) tension in the string is 
(b) The net force on a segment dx 


u(x +2 = u(x) © 1au/ax. 
= AYMdl/l =A YMau/ax. 


Foes = F(x + dx) — F(x) = AYM 


(x +dx,t) — Mx, | =AYM 
i ax 
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But by Newton’s second law, Fyey = ma = (gAdx)3°u/31?, and comparing these two expressions, 
we find 


which is the wave equation with wave speed ¢ = /YM/o. 


SECTION 16.7. The Stress Tensor 


16.19 + Let n, and n; be any two unit vectors and P a point ina continuous medium. F(n, dA) is the 
surface force on a small area d A at P with unit outward normal n,, som, + F(n, dA) is the component 
of that force in the direction of n3. Prove Cauchy's reciprocal theorem that ny + F(n, dA) =n + 
F(n,dA). 


‘The surface force on a small surface element md A is F(nydA) = Enyd A and the component of 
this force in the direction of my is np « (Em))d A. To emphasize the matrix products concerned, I'll 
temporarily use an underline to indicate a matrix. (For example, the dot product a + b of two vectors 
becomes a+b. where b is the 3 x 1 column representing the vector b and ai is the 1 x 3 row 
representing a.) With this notation 


aE 


ny (En) = iE 


‘ny =n, + (En) 


where for the second equality I used the fact that any number is equal to its transpose and that 


(uyw)” = Wii, and for the third equality I use the symmetry of E. 


16.21 +* At any given point P of a continuous medium, the surface forces are given by the stress 
tensor, which is a real symmetric matrix ¥. It is a well-known theorem of linear algebra (see the 
appendix) that any such matrix can be brought into diagonal form by a suitable rotation of the 
Cartesian coordinate axes. Use this to prove that at any point P there are three orthogonal directions 
(the principal stress axes at P) with the property that the surface force on any surface normal to one 
of these directions is exactly normal to the surface. 


The theorem quoted guarantees that there is a set of Cartesian axes with respect to which ¥ has the 
diagonal form shown below on the left. Now consider the surface force on a small element of area 
dA normal to the x axis of that set. The vector dA for this surface is dA = dA &, whose matrix form 
is given in the middle expression below. Therefore the force on this small surface is as given on the 


right. 
oy 0 0 1 on 
E=|0 oy 0 |, dd=dalo], F=EdA=dal 0 
0 0 oy 0 ) 


We see that the force on a surface normal to & is in the direction of & (that is, normal to the surface). 
Since the same happens with surfaces normal to or 2, we've proved the requested result. 


SECTION 16.8 The Strain Tensor for a Solid 


16.23 An important tool in the development of the strain tensor was the decomposition (16.79) 
of a matrix M into its antisymmetric and symmetric parts. Prove that this decomposition is unique. 
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[Hint: Show that if M = My + Mg where M, and Mg are respectively antisymmetric and symmet- 
ric, then My, $(M+™M).) 


‘Suppose that M = M, + Ms, where My and Mg are respectively antisymmetric and symmetric. 
Now consider the following: 


M+M= (My + Msg) + (My + Ms) = (My +My) + (—My +My) = 2M 
‘Therefore, for any decomposition of M into symmetric and antisymmetric matrices, the symmetric 


part Ms must satisfy Ms = }(M + M). By considering M — M, we can prove similarly that 
My = }(M — M). Therefore, both Ms and M, are unique. 


16.25 ++* Ata certain point P (which you can choose to be your origin) in a continuous solid, the 
strain tensor is E. Assume for simplicity that whatever displacements have occurred left P fixed and 
the neighborhood of P unrotated. (a) Show that the x axis near P is stretched by a factor of (1 + €11). 
(b) Hence show that any small volume around P has changed by dV/V = trE. This shows that 
any two strains that have the same trace dilate volumes by the same amount. In the decomposition. 
E = el + E’ (16.88), the spherical part e1 changes volumes by the same amount as E itself, while 
the deviatoric part E’ doesn’t change volumes at all. 


(a) Because there is no rotation about P, the strain tensor E = D, the matrix made up of derivatives 
Dy; = du;/arj. Now consider a point Q originally located a small displacement (dix, 0,0) from P. 
‘The deformation represented by E moves Q away from P by an amount du; = (u,/Ar;)dx = €1,dx. 
(It may also cause Q to shear in the y and = directions, but that won'taffect volumes.) Thus the length 
that was dx in the x direction has stretched to dix(1 + €,)), increasing by a factor (1 + €11). 

(b) Similarly, lengths in the y and z directions are stretched by factors (1+ €3) and (1+ €3) 
respectively. Therefore any small volume around P will increase by a factor 


1+ ey V1 + 2) + 59) © Lt ey + 2 + sy = LEE, 


where I have used the smallness of the elements of E to drop second order terms and higher. Thus a 
volume that was originally V will increase by dV = VtrE, as claimed. 
An alternative and very slick proof uses the divergence theorem: 


uy, du 


av= [u-dn= [ veuav=vv-u=v( 
Is iv ar, ary 


‘where the approximation depends on the smallness of V. 


SECTION 16.9 Relation between Stress and Strain: Hooke’s Law 


16.27 


Consider a taut wire or rod lying along the x axis. To define Young’s modulus YM we 
apply apure tension along the axis; that is, a stress with 0}, > Oandall other o;,, = 0.(a) Use Equation 
(16.95) to write down the corresponding strain tensor E. (b) Argue from the definition (16.55) of 
Young's modulus to show that YM = 4 /€;1-(€) Combine these two results to verify the expression 
(16.100) for YM, showing in particular that YM = 9 BM - SM/(3BM + SM). 


(a) The stress tensor E is as shown on the left below. From this we can calculate tr = 4, and the 
strain tensor E (16.95) as shown on the right: 
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] and E= qgleE+e ~ aye 1] 
mw+p 0 0 
=") 0 p-a o |. 
xB} oo 0 p-a@ 
(b) In the definition (16.55) of YM, the left side is dF/A =, and the factor di/1 on the right is 


€11- Therefore, YM = 04,/€,)- 
(c) Reading off €,, from part (a), we find 


because, according to (16.97) and (16.99), a = 3BM and f = 2SM. 


16.29 +#* When we change our coordinate axes, the strain tensor changes in accordance with 
Equation (15.132), which we can rewrite as Eg = RER, where R is the (3 x 3) orthogonal rotation 
matrix. Use the property (15.129) of orthogonal matrices to show that tr Ey = tr E; that is, the trace 
of any tensor is rotationally invariant. Use this result to show that the decomposition E = e1 + E’ is 
rotationally invariant, in the sense described below Equation (16.92). 


tr(Eg) = W(RER) = SRER), = RE phy = RR Ep 
7 i 


yk 


= DRRE): = YO Exe = WE). ($16.3) 
ry r 


‘Suppose that we startin the reference frame, and decompose E as E = e1 +B’, where, by definition 
¢ = 4t(B). If, now, we make a rotation R to a new frame, 8 say, then we find for the new (rotated) 
strain tensor 


Eg =RER = R(el + E)R =e1 + RER. ($16.4) 


because RR = 1. On the other hand, if we startin the frame 8 x and decompose the rotated matrix 
Ex, we will get 


Ex =enl+ (Ex) (816.5) 
where by definition ¢” = tr(Eg). Now by the result ($16.3), eg = e. Therefore the first terms on the 
right sides of Eqs. (S16.4) and ($16.5) are the same. It follows that the second terms are also equal, 


and we've proved that (1) the spherical parts of Eg and E are the same and (2) the deviatoric part of 
Eg is the result of rotating the deviatoric part of E; that is (Ex)’ = RE'R. 


SECTION 16.11 Longitudinal and Transverse Waves in a Solid 


16.31 « A seismograph records the signals arriving from a distant earthquake. If the S waves arrive 
12 minutes after the P waves, how far away was the earthquake? Use the speeds found in Example 
16.8 (page 72: 
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The times of travel of the two Waves ate thong = 4/Cong ANU fran = d/Cirans Where d is the distance 
from the quake to the observer. Therefore the time between the arrivals of the two signals is 
At = bean ~ thong = 4.0/Crran ~ V/Ciong)s and 


ar 720s 


= — + __ = 5040 kan, 
Wega — Weeng  (1/3.0 = 15.25) km 


SECTION 16.12 Fluids: Description of the Motion 


1633+ Write down the equation of motion (16.124) as applied to a static fluid. Assuming that g is 
‘uniform and @ is constant (independent of r), prove the well-known result from introductory physics 
that the pressure difference between two points r, and ris just Ap = ogh, where h is the vertical 
difference in elevations of r and F>. 


0, Eq. (16.124), odv/dt = og ~ Vp reduces to og = Vp. Integrating both sides gives 
J-Vp-dr org f dz = J dp if we measure z vertically down, Therefore ogh = Ap. 


SECTION 16.13 Waves in a Fluid 


16.35 * Acrucial step in showing that the waves ina fluid are necessarily longitudinal was the integral 
in (16.142). For an arbitrary function f(¢), with derivative f’(@), prove that f f"(n +r ct)dt = 
=f(n-r—ch/c. 


If we make the substitution € = + r — ct, with n, r, and c all fixed, then dé dt and 


J for-end = f peas =e = para) 


16.37 ** Show that the intensity / of a sound wave is proportional to the square of the pressure 
increment p’. To do this consider a small sliver of fluid normal to the direction of propagation with 
area d A. Write down the rate at which this sliver does work on the fluid just in front of it, then divide 
by dA to show that the time-average intensity is (/) = (p)/coy. 


The force exerted by asliver of air of area d A on the airjustahead of itis F = pndA = (p, + p’)nd A 
‘where mis the normal to the sliver, in the direction of propagation. The rate at which this force does 
‘work is F + vand the intensity / is found by dividing this by the area, I = F - v/dA = (p, + p’n+ Vv. 
According to (16.142), ¥ = p'n/cog. Therefore 1 = (p. + p')p'/cdg. This gives 7 as the sum 
of two terms. When p’ varies sinusoidally, the first term averages to zero, and we're left with 
(D) = (p?)/co, as claimed. 


Trigonometric Identities 


sin(@ + $) = sin@ cosg + cos sing —_cos(8 +g) = cos 8 cos ¥ sind sing 
cos cos = 3[cos(@ +9) + cos(@—)] _sin@ sing = $[cos(# — $) — cos@ + )] 
sind cos = ${sin(@ + $) + sin(@ — 9)] 


cos? = 


cos + cos @ = 2cos 


cos? + si 1 


e =cos@+isin@ [Euler's relation] 


(te) sind = tie” ey 


Hyperbolic Functions 


Series Expansions 


F(2) = fla) + faz = a) + KF" az — a + $F" az — a) +++» [Taylor's series] 


é 


l+zt het yet: =f < 1] 


cos = 1 fa? + et. 


coshz = 1+ f2? + f2t pe 


tanzsit f+ Re +---[lel <7/2] 


G42" =14n24+ 2 


+[l2] <1] [binomial series} 


Some Derivatives 


a 
fi “— =arctanh.x 


dx 


Vie 


aresinh.x 


/ tanh.x dx = Incoshx 


fircoas =xIn(x) =x 


= K(m), complete elliptic integral of first kind 


F dx 
I Vi-e vim 


Miscellaneous Data _ (for use in some end-of-chapter problems) 


Solar System 
(mass of earth) = 5.97 x 10°4 kg 
(radius of earth) = 6.38 x 10° m 
(mass of moon) = 7.35 x 10? kg 
(radius of moon) = 1.74 x 10° m 
(mass of sun) = 1.99 x 10° kg 
(radius of sun) = 6.96 x 10° m 
(carth-moon distance) = 3.84 x 108m 
(earth-sun distance) = 1.50 x 10!! m 


Ideal Gases 
Avogadro's number, N, = 6.02 x 10”? particles/mole 
Boltzmann's constant, k = 1.38 x 10-™ J/K = 8,62 x 10™eV/K 
Gas constant, R = 8.31 J/(mole-K) = 0.0821 liter-atm/(mole-K) 
STP =0°C and | atm 
(Volume of | mole of gas at STP) = 


Conversion Factors 


Area: 1 barn = 10-8 m? 
Energy: 1 eV = 1.60 x 10 
cal = 4.1845 
Length: 1 inch = 2.54em 
1 mile = 1609 m 
Mass: — | u (atomic mass unit) = 1.66 x 10-27 kg = 931.5 MeV/c? 
1 Ib (mass) = 0.454 kg 


1 MeV/c? = 1.074 x 10-Su 
Momentum: 1 MeV/c = 5.34 x 10-7? kg-m/s 


783 x 10- kg 


‘A Few More Constants 
Coulomb force constant, k = 1/(47€,) = 8.99 x 10° N-m?/C? 
Gravitational constant, G = 6.67 x 10~'! N-m?/kg* 

Planck's constants: h = 6.63 x 10" J-s and h 
Speed of light, ¢ = 3.00 x 10° m/s 

‘Vacuum permeability, jg = 4 x 10-7 N/A? 
‘Vacuum permittivity, €, = 8.85 x 10°!? C2(N-m?) 


1.05 x 10° Jes 


Vector Identities 


A+ (Bx C)=B-(C x A)=C- (Ax B) 
Ax (Bx C)=B(A-C)—C(A-B) [BAC — CAB rule] 


Vector Calculus 


af, af , af ‘ 
vp axl pL S 
fat +I + 8s, [Cartesian] 
29, laf, 1 af 
ar Or 30 * Fram0 ag epecatpsies) 
+¢ : Z + it [cylindrical polars} 


[Cartesian] 


<(rA, 
x! | 


{spherical polar] 


{cylindrical polar} 


{Cartesian} 


[spherical polars} 


[cylindrical polars} 


[Cartesian] 


1 ays 
sin? ag? 


{spherical polars] 


{cylindrical polars] 


